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Tém tit

Bai bao nay gidi thiéu khai niém do thi liy dang trén vanh Z ,, trong do n 1a s6
nguyén duong va khao sat mot s tinh chit co ban ciia db thi nay. Cu thé, chiing toi xac dinh s6
khuy€n, s6 dinh, s6 canh va s6 thanh phén lién thong cua do thi Ity dang trén vanh Z_, .

Tir khoa: Phan tir lily dang, d6 thi, d6 thi liy dang.

Some properties of the idempotent graph on the ring Z ,

Abstract

This paper introduces the concept of the idempotent graph over the ring Zzn , Where n is a
positive integer, and investigates several properties of this graph. Specifically, we determine
the number of loops, vertices, edges, and connected components of the idempotent graph over
the ring 7. ,.

Keywords: Idempotent elements, graphs, idempotent graph.

1. Pit van dé

Trong bai bao nay, chung t61 xét cac vanh R hiru han, giao hoan va c¢6 don vi. Ky hi¢u
7, @é chi vanh céc 16p thang du Mod(n). Cho tap hgp hiru han X, ky hiéu card(X) 1a s6 phan
tir ctia n6. Cho s thuc x, khi d6 /x/ 1a ky hidu phan nguyén cta x, tirc 1a s6 nguyén 16n nhat
khong vugt qua x. Cho hai sé nguyén duong a, b ky hiéu uéc chung 16n nhét cia chung 1a
ged(a, b). Véi s6 ty nhién n, phi ham FEuler cia n la
p(n)= card({i eN ‘i <n-1,ged(i,n)= 1}) dé chi sb phan tir trong tap hop {1,2, ..., n} va
nguyén td cling nhau véi n diéu nay tuong duong voi ¢(n) la s6 phan tir khd nghich cua
vanh 7 . Néu n ¢6 sy phan tich tiéu chudn n = p, p,"...p, " trong do6 pi, p2, ..., prla cac

udc sO nguyén t0 phan biét cia n va «,Q,,...,a, la cidc sO nguyén duong thi

1 1 ,
o(n)= n(l——]...[l——J vi do d6 (2")=2"". Cho vanh R, phan tit e cila R dugc goi
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1a liy d{fng (idempotent) cia nd vnéu e’ = e. Nhu vay, véi vanh co dO'l} vi bat ky cac phan tir
0 va phan tir don vi la céc liiy dang cua n6. Trén vanh Z , voin la s6 nguyén duong chi c6
cac phan t lily dang la 0 val (xem chimg minh B6 d& 1). Chiing ta ky hiéu Id(R) 1a tap cac
phan tir lily déng cta vanh R. Cac khai niém va tinh chit cia phan tir lily ddng c6 thé tim thiy
trong tai li¢u tham khao [R. Wisbauer, FMR, 1991].

Mot d6 thi vo hudng (graph) 1a mot bo gdm 2 thanh phan G = G(V, E), trong d6 V' 1a
tap cac dinh va E 1a tap cac canh. O ddy canh AB e E nghia 1a canh nbi diém A véi diém B
(hay diém B ndi v6i diém A). Trong trudng hop canh ndi diém 4 véi chinh n6 duge goi 1a
khuyén (loop). Tap hop céc khuyén cia d6 thi G, dugc ky hiéu 1a loop(G). Mot do thi G
khong c6 khuyén, trong d6 hai dinh duoc nbi v6i nhau nhiéu nhat 1a 1 canh duoc goi 1a do
thi don (simple graph). Cho d6 thi G = G(V, E), xét mot dinh v ctia d6 thi G, ta néi bdc (deg)
ctia v bang k va ky hiéu deg(v) = k, néu v 13 ddu mut ctia ding k canh (tinh ca khuyén). Cho
hai diém 4, B ctia d6 thi G, mot tap hop cac dinh 4,4>...4, trong 46 A = A;, B = A, sao cho
A1 ndi v6i A2, A2 nbi v6i As, ..., Ars ndi voi A, duge goi 1a mot dwong (path) tir A d&én B.
Puong ma diém dau va diém cudi trung nhau goi 1a mot chu trinh (cycle). Khuyén 13 mot vi
du vé chu trinh tam thwong (trivial cycle), néu chu trinh khong phai 1a khuyén duge goi 1a
chu trinh khéng tam thuong (non-trivial). D6 thi G dugc goi 13 lién théng (connected) néu
hai dinh bat ky 4, B cia G ¢ duong di tir 4 t6i B. Cho G = G(V, E) 1a mot do thi, d0 thi G
=G'(V’, E’) trong 86 V’1a tap con cua V, E’1a tap con ctia E dugc goi 1a do thi con (subgraph)
ctia G. D4 thi con lién thong téi dai ctia G (tirc 1a d6 thi con d6 14 d0 thi lién thong va khong
thé nhan thém bat ki mot dinh ndo ma van duy tri tinh chat lién thong) duoc goi 1a mot thanh
phan lién théng (connected component) ciia G. Néu G 1a d6 thi lién thong thi né c6 ding mot
thanh phéan lién thong (chinh 1a toan bo dd thi). Néu G 1a d6 thi khong lién thong s& dugc
chia nho thanh cac d thi lién thong ma mdi d6 thi con 13 mot thanh phan lién thong cia G.
Céc khai niém va tinh chat cta Ly thuyét dd thi c6 thé tim thay trong tai liéu tham khao [R.
Diestel, GT, 1997] va [I. Reaburn, GA, 2005]. Sau day 1a mot sb vi du vé graph.

Vidu 1.
B *D
[
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D6 thi ¢6 1 khuyén, ABC 1a 1 chu trinh. D6 thi G lién thong.

Vidu 2.
P
A ®B E F
pe C G R Q

Hinh 2

Db thi ¢6 3 thanh phan lién thong. Mdi thanh phan lién thong 1a 1 graph don.

Hién nay, nghién ctru mdi lién hé giita cac cdu trac dai s6 va Ly thuyét d6 thi 1a van
dé thoi sy dugc nhiéu nha toan hoc quan tim (xem [I. Reaburn, GA, 20057]). Mot s6 16p d6
thi duoc xay dung tir cic phan tir udc khong, phan tir lity linh, phan tir liy dang di duoc cac
tac gia quan tdm nghién ctu. Chang han c6 thé xem [D. F. Anderson, P. S. Livingston,
TZDGCM, 1999], [D. K. Basnet, A. Sharma and R. Dutta, NG, 2021] hoac [P. Sharma, S.
Dutta, IGR, 2023]. Trong bai bao niy, ching toi gidi thiéu khai niém d6 thi litly dang khac
v6i ctia [P. Sharma, S. Dutta, IGR, 2023] va chung t6i ciing dua ra mot s tinh chat cua do
thi ndy trén 16p vanh cac 16p thang du moduld 2. Cu thé, chiing t6i s& gidi thiéu mot sb vi
du cho d thi lily dang, cong thiic tinh sé khuyén, s6 dinh, s6 canh va sb thanh phan lién
théng phy thuée vao 7 ctia 16p vanh 22

2. Mot s6 vi du vé do thi liiy dang

Cho R 12 mdt vanh giao hoan c6 don vi, tip cic phan tir khac khong cta vanh R ky
hiéu 13 R*. Mot do thi ity dang (idempotent graph) trén vanh R, ky hiéu béi G(R), 1a @6 thi
v6i cac dinh thude R* va vé6i x,y € R khong nhét thiét phan biét, cac dinh x va y duge ndi
v6i nhau bang mot canh khi va chi khi xy € Id(R). Néu x = y thi canh nbi giita x va y chinh
la khuyér} cua no. ‘ q ,

Dé minh hoa cho khai niém do thi Ifly dang trén vanh Z,, chiing t61 xem xét cau tric
d6 thi ing v&i mot sb gia tri cia n. Cac vi du sau day, chiing t6i s& xay dung db thi lity dang
cuavanh Z , v6in=1,2,3,4.

Vi du 3. D6 thi lity dang trén vanh Z,:

ISSN 0866-7594. 2025 Journal of Science, Vol. XXXII. All rights reserved.



TAP CHI KHOA HQC SO 32 6 www.htu.edu.vn

V6i 1d(Z,)={0;1} va Z;={1} thi db thi laly ding trén vanh Z,c6 1 dinh va 1 khuyén.

D
Hinh 3

Vi du 4. Do thi lily déng trén vanh Z 4t

V6i 1d(2,)={0;1{va Z;={1:2;3} thi dd thi liiy ding trén vanh Z,c6 3 dinh va 3

khuyén tuong tmg. Tuy nhién, trong d6 thi nay khong ton tai canh nao ndi giita hai dinh phan
biét.

_ < >

Hinh 4
Vi du 5. D6 thj lily dang trén vanh Z,:

va {4_1,6} . Khong c6 canh nao nbi hai dinh 1é phan biét.
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Hinh 5

Vi du 6. D6 thi lity dang trén vanh Z,:

3. Tinh chit dé thj wéc khong trén vanh Z

Vé6ivanh Z , ching ta c6 cac nhan xét quan trong sau day:
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B6 dé 1. Trén vanh 7, chico hai phan tir lity dang la 0 va L

Chitng minh. Goi e 1 phan tir liiy dang cla vanh Z ,, khi d6 tir tinh chit &’ = e
ching ta suy ra e’ —e = e(e—i) = O(m0d2” ) Mit khac, e va e—1 khéc tinh chan 1é suy ra

e chi ¢ thé 1a 0 hodc 1 , ’ ‘

Bo deé 2. Trén vanh R=17., voi n la so nguyén dwong. Neu a la phan tw kha nghich
ciia R, thi phan tir nghich dao ciia a la duy nhat.

Chitng minh. Goi b va ¢ 1a cac phan tir nghich dao khac nhau cta a. Khi d6 ta co: ab
=ac =1.

Do d6 a(b - ¢) = 0. Vi a 1a phan tir kha nghich cta vanh R, nén ged(a, n) =1. Piéu
nay dan dén b - ¢ 12 boi ctia n. Didu nay khong xay ra vi b, ¢ 1a cac phan tir ctia tap hop 4 =
{0, 1, ....,n-1}.

Ménh dé 3. Goi G la db thi lily dang trén vanh L,,. Ky hiéu loop(G)= {tdp cdc

khuyén ciia do thi G (V, E)}. Khi do:

1
card(loop(G)) =43,

Chirng minh.

- Véin =1, n = 2 ching minh 1 tim thuong.

- V6i n> 2, chung ta chitng minh c6 dung 4 phan tir cia vanh Z , sao cho a’® = 1.
Khi d6 (a—1)(a+1)=0. Vi a 1a s6 nguyén duong lé néna - 1 va a + I la céc sb

nguyén chan. Trong d6 c6 dung mot sb chia hét cho 2 nhung khong chia hét cho 4. Do d6, s6
con lai phai chia hét cho 2", Diéu nay chi xay ra véi cac gia tri:
a=1, a=2""-1,a=2""4+1,a=2"-1.

Diéu nay dan dén c6 4 khuyén tmg v6i phuong trinh @ = 1. Tiép theo, chung ta tinh
cac khuyén tng v&i phuong trinh a° = 0.

Triong hop 1: n = 2k, véi k 1 s6 nguyén duong khong bé hon 2.

Pat 4, ={2'x|refl,... 2%} va ged(2.x)=1} voi i =1, 2 .., 2k - I, khi 6 ti
@(22’”) =2 suy ra card (4;)=2""". Nhan xét ring a;° = 0 v6i moi a, 1a phan tir clia
tap hop 4; trong d6i =k k+ 1, ..., 2k- 1 va a’ #0 voias la phan tir ctia tap hop 4; trong
doi=1 2 ..., k-1.Dodo:
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card (loop(G)) =Cz:card(4))+4 =(2kzl 22k+fj+4 =(2°-1)+4= 2H +3,

i=k
Trwong hop 2: n =2k - 1, v6i k 14 s6 nguyén duong khong bé hon 2. Tinh toan
tuong tu:

n

card (loop (G)) = (2/"1 - 1) +4= ZH +3.

Vay trong ca 2 truong hop: card (Zoop (G)) = ZH +3.
Vi du: Theo cong thirc nay s6 khuyén s& 13 5 vin = 3; s& 14 7 v6in = 4; s& 1a 7 véi
n=5vasélall véin=6.Céac vidy & muc 2 di chi ra tinh ding din cia cong thic trén.
Ménh dé 4. Goi G la do thi liy dang trén vanh L, véi V, E lan luot la tdp dinh va

canh cia né, thi sé dinh card(V) =2"—1 va 56 canh la:

1, n=1
card(E)z 3,n=2

(n-1)2 427
2

+2,n>3

Chirng minh.
bit R= Zzn va goi R*= ZZ,, \{O}, khi @6 R* bao gém hai tap hop Z(R)* la tap céc

uéc khong cua vanh Z,, vatgp R*\Z(R)* gdm céc phan tir kha nghich ciia vanh Z ,,. Véi
cac phén tor a thudc tdp R *\Z(R)* ton tai phﬁn tir b thuoc R >"\Z(R)* sao cho ab = 1. Do
d6 a 1a dinh cua dd thi G. Véi céc phén tir ¢ thudc thp Z(R)* ton tai phan tir d thude tap
Z(R)* sao cho cd = 0, c ciing 1a dinh ctia d6 thi G. Vay moi phén tir cia R* déu 1a dinh ciia
dd thi G, suy ra
card(V) =card (R *) =2"-1.

Tiép theo chung ta tinh $6 canh cua dd thi G. Pé tinh sb canh cua dd thi G, chiing ta
x¢ét hai truong hop:

-Véin = 1, n = 2 ching minh 1a tam thuong.

- V6i n 16n hon 2, chiing ta ¢6: card (R*\Z(R)*)=¢(2")=2"". Véi céc dinh thugc
tap R *\Z(R)* ¢6 4 phan tir ing v6i 4 khuyén cta d6 thi. Xét dinh a thudc tap R *\Z(R)*
khong 1a khuyén, khi d6 theo B6 d¢ 2, ton tai duy nhét b ciing thudc tap R*\Z (R) * sao cho
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a.b = 1, tic 1a a ndi véi b va co bac béng 1. Goi cac canh cta dd thi G ung voi cac phén tor
2" -4 2"+ 4
thuge tip R*\Z(R)* I £y v ching ta c card (E) == +4= 2+ .

Chung ta lai c6: card (Z (R) *) = (2" - 1) —2""=2""_1. Lai goi cac canh ctia dd thi

G ung véi cac phan tir thudc tip Z (R) * 14 E>. Chung ta s& tinh s6 phan tir cia E>.

Triong hop 1: n = 2k, véi k 1a s6 nguyén duong khong bé hon 2.
Pt 4 ={2'x|refl,..2""} va ged(2,x)=1} voii=1,2, ..., 2K - 1, khi do ti

(p(22k‘i) =2""" suyra card (4, )=2*"". Chung ta s& tinh bac dinh a, cua tap hop A, trong
doi=k k+1, .., 2k- I véinhin xét rang (2'x)(2’y)=0 (trong d6 x, y Ia cac s6 nguyén

2k-1 i—1
duong 1¢), khi j>2k—i. Do d6 deg(a,)= > 2%/ =>"2'=2"-1.

j=2k—i 1=0

Goi G’ 1a dd thi con cta do thi G véi tap dinh la Z (R) * dugc xay dung ba‘ing cach bd

di cac khuyén cta dd thi G (suy ra G’ 1a d6 thi don va tap canh 1a £>nhung bo di cac khuyén).
Goi E’ 1a s6 canh cua dd thi don G, chung ta co:

2k-1 2k-1

(E'):[; Saes(a) |-{eanioo@)4) (22 )|

card 5 = 5
(2k-1)2°*" —Mfzf -(2"-1)

B p (2k-2)2 2" 42

- 2 - 2

Do do:
(2k - 2)22’“1 —2F4+2
2

card (E,) =card (E") +<card (Ioop(G))—4) = + (Zk - 1)

2 2
Trwong hop 2: n =2k - 1, v6i k 1a sb nguyén duong khong bé hon 2.

(2k-2)2*"+2¢  (n-2)2"" +2H

Tinh toan twong tu chiing ta co:

(2k-3)2%2 425" (n-2)2""+ 2
card (EZ) = = .
2 2
Chung ta nhan thdy d6 thi G bao gdm céc canh ndi dinh a, b sao cho ab = I (canh cua

G thudc E;) va cac canh ndi dinh ¢, d sao cho ¢d = 0 (canh cua G thudc E>). Do do:
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n- . H o H
card(E)=card(El)+Card(E2):2 12+4+(n—2)221+22 :(n—1)221+22 o

Vidu: Thay n = I, n = 2, n = 3, n =4 vao cong thirc trén chung ta s& thdy phu hop

véi cac dd thi & muc 2.
Ménh dé 5. Goi G la dé thi liiy dang trén vanh Z . Khi do:

a) G luén cé chu trinh. Hon nita véi n >4, dé thi G luén cé chu trinh khéng tam
thuong;

1, n=1
b) Goi T la s6 thanh phan lién thong cia do thi, thi T =43, n=2

n-1 _

2 4 +5 n=>3
Churng minh:
a) V6in = I, ching ta c6 chu trinh tam thuong véi 12 =1 (khong c6 chu trinh

nao khac); v&i n = 2 ¢6 cac chu trinh tim thuong 12 = 1, 22 = 0 va 3% =1 (khong c¢6 chu trinh
nao khac); voi n = 3 ¢6 cac chu trinh tam thuong 12=1,3=1,42=0,5°=0, 7> =1 (khong
c6 chu trinh nao khac).

Véi n>4, G ludn c6 chu trinh tim thuong 1% = 1. Xét cac dinh a =2"", b=2"" va
¢=3.2"7 ciadd thi G. Vi (n—1)+(n—-2)2n va 2(n—2)2n. Khi d6 3 dinh q, b, c cia dd

thi G 1ap thanh chu trinh d¢ dai 3.
b) V6in =1, n = 2 chimg minh Ia tim thuong. Vi 1 16n hon 3, chiing ta c¢6 ding
4 phan tir cia vanh 7., sao cho a’ = I day chinh la 4 chu trinh tam thuong. T Bo d¢ 2,

chung ta c¢6 4 chu trinh tim thudng nay ciing chinh 13 4 thanh phan lién théng. Véi cac canh

ctia d6 thi G ni dinh a, b phan biét sao cho ab =1 ching ta c6 cac thanh phan lién thong gom
n—1

. V61 d06 thi con G’ cua

2 dinh va 1 canh. S cac thanh phén lién thong dang nay la:
G gbdm céc dinh ¢, d sao cho cd = 0 ¢6 E> canh. Chiing ta ching minh G 1a d6 thi lién thong.
Xétcacdinhc,dbatkycua G, khido c=x2",i=1,2, ..., n-1véiged(2,x) =1vad=y2’,
j=12 .. n-1véiged?, y)=1.Khiddnéuc.d=0thicndivéid; néu cd khac khong,
xét canh e = 2" ¢6 ce = de = 0 tlrc 13 ¢ ndi v6i e, d ndi véi e va c6 dudng di ced ndi ¢ voi
d. Biéu d6 khang dinh G~ 1a db thi lién thong va 1a mot thanh phan lién thong ciia G. Vay sd
thanh phan lién thong cua G la:
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4. Két luén
Trong bai bao ndy chung t6i gidi thiéu mot dinh nghia cua dd thi lily dang khac véi
cta [P. Sharma, S. Dutta, IGR, 2023] va dwa ra mot s vi du vé khai niém db thi liiy nay.

Chung t6i dua ra cong thire tinh sd khuyén, sb dinh, s6 canh va sb thanh phan lién thong cta
do thi 1ty dang trén vanh 7 .
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