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Mot s6 dé xuat trong day hoc ndi dung
bién luan nghiém cia hé phwong trinh tuyeén tinh
cho sinh vién khoi kinh té, ky thuat

Lé Luwong Vuong*

*Trwong Pai hoc Cong nghiép thanh phé Ho Chi Minh
Received: 20/7/2024,; Accepted:29/7/2024; Published:5/8/2024

Abstract: In the advanced mathematics curriculum for economics and engineering students at universities,
the content of linear systems of equations is highly emphasized due to its applicability in solving specialized
problems within the students’ fields of study. Therefore, identifying appropriate teaching methods and
content to achieve effective outcomes is always a current issue. Based on survey results regarding the
difficulties students face when solving problems related to the analysis of solutions for linear systems
of equations, this paper offers several suggestions to improve the effectiveness of teaching and learning
linear systems of equations for students in economics and engineering disciplines.
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1. Mé dau

H¢ phuong trinh tuyen tinh (HPTTT) c6 vai tro va
ung dung quan trong de giai quyét cac bai toan thuc
té tir ky thuat dén kinh té... Vi vdy, trong chuong trinh
mon Toan cao cép ctia hau hét cac truong dai hoc, noi
dung HPTTT luén dugc dua vao dé giang day cho
sinh vién (SV).

De giai quyét cac dang toan lién quan dén HPTTT,
SV can van dung cac kién thuc tuong d6i méi d6 1a ma
tran, dinh thirc. Nhdm tim hiéu nhimg kho khan ma
SV gap phai trong qua trinh linh hoi kién thirc tir do
dua ra mot s& dé xuat cho viée giang day nhim gitp
SV hiéu va van dung kién thuc trong giai quyét cac
bai toan lién quan. P& 1am co s¢ cho nhiing nhéan dinh
trong nghién cttu cua minh, ching to6i da tién hanh
khao sat vé nhitng kho khian ma sinh vién gip phai
trong qua trinh tham gia hoc ndi dung nay.

Vé bd cyc cuia bai viét, ngoai phan mo du va tai
liéu tham khao, ndi dung chinh ctia bai viét dugc trinh
bay trong phan noi dung nghlen ctru. Trong phan nay,
dau tién chiing toi thong ké két qua khao sat vé nhing
kho khan ma sinh vién thuong gap khi tham gia hoc
phan HPTTT, tiép dén chung t6i trinh bay ngan gon
vé dinh nghia hang cia ma tran ciing nhu HPTTT va
phuong phép Gauss dé giai HPTTT. Trong tAm cta
phin nay 14 dua ra nhimg dé xuét ciing nhu giai phap
thyuc hién trong qua trinh day hoc ndi dung HPTTT dé
gitp sinh vién khic phyc nhimg kho khin thuong gip.
Muc dich 13 1am sao cho sinh vién tiép thu kién thic
va van dung nd vao giai quyét cac van d& lién quan
mot cach hidu qua. Phan két luan cta bai viét khing

dinh lai ¥ nghia cta van dé nghién ctru va dua ra dinh
hudng mé rong nghién ctru clia van dé trong tuong lai
2. Noi dung nghién ciru
2.1. Thuee trang khdo sat day hoc ngi dung bién lugn
nghi¢m ciia hé phwong trinh tuyén tinh cho sinh
vién khéi kinh té, ky thudt

Dua trén qua trinh giang day va két qua kiém tra
danh gia SV, tac gia tién hanh khao sat 46 SV dai hoc &
cac 16p khac nhau thudc Khoa 19 cua Truong Pai hoc
Cong nghiép thanh phé H6 Chi Minh (nhiing SV nay
¢6 hoc mén Toan Cao cap 2 chira ndi dung HPTTT)
mdt s6 cau hoi lién quan dén cac bai toan vé HPTTT
va thu dugc tra 10i cuia SV voi két qua sau:

Cau 1. Khi hoc vé HPTTT, ban thuong gip kho
khan vé dang toan nao?

Cau tra 1 80 hrong) Ti 1§

chon %
Giai HPTTT dang Cramer 2 4,3
Giai HPTTT dang téng quat (ding phuong 12 26.1
phép Gauss) >
Bién luan s nghiém ctia HPTTT 38 82,6

Cédu 2. Trong qué trinh giai cac dang toan vé
HPTTT, ban thuong gap tré ngai gi?

Cau tré 19i Sf’cL"Q%“g 1o
Khéng nim rd dinh 1y Kronecker — Capelli 26 56,5
Tim hang ctia ma tran 37 80,4
Tinh dinh thirc 4 8,7

Cdu 3. Ban thucmg gap kho khin gi khi bai toan vé
HPTTT c6 tham sb yéu cau?
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Cau tra loi luong %

chon °

Tim tham s dé HPTTT vo nghiém 4 8,7
Tim tham sé ¢&& HPTTT c6 nghiém 131283
Tim tham s6 ¢&& HPTTT c6 nghiém duy nhat 5 10,9
Tim tham s6 dé hai HPTTT c6 nghiém 4 91,3

chung

Két qua cho thdy khé khan chinh ma SV thuong
gdp lién quan dén viéc bién luan nghiém cua HPTTT
d¢6 1a tim hang ctia ma trén c6 chira tham s6, van dung
dinh 1y Kronecker — Capelli, tim tham sb dé hai h¢ c6
nghiém chung. Dua vao két qua khao sat qua nay, bai
viét trinh bay mot sb dé xuat thiét thuc dé nang cao
hiéu qua day va hoc.

2.2. Mjt s6 dé xuit trong day hoc ngi dung bién
Iud@n nghi¢m ciia hé phwong trinh tuyén tinh cho
sinh vién khoi kinh té, ky thudt

Phan nay nhic lai nhitng khai niém co ban vé
HPTTT va dua ra nhiig dé xuit mang tinh thyc té
gitip cho viéc truyén dat ndi dung dén SV mang lai
hiéu qua cao nhat.

2.2.1. Hé phwong trinh tuyén tinh
a. Dinh nghia. HPTT 1a h¢ c6 dang
a.r, +a.x, +..+a x =b

1171 12772 1n""n 1
2171 22772

a,r, +a,r, +..+a,r =D, (I)

a . +a . T.+..+a x =D

ml1™1 m2°2 mn- n m’?

a,b eR(i=12..m;j=12..n)
11 12 1n
a a e a

ml am? o amn

bl
. A X b, . .
goilamatranhéso,B=| 7 | € mel(IR) la ma tran

b

m

hé s tu do, A= (A | B) ) 13 ma trén hé s6 m& rong,

m><(n+1

€ M _(R)la ma trin ct ctia an.

nx1
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Hg¢ phuong trinh (/) dugc viét dudi dang ma tran la
AX =B,

251
. o \ A N 5 ~ e
Ta goi & = la mét nghiém cia hé (I) néu
Aa = B,
al’l

b. Giai hé phuong trinh bang phwong phép Gauss
Xéthé AX = B (I) voi ma tran mé rong nhu sau

A1 Qg2 C Ay | by

- a a - a b
A:(AlB): :21 :22 31’1 .2
aml amZ amn bm

Dé giai hé (I) ta thyc hién cac budce sau:

Budce 1. Lap ma trdn md rong A

Buge 2. Pua A vé ma tran bac thang bang cac phép
bién ddi so cap dong

Budre 3. Viét lai hé va giai nguoc tir dudi 1én trén.

Vi nhitng kho khin cta SV co ban lién quan dén
bai toan chira tham s6 nén cac phan trinh bay tiép theo
ciing tap trung cho bai toan chira tham sd.

c. Hang cia ma trgn

- Pinh nghia hang ctua ma tran. Cho ma tran 4.
Hang cuia ma tran 4, ky hi¢u r(4), b:?lng s6 dong khac
khong cuia ma tran bac thang nhan duoc tr A béng mot
s6 hitu han cac phép bién doi so cip.

- Cha . Hang cta ma tran khong thay di khi ta
hoan vi dong hay cét.

- Thuat toan tim hang ctia ma tran

Bude 1. Pua ma tran can tim hang vé dang bac
thang.

Butde 2. S6 dong khdc khéng cia ma tran bac thang
chinh la hang cua ma tran da cho.
2.2.2. Mot s6 dé xudt khi bién ludn nghiém cua hé
phuong trinh

Dua vao kho khan ma SV thuong gdp trong qua
trinh hoc ndi dung nay, chung t6i dua ra mot sb dé
xuét vé& cac ndi dung ma trong qua trinh giang day,
giang vién nén danh nhiéu thoi gian hon dé gitp SV
hiéu va van dung dugc nhu sau.

a. Dinh ly Kronecker — Capelli

- Pinh Iy. HPTTT tong quat AX = B (I) co
nghiém khi va chi khi 7(4) = ?"(A)-

-Chuy. i) Taco r(4) = r(4)

i) néu 7(4) = r(A) = n thi h¢ (I) c6 nghiém duy
nhat.

iii) Néu r(4) =r(4) < n thi hé (I) c6 vé sb
nghiém, trong d6 c6 n — r(A4) an tu do duoc 1y tay §.

Vidu 1. Bién luan HPTTT

9
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2x+3y—z=1
4x+(m+5)y+(m—3)z=m+ 2
8x+12y+ (m—4)z=m+4

2 3 —1 1
Taco A=|4 m+5 m—3 m+2
8 12 m—4 m+4
2 3 -1 1
~0 m—1 m—1m

0 0 m m

+)Khi m=1, ta co r(4) =2 <3 =r(4): h¢
phuong trinh v6 nghiém.

+)Khim = 0,taco r(4) = T(ﬁ) = 2: hé phuong
trinh c6 v s0 nghiém.

+) Khi m#=0Am #1 thir(4) = T(ﬁ) =3:
hé phuong trinh ¢6 nghiém duy nhat.

Nhan xét. Voi bai toan nay SV thuong bd qua viée
xét truong hop m =1 ma chi quan tim dén dong
cudi. Do d6 trong qua trinh huéng dan SV giai, ching
ta cling luu y thém vé phan tir co so cua cac dong
(phén tir khac khong dau tién tir trai qua ctia dong) lién
quan dén xac dinh hang ctia ma tran.

Liew y. Khi tim diéu kién cua tham sé dé HPTTT
c6 nghiém, ta c6 thé giai bai toan nguoc 1a tim diéu
kién dé hé vo nghiém, roi két luan theo dang ménh dé
pht dinh.

Vi dy 2. Tim tham s6 m dé hé phuong trinh sau c6
nghiém

x+my+z=m
x+(m+4)y+2z=1
2x + 2m+4)y+ (m? +2)z = Zm

1 m 1 m
Tacod: A=|1 m+4 2 1
2 2m+4 m*+2 2m

1 m 1 m
~0 4 1 1-m
0 4 m> 0
1 m 1 m
~|0 4 1 1—m
0 0 (m=1)(m+1) m—1

Dé tim tham s6 cho HPTTT c¢6 nghiém ta tim diéu
kién cua tham s6 cho HPTTT vo6 nghi¢m.
HPTTT vo6 nghiém khi va chi khi
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) <r(d)e m—-Dm+1)=0Am-120&m=-1

Vay h¢ phuong trinh da cho c¢6 nghiém khi va chi
khim = —1.

Nhan xét. Neéu ta giai theo cach thong thuong,
tuc 1a tim tham so dé h¢ coé nghiém thi ta phai xét hai

truong hop:
Truong hop 1.
)= (@) =2 (MDD =0

Truong hop 2. . o .
m—1)(m+1)= m=#
T(A)—T(A)—B{:){( )(1;#0) ‘:’{m;a—l'

Két hop hai Trudng hop nay ta com #= —1.

Nhu vay viéc ap dung linh hoat ¥ nghia cta dinh
nghia ménh d& dao gitp ta chuyen tir viée giai quyét
bai toan phirc tap thanh giai quyét bai toan don gian
hon tir 6 di dén két qua mot cach nhanh chong.

b. Xac dinh hang cua ma trgn

Déi voi viée xac dinh hang ctia ma tran c6 chira
tham s6 ta can luu y trong truong hop tham sb & cac
ot dau, ta kho dua ma tran vé dang bac thang. Khi do,
ta hoan vi cot clia ma tran sao cho tham sb & cac cot
cudi, rdi dwa vé dang bac thang.

- Ap dung: Khi bién luén theo tham sd nghiém
ctia HPTTT, néu ma tran m& rong A ¢o cac cot dau
tién chira tham sb ta co thé ddi cot trong ma tran A
(viéc dbi nay chi dung cho bai toan bién luan su ton tai
nghiém va khong duoc doi vai cot hé sé tu do).

Vi du 3. Bién luan s6 nghiém cta hé phuong trinh

mx+ y+z=m
2x+y+2z=1
(m+2)x+2y+ (mM*+2)z=m? +m

m 1 1 m
Taco A=| 2 1 2 1
m+2 2 m+2m*+m
1 m 1 m
~|1 2 2 1
2 m+2 m*4+2m*+m
1 m 1 m
~[0 2— 1 1-m
0 2—m m* m*—m
1 m 1 m
~0 2—m 1 1—m
0 0 m—1m'—1
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Néum = 2thir(4) =2 < 3= r(A4): hé vo nghiém.

Néu m = +1 thi r(4) = r(4) = 2 < 3 (s6 an):
hé c6 vo s0 nghiém.

Néum =3 Am = £1 thi r(4) =r(4) = 3: h¢
c6 nghiém duy nhat.

Nhdn xét. Vi bai toan yéu cau bién luan vé nghi¢m
nén mau chdt nim & viée bién luan hang ctia ma tran
nén ta co thé ddi cot dé viéc dwa ma tran dang béc
thang don gian hon, thuan lgi cho bién luén. O cht y
nay, khi day ching ta yéu cau sinh vién phai hiéu va
phén tich dugc vén dé dat ra vi sinh vién rat hay nham
14n giita viéc giai ra nghiém va bién luan vé nghiém, ta
biét vé nguyén tic khi thay doi thir tir cac cot thi dong
nghia voi cac bién s& thay ddi thir tu theo.

c. Diéu kién dé hai hé phicong trinh c6 nghiém
chung

Mubn tim diéu kién cua tham sb dé hai HPTTT c6
nghiém chung, ta ghép chiing thanh mét hé roi di tim
diéu kién cta tham sb dé hé chung do6 c¢6 nghiém.

Vi du 4. Tim diéu kién cua tham s m dé hai
HPTTT sau c6 nghiém chung

x+y—z+2t=2m+1

{x+ 2y—2z—2t=—m

(2x+5y—2z+42t=2m+1

v { 3x+4y—3z+6t=5

Hai HPTTT c6 nghiém chung khi va chi khi h¢
phuong trinh sau ¢6 nghi€ém
x+y—z+2t=2m+1
x+2y—2z—2t=—-m
2x +by—2z+4t=2m+ 1
3x+4y—3z+6t=5

11 -1 2|2m+1
Taco: 4 — L2 =2 -3 -m .
29 5 —2 42m+1
34 -3 6| 5
11 -1 2| 2m+1
01 -1 —4|-3m—1
“lo 3 0 o0]|-2m-1
01 0|—6m+2
11 -1 2] 2m+1
01 -1 —4/—3m—1
“lo 0o 3 12| Tm+2
00 4|—3m+3
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11 -1 2] 2m+1
01 -1 —4/-3m—1
oo 1 4|-3m+3|
00 0 0|16m—7

Hg c6 nghiém khi va chi khi
) =r(A) e 16m-7=0=m=—

16
Vay hai hé da cho c6 nghiém chung khi va chi khi
7
m=—,
15

Nhan xét. SV thuong ling ting véi dang bai tap
nay vi thuong suy nghi dén viéc tim nghiém ciia timg
hé rdi xem khi nao chiing ¢6 nghiém giéng nhau. Thuc
té khi ghép hai h¢ thanh mot thi nghiém ctia hé méi
chinh 1a nghiém chung cua hai hé. Khi d6 bai toan tim
nghiém chung cua hai hé tr¢ thanh bai toan tim tham
s6 dé mot hé co nghiém s& dé hiéu hon.

3. Két luan

Bai viét di phan tich mot s6 khé khin co ban ma
SV gap phai khi tiép thu ndi dung HPTTT. Tur d6 dwa
ra mot s6 dé xuét mang tinh thiét thuc va co thé duoc
ap dung kip thoi trong qua trinh giang day dé nang cao
hiéu qua linh hoi kién thirc cho SV. Nhimng kién thtrc
vé toan cao cip 1a hét sirc can thiét va bo ich cho SV
gitp SV ap dung giai quyét cac van d& chuyén mén
va nghién ctru siu chuyén nganh. Vi vy viéc im hiéu
nhitng kho khan cua SV trong qua trinh hoc tap cac
kién thirc vé toan cao cap dé dua ra nhiing giai phap
gitip cho SV tiép nhan mot cach hiéu qua ludn 1a van
dé thoi sy can c6 sy dau tu nghién ctru mot cach chi
tiét, chuyén sau hon. D6 ciing chinh 13 van dé chung
t6i mong mudn tiép tuc thyc hién trong thoi gian dén.
Tai liéu tham khao
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