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Abstract: When students study the Mathematical Equations section, studying the number series section,
there are many mathematical formulas and calculation skills. Students need to master the related
mathematical knowledge to solve the exercises. This article focuses on relevant mathematical knowledge
to solve the number series exercises in the Mathematical Equations module taught at Hanoi University
of Natural Resources and Environment to help students improve their knowledge and application. into

specialized courses.
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1. Pit van dé

Trong toan hoc, chudi Fourier (dwoc dit tén theo
tén nha toan hoc Joseph Fourier) cuia mét ham tudn
hoan la mét cach biéu dién ham d6 dudi dang tong cua
cac ham tuan hoan c6 dang €™, trong do, e la sO
Euler va j 1a don vi s 0. Theo cong thirc Euler, cac
chudi nay c6 thé duoc biéu didn mot cach ‘tuong duong
theo cc ham sin va ham cos. Mot cach tong quat, mot
chudi hitu han cua cac ham lity thira ctia s6 a0 dugc
goi 1a mot chudi luwgng giac. Fourier 1a nguoi dau tién
nghién ctru chudi lugng giac theo cac cong trinh trude
d6 cua Euler, d’ Alembert va Daniel Bernoulli. Fourier
da ap dung chudi Fourier dé giai phuong trinh truyén
nhiét, cic cong trinh dau tién cta ong duoc cong bd
vao nam 1807 va 1811, cudn Théorie analytique de la
chaleur ciia 6ng dwoc cong bd vaonam 1822. Theo quan
diém cuia toan hoc hién dai, cac két qua cua Fourier co
phén khéng chinh thirc lién quan dén sy khong hoan
chinh trong khai niém ham s6 va tich phan vao dau thé
ki XIX. Sau d6, Dirichlet va Riemann di dién dat lai
cac cong trinh ctia Fourier mot cach chinh xac hon va
hoan chinh hon.

Khi sinh vién (SV) hoc phan chudi s6, dén phan
khai trién ham s6 thanh chudi sb dang Fourier, c6 rat
nhiéu kién thirc lién qua dén toan hoc. Dé phat trién
nang lyc giai toan cua SV va ap dung mot cach c6 hé
thong va logic vao hoc phan chuyén nganh. Chinh vi
vay, toi da v1et bai bao nay, thong qua mot s6 dang
bai tap khai trién ham s6 thanh chudi s6 Fourier, giup
SV phat trién ning lyc tu duy giai toan va van dung
kién thirc da hoc mot cach linh hoat, gitip SV di sau
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nghién ctru kién thirc va thdy hung tha khi hoc hoc
phan Phuong trinh toan 1y.

2. N§i dung nghién ciru

2.1. Khdi niém nang lyc gidi todan va vai tro ciia bai
tap todn

Ning lyc giai Toan 1a mot phan cta nang luc toan
hoc, bao gdm to horp cac ki nang, dam bao thyc hién
cac hoat dong giai toan mét cach hiéu qua do la: kha
nang ap dung tién trinh phat hién va giai quyét Van
dé vao giai mot bai toan cu thé co phuong thirc tlep
can sang tao va tinh hudng dich cao, nham dat két
qua sau khi thue hién cac hoat dong giai toan. Theo
D4 Thi Trinh (2017): Nang luc giai toan la thudc tinh
ca nhén, dap mg yéu cau giai quyet thanh cong mot
van dé toan hoc dua vao t6 chét san co, su huy dong
tong hop cac kién thire, ki ning, kinh nghiém trong
linh vuc toan hoc va cac thudc tinh ca nhan khac nhu
htrng thu, niém tin, y chi, niém dam mé, ...

Bai tap toan hoc c6 vai tro quan trong trong mon
Toan. Thong qua gidi bai tdp, SV phai thuc hién
nhitng hoat dong nhét dinh bao gém ca nhan dang
va thé hién dinh nghia, dinh 1y, quy tic hay phuong
phap, nhiing hoat dong phirc hop bao gdm hoat dong
tri tu¢ chung va hoat dong ngdn ngit. Viéc giai bai
tap (cho du 12 bai tap don gian nhit) ciing doi hoi SV
phai trai qua qua trinh quan sat, phan tich, lién tudng,
tong hop, phan doan, ... dua vao nhitng kinh nghiém,
kién thirc da c6 dé tim dap s6 tir nhimng dit liéu xuat
phat. Qua trinh d6 gitip SV b sung thém kién thic
méi va tao co hoi cho SV nhé, hiéu, van dung, khéc
sau kién thtrc. Trong méon Toan, c6 nhimng yéu t 1i
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thuyét doi hoi SV tiép thu trong dang tinh tai, riéng
biét, gdy cho cac em sy triru twong thi qua giai bai
tap, SV duoc nim kién thic dudi dang dong, co su
tac dong qua lai cia nhiéu yéu t6 nén sy triru tuong
dugc giam di. Ngoai ra, cac bai tap gin véi thyc tién
cudc song hang ngay duoc két hop véi sy dan dit ciia
GV vé gié tri kién thirc mon Toan véi thuc tién gitp
SV xac dinh dong co, himg thu hoc tap, tich cuc, chu
dong, tu giac trong hoc tap. Hon nita, sau mdi lan
giai bai tdp thanh cong cung voi su ghi nhan, dong
vién, khich 1€ cua GV s€ mang lai cho SV niém tin
vao nang lyc ban than. bay la diéu kién quan trong
dé phat trién nhén thirc, hinh thanh & SV y chi, quyet
tam hoc tap mon Toan, lam diém twa cho sy tién bo
ctia cac em d6i voi mon hoc

2.2. Mpt sé6 dang bai vé chudi sé nham phdt trién
nang luc gidi todan cho SV

2.2.1. Kién thirc can nhé khi gidi bai todn vé khai
trién ham sé6 thanh chudi Fourier

* Cho day sb Uy Uy Uy Biéu thirc

n

Zun =, +u, +...+u, (*) duoe goi 1a chudi so. u,

n=1

v6i n tong quat goi 1a s6 hang tong quat.

n
S, = Zun la tong riéng thir n cua chudi so.

n=l1

Néu lim S, = Zun =S thi chudi s6 (*) 14 hoi tu
n—>w n=1

va c6 tong S.

R =S-S goila phén du thir n ciia chudi s6. Néu
chudi soh01tuth1R — 0 khin — o

Néu S, khong dan toi 2161 han hitu han khi n — o
thi chudi Ia phan ky.

* Chudi Fourier voi f(x) 1a:

S(x) = %Jr D" (a, cos nx +b, sin nx)
n=l1

v01 cac hé s0 1a cac hé so Fourier:

= 1 ]!' f(x)cos(nx)dx (n=0,1,2,...)
4 -

b, = 1 T f(x)sin(nx)dx (n=1,2,...)
T -

2.2.2. Khai trién Fourier ciia ham sé

1) Diéu kién di ciia khai trién Fourier

Ham sb f(x) duoc goi don diéu timg khuc trén
doan [a,b], néu c6 thé chia doan [a,b] thanh hitu han
cac doan con don di¢u cua f(x).

Néu f(x) don diéu ting khiic va bi chin trén [-r, m]
thi chudi Fourier cua n6 hoi tu timg diém trén doan 4y
va tong ctia chudi ay bang:
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a. f(x), -7 < x < wva f(x) lién tuc tai x

b, [0+ fe0],

gian doan loai 1 cua f(x)
JLrems ),

2) Khai trién Fourier ciia ham chan va lé

Néu f(x) 1a ham chin trén [-z,7] thi sinnxla
ham 1é, nén brL = 0. Vay chudi Fourier ctia ham chan
f(x) 1a khai trién theo cac ham cosnx:

fx)= ia cos nx

Tuong tu, néu f(x) 1a ham 1¢ thi a =0,néntacod
khai trién theo cac ham sinnx:

f(x)= an sin nx

—-r<x<rx vaxladiém

3) Khai trién Fourier trén nira doan [0, )

Dé tim duoc khai trién Fourier cua ham sé f(x)
trén doan [0, 7] ta c6 thé khai trién f(x) trén ca doan
[—m,7] 1di st dung cac cong thirc cia phan trudc.
Thong thudng ta c6 ba cach khai trién:

- Khai trién chin: xét ham F(x) nhu sau:

el el
f(_x), X e [—72'70)
- Khai trién 1&; F(x)= {f(x), wefor] .
_f(_x), X e [—;z', ())
F(v= {f(x)’ xelor]
0, xe[-,0)

4) Khai trién Fourier ciia ham c6 chu ky bat ky
Cho f(x) ¢6 chu kyla 2L, L > 0, ta can tim chudi
Fourier cta f(x) trén [-L, L]. B¢ lam dic¢u do ta dung

phép bién déi ¢ = % va xét ham sé:
tL
F@)=f(x) =f(—)
T
Ham F(t) s€ c6 chu ky 2z. That vay:
F(t+27) = f[£+ 2;;) = f(ﬁj =F(t)
T T
Viy ta c6 khai trién Fourier cia F(t) trén [—,7]:
F@)= %—Q— i (a,cosnt +b,sinnt)
n=1

Trong do:
- j F(t) cos(nt)dt = - j f[ jcos(nt)dt == j F(x) cos—dx
T

voin=0,1,2,...,

1t . nmx .
=— x)sin——dx v&in =
L;[Lf( ) 7 voin=0,1,2,...,
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Tro lai bién x ta duoc:
f(x)—?+2(a cos—+b 7L[x)

v6i an va bn dugc tinh theo 2 cong thire trén.
2.2.3. Mot 56 dang bai vé chudi sé6 nham phdt trién
nang lyc gidi toan cho SV

Bai 1: Tim chudi Fourier ciia ham f(x) x4c dinh
boi: f(x)=1;0<x <27 T =27

HDG: Ta c6 chudi Fourier:

S ()= a70+ Z(an cos nx + b, sin nx)

n=1

Can xac dinh cac hé so cua chuoi Fourier:

12/r 12” 1
ao:;jf(x)dx:;jl.dx:;.2ﬁ22
0 0

a,= l ff(x) cos(nx)dx = l J{[(l .cos(nx))dx =0
T %

17 1 cos0—cos2nr
== [ f(osin(m)dx == [ (Lsin(a))dx  =————"""2=0
Ty Ty nw

Vay chudi Fourier trong tig ctia ham f(x) da cho

la: f(x)= a7°+2(an cosnx+b,sinnx) =1
n=1
Bai 2: Tim chudi Fourier ctia ham f(x) xac dinh

0;,-7<x<0

boi: f(x)={ T T, T=2n

,0<x<7m
HDG: Can xac dinh cac hé so cua chuoi Fourier.

V.4 0 V4
Ta co: a, L [ fdx =l{j O.dx+.[1.dx} =1
ﬂ- - ﬂ- - 0
a,= l ][‘ f(x)cos(nx)dx = 1{ J. (0.cosnx)dx + ]i (l.cosnx)dx} =0
7 - 4 -7 0

= L :f f(x)sin(nx)dx = 1{ I (0.sin(nx))dx +j|z.(1.sin(nx))dx}
T T, 0

0, n=2k
_l-cosnzwr )
nrw —; n=2k+1
nr

Vay chudi Fourier tuong tng cta ham f(x) da cho
la:r oy =% =2k

1 2
f(x)_§+z(2k+1)n

k=1

sin(2k+1)x; n =2k +1

Bai 3: Tim chudi Fourier ctia ham f(x) xac dinh

boi: £(0) ,0<x<7x T2
. X)= ; =2
oL 2, m<x<2rx

HDG: Can xac dinh cac hé so cua chuoi Fourier.

%Djl.dx—i— TZ.dx:| =3

2z
Ta cé: ao=l j f(®)dx =
4 0
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2z T 2
a, :% J f(x)cos(nx)dx = %M(l.cosnx)dx + I (2.cosnx)dx:| =0

T

— ‘[ f(x)sin(nx)dx = ;U (1.sin(nx))dx + I (2. sm(nx))dx}

_cosnm—1 _ 0 )
nrw ——; n=2k+l1

nr

Vay chudi Fourier trong (g ctia ham f(x) da cho
3
lé:f(x)zg; n=2k

3 )
JO=7+ Z:(2k Dz

k=1

sin(2k+1)x

Bai 4: Tim chudi Fourier ctia ham f(x) x4c dinh
boi: f(x) =x% —rw<x<zm T=2x

HDG: Ta thdy ham s6 f(x) = x? lién tuc tai moi
diém thudc doan [, 7] nén chudi Fourier cua f(x)
hoi tu vé chinh noé.

Do f(x) = x> 1a ham chén nén ta co hé s b_=0.

X

, 2” 27z 5 2 3
Taco: a, =;jf(x)dx=;fx dx=;. 3
0 0

==r

3

0

a,= E.T f(x)cos(nx)dx = E]E(xz.cos(nx))dx
T 0 T 0

bat: u=x
dv = cos(nx)dx

V3

_2 jf (x. sin(nx))dx}
n 0

211 .
=a, = —{— x* sin(nx)
z|n .

4 . 4
=a,= ?cos(mr) =(=D)"—

Vay chudi Fourier twong g ctia ham f(x) da cho
. 1 - 4
la: £(x)= E;zz +>(-1)" = cosnx
n=1 n

3. Két luan

Qua phan trinh bay mot s6 dang bai tap khai trién
ham s6 thanh chudi s6 dang Fourier nham phat trién
ning lyc giai toan cho SV, gitp SV tiép tuc nghién
clru va ap dung vao cac hoc phan chuyén nganh mot
cach dé dang va van dung linh hoat cac kién thirc vao
gidi cac bai toan. Tl d6 gitip SV hing tht va hoc tot
phan Chudi trong chuong trinh Phuong trinh toan 1y
O dai hoc.
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