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Bat ding thirc AM-GM va mét s6 ing dung
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Abstract: Inequality is a sharp tool of Mathematics. Equality and inequality are two means of supporting
each other. The equation gives absolutely accurate results. More flexible inequalities allow considering
problems, estimating results, thereby viewing mathematical practice from a broader perspective. In
this article, I would like to introduce the AM-GM inequality, which is a familiar and widely applicable
inequality. It is the first inequality that needs to be remembered very clearly and used proficiently.
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1.Dit van dé

Bit ddng thirc 1a mot cong cu sic bén cua Toan
hoc. Dang thirc va bat dang thirc 1a hai phuong tién
hd trg 1an nhau. Pang thic cho két qua chinh xac
tuyét doi. Bat dang thirc mém déo hon cho phép can
nhéc van dé, ude luong két qua,ttr d6 nhin nhan thyc
tién Toan hoc dudi goc do rong hon.Vi thé, viéc van
dung céc bat dang thirc rat uyén chuyén va linh hoat.
Trong bai viét nay toi mudn gisi thidu bat dang thirc
AM-GM d6 1a bat dang thirc quen thudc va co ung
dung rong rai ,la bét déng thirc du tién can phai ghi
nhé rat 1o va st dung mot cach thanh thao.
2.N0i dung nghién ctru
2.1. Bit ding thirc AM-GM

V&i moi b thuc duonga,,a,,...,a taco bat déng
thue:

a+a,+..a
1 2 n
>zlaa,..a,

n
Ding thirc xdy ra khi va chi khia,=a,,..=a.
Chirng minh: RS rang bat dang thirc voi n=2. Néu
bat dang thire dung vdi n so thi ciing dung voi 2n s
vi

ata,+..ta,, = n{/al,az...an +n(/an+l.an+2...a2”

>2n%aa,...q,,

Do d6 bat dang thirc ciing dung khi n bang mot
lity thira ctia 2. Mit khac néu bat dang thirc diing véi
n sd thi cling ding v6i n-1 s6.That vay ta chi can
chon

a,=s/(n-1),s=a,+a,...+a,

s a4, .8

=> 85+ >n
n—1 n—1

=s2(n-)7jaa,..a,,

Tir 2 nhdn xét trén ta c6 diéu phai ching minh.

196

Pang thirc xay ra khi va chi khi tat ca cac bién
a=a,..=a,.

2.2. Mot 0 irng dung

Sau déy 1a mot sd bai toan dic trung sir dung bat
dang thirc AM-GM

Bai 1. Chung minh voi moi sé thuc khong am
a,b,ctacd

rrr 9

a b ¢ a+b+c.

Loi giai. Stir dung bt dang thie AM-GM cho 3 s6
111

(a+b+c)(—+z+—) >3%/abc S 9
a C

Rlabe
Bét dang thic téng quat hon duoc chimg minh
hoan toan tuong tu

1 1 1 n’
—t—t+—2
a, a, a

a,+a,+..+a,

Bai 2 (Bat ding thirc Nesbitt). Chting minh rang
v61 moi so thuc khong am a,b,c ta co:
a_, b L€ 3

2_
b+c c+a a+b 2
Loi giai. Xét cac biéu thuc sau
a b c
S= +
b+c c+a a+b
b c a
= +
b+c c+a a+b
c a b

= +
b+c c+a a+b
Ta c6 M + N = 3. Mit khéc theo bat dang thirc
AM-GM thi:

A4+S:a+b+b+c+c+a23
b+c c+a a+b

N+S:a+c+a+b+b+c23
b+c c+a a+b
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Vay M + n + 25 > 6 suy ra 2s > 6. Day la diéu
phai chirng minh

Bal 3 (bt dang thirc Nesbitt 4 bién )Chu‘ng
minh rang véi moi sé thuc khong 4m a,b,c ta c6 bat
dang thirc:

a b c . d
b+c c¢c+d d+a a+b
Loi giai. Dat

a b c d

= + +

b+c c+d d+a a+b
b L€ d a

>2

M = +
b+c c+d d+a a+b
¢ d a_ b
b+c c+d d+a a+b

Ta c6 M+N = 4.Theo bat dang thirc AM-GM thi

M+S:a+b+b+c+c+d+d+a24
b+c c+d d+a a+b
N+S:a+c b+d+a+c b+d
b+c c¢c+d d+a a+b
_a+c a+c b+d b+d
b+c a+d c+d a+b
4(a+c) 4b+d)

T a+b+c+d a+btc+d
Vay M + n+2s > 2 suy ra § > 2. Pang thirc xay
rakhia=b=c=d
Baid4. Gia st a, a

10 720"
sao cho a +a,...a = n.

=a, lacac sb thuc duong
Chting minh a +as+..a >a " +al +..d7
Loi giai: Str dung bat dang thirc AM-GM ta ¢

(k-Da" +1=a" +a* +..+a" +1> kN a"*" = ka""

Thay a boia
lai ta duoc

(k=1)(af +a2+ +a )+n>k(

1»@,»...= @, 101 cONg cac bat dang thirc

"+vay +....+a:’1)
Viy ta chi can chimg minh:
g +....+a:'] 2n
St dung bét déng thirc AM-GM
A7 (k-2)=a"" +1+ 1412 (k- 1)V = (k-1a
Thay aboia,,a,,..
dang trén lai ta duqc

= a 101 cdng cac bat dang thuc
n

T rn(k-2)> (k-1)(a, +a,

k-1
+.a, 2n

M ral v at +.ta,)=(k-Dn

=a " +a
bang thirc xdy ra khi va chi khia =a,=....

Nhan xét. Tu cac chiing minh trén ta suy ra

an=1
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al +as +..+a: S (a] +a,+..a, jk
n n

V61 moi s6 nguyén duong k. Ngoai ra ca 2 bét

dang thirc nay déu dung khi £ < 1 1a mét s6 thuc.Néu
xét k£ < 1 ta c6 bat dang thirc

W +¥ja, +..+¥fa,
n

Véi moi s6 thuc dwong m < 1. Ta ¢6 thé ching
minh bit dang thic nay bang phu’(mg phéap ¢ trén,
thuc chat n6 chi la hé qua truc tlep

Bai 5 (IMO Shortlist 1998). Vi x,y,z 1a cac sd
thuc duong c6 tich bang 1, chimg minh bat dang thirc
sau

Jata, +..+a,
n

3 3 3
z
by ¥y >3

+ + >=
(I+y)1+z2) (A+z2)(1+x) (A+x)(A+y) 4
Loi giai. Str dung bt dang thie AM-GM cho 3 s6
3
X + I+y N 1+z > 3 N
1+y)(1+z) 8 8 4
Tuong tu ta c6 2 bat dang thirc véi y,z 101 cong
lai suy ra
x’ ¥ z SXxXty+z 3

(1+y)(1+z)+(l+z)(l+x)+(1+x)(l+y)7 2 4
Mat khac x+y+z23i/;:3 nén ta c6 dpcm.
Bai 6 (IMO Shortlist 1990). Gia st a,b,c ,d la
céc sb thuc khong am théa man ab + be + cd + da = 1.
Chuing minh
a b’ c d’ 1
+ + >—
b+c+d c+d+a a+b+d a+b+c 3
Loi giai.Str dung bat dang thirc AM-Gm cho 4 s6
a Jrb+c+d La 1 2

>
b+c+d 18 6 12 3

Hoan toan twong tu ta ¢6 thém 3 bt dang thu
b,c,d sau do cong lai dugc

a b c’ d?
b+c+d a+b+d a+b+c 3 3

Chu y rang ab + be + ¢d + da = (a + ¢)(b + d) nén
(a+b+c+d) 24(ab+bc+cd +da)=4=a+b+c+d>2

a+b+c+d 1

c+d+a

Thay két qua nay vao bét dang thic ¢ trén ta ¢6
dpcm. Dang thtrc xay ra khi va chi khi
a=b=c=d=1/2
Bai 7 (Komal Magazine). Chirng minh véi moi
a,b,c duong
1 1 1
+ +
a(a+b) bb+c)

S 27
c(c+a) 2a+b+c)
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Loi giai.Sir dung tryc tiép bat ddng thire AM-GM
cho veé trai
1 1 1 3
+ + >
a(a+b) b(b+c) c(c+a) 3fabe(a+b)(b+c)(c+a)

Do d6 ta chi can chimg minh:
3°abc(a+b)(b+c)c+a)<8(a+b+c)

Theo bét ding thirc AM-GM:
3abc<(a+b+c)

F(a+b)b+c)c+a)<(a+brctcra) =8(a+rb+c)

Nhan theo vé 2 bit ddng thirc trén ta dwoc diéu
phai chung minh

Bai 8 Cho céc s thuc a,b,c thda man a2 + b2 + ¢
= 3. Ching minh bat dang thirc sau:

|a| + |b| + |c|— abc <4

Loi giai. Ta cling ap dung tryuc tiép bat déng thuc
AM-GM nhu sau

2 2 2\
azbzczé(%J =1= —abc<1

(la|+|p| +|c)? <3(a® + b7 +c*) =9 = |a|+|b|+|c| <3

Cong vé 2 bat déng thir trén ta c6 didu phai ching
minh.Dang thirc xay ra khi va chi khi trong 3 s6 a,b,c
c6 2 s0bang 1 va 1 so bang -1

Nhin xét.Néu bai toan trén néu ta bo di cac dau
gia tri tuyét doi ,ta c6 bai toan tim max ciaa + b +
c-abc ?

Bai 9(Iran MO 1998).Cho cac s6 thuc duong
a,b,c,d thoa man abcd=1 chiimg minh rang:

S+ +c+d > max(a+b+c+d,l+l+l+lj

a b ¢ d

Loi giai. Ta phai chimg minh 2 bt dang thirc sau

a+b++d>>a+b+c+d

@+’ + +d’ > abe+bed + cda+ dab

Bét dang thirc (1) dugc chimg minh tuong tuy nhur
trong bai tdp 4 muc 2.2.4. Bat dang thtc (2) c6 dugc
bang tong cac bat dang thic sau:

a’+b’ +c’ >3abc

b +c +d’ >3bcd

c+d’+a’ >3cda

d*+a’ +b’ >3dab

Chi c¢6 dang thickhia =b=c=d=1.

Bai.10(USA MO 1998). Chung minh v&i moi s
thuc duong a,b,c

1 1 1 1
+ <—
a’+b*+abc b+’ +abe

+5— <
¢’ +a +abc abc

Loi gidi.Ta ¢6 nhan xét sau
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a*+b*>2ab=>a’ +b’ > ab(a+b)

abc abc c

=55 < =
a’ +b’+abc ab(a+b)+abc a+b+c

Xay dung thém 2 bit dang thirc twong tu rdi cong
lai suy ra diéu phai chirng minh:
abc abc
@’ +b*+abc b+ +abc

abc

<1
¢’ +a’ +abc
Ping thirc xay rakhia=b=c
Bai.1l (IMO Shortlist 1996). Cac sé duong
X,y,z ¢6 tich bang 1. chimg minh bat dang thirc
xy vz zx

5 =+ + <1
X +xy+y

V4yz+z ZCAzx+x
Loi giai. Ta c6 nhan xét sau
¥4y 22y =X+ 21y (x+y)
Xy < Xy _ 1 oz
x5+xy+y5_xy+x2y2(x+y) I+xy(x+y) x+y+z

=

Xay dung 2 bat dang thirc twong tu véi x,y roi
cong vé ca 3 bt dang thuc ta co diéu phai chimg
minh .dang thirc xay ra chikhix=y=z=1
3. Két ludn

C6 nhiéu cach chimg minh bat ding thirc AM-
GM.c4ch chimg minh hay nhat 1a cach chimg minh
st dung phuong phao quy nap Cauchy.C¢ 1€ vi vay
ma nhidu ngudi nhdm 13n ring Cauchy phat hién ra
bat dang thirc nay. Ong chi 1a nguoi dua ra chimg
minh rit hay ciia minh chtr khong phai 1a nguoi phat
hién ra dau tién. Bat dfmg thirc ma ching ta quen
goi 12 bit ding thirc Bunhiacopxki thuc chat 1a phat
minh cua 3 nha todn hoc Schwar.z BunhiaCopxki
va Cauchy.Theo cach goi tén chung cia thé gidi,bét
dang thirc BunhiaCopxki c6 tén 1a bat dang thic
Cauchy- Schwar.z,con bit ding thiac Cosi (hay
Cauchy) c6 tén 1a bat dang thirc AM-GM (Arithmetic
Means-Geometric Means).
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