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TGM TAT

Trong co hoc két cdu cd dién myc dich chinh |3 di tim céc nghiém
lien tuc, ma digu do chi ca thé thuc hien déi vai mat sa rat han che
cac bai toan. Do vay, vai mdi bai toan lai van dung mat phuang
phép riéng dé tim |t giai cho chinh nd. Khac vai cac phuong phép
cia co hoc ket cdu cd dién, sw van dung mat s loai phuong phap
s theo mdt so dd treng ddi thang nhat dan dén cac chuong trink
tinh bng may tinh dién tir véi tinh chat van nang [4].

Phuong phép sai phan hitu han |a mat trong hai phueeng phap sé
co béan cung vai phueeng phéap phén tir hitu han ma ngay nay dang
dung phd bign nh&t khdng can ban céi ddi vai cac bai toan ky thuat
ndi chung va bai toan ket céu cang trinh nai riéng.

Phuong phap sai phéan hiru han gigi hau hét cac bai toan oo hoc ket
cau déu dua vé gidi phurong trinh vi phan hodc hé phuang trinh vi
phéan. Nghiém chinh x4c cia céc phrong trinh nay ca the xac dinh
duge cho mat sd truing hop rigng don gian vai cac dac trung vat
Iy va cac digu kign bign chon trede coa két cdu. Thee t8 ¢ng dung
rét da dang. ma nghiém chinh xac dudi dang trang minh cia phén
|cm céc bai toan ket céu khong co. Khi da cac phuong phap sd tao
ra kha nang phong phi dé tim |oi gidi. Phuang phap sai phan |3
mat dang cd dién theo hudng nay (4, 7).

Tir khda: Sai phan hitu han; ngi luc va chuyén vi cia dam...

ABSTRACT

In classical structural mechanics the main goal is to find
continuous solutions, which is possible only for a very limited
number of problems. Therefore, for each problem a separate
method is applied to find its own solution. In contrast to the
methods of classical structural mechanics, the application of a
number of numerical methods according to a relatively unified
scheme |eads to universal electronic computer programs.

The finite difference method is one of the two basic numerical methods
along with the finite element method that is currently the most widely
used, without question, for engineering problems in general and
structural engineering problems in particular. The finite difference
method solves most structural mechanics problems by solving
differential equations or systems of differential equations. The exact
solutions of these equations can be determined for some simple special
cases with physical characteristics and pre-selected boundary
conditions of the structure. In practice, applications are very diverse,
and exact solutions in explicit form for most structural problems do not
exist. Numerical methods then create rich possibilities for finding
solutions. The difference method is a classical form in this direction.
Keywords: Finite difference method; internal forces and
displacements of beams.

1.DAT VAN BE

Phuong phap sai phan hiru han la mét phuong phap tinh s ¢
dién ra doi ti 1au, nhung ti khi ¢ may tinh dién td thi phuong
phap nay maéi chi€ém mét vj tri quan trong va dugc ap dung rong
rai dé€ gidi cac bai toan phuc tap trong ky thuat néi chung va linh
vuc két cau noi riéng.

Noi dung clia phuong phép sai phan hiu han la thay thé mot
ham xac dinh trong mét mién lién tuc bang mét ham luéi gém
mot tap hop rdi rac hitu han cac diém, 6 d6 dao ham dugc thay thé
bdng cac ty sai phan. Diéu kién bién hodc diéu kién ban dau cling
dugc xap xi sai phan, va nhd do bai toan bién ctia phuong trinh vi
phan dugc thay thé bsi mot hé phuong trinh dai s6 tuyén tinh.
Trong bai bao nay, tac gid gidi thiéu nhiing ndi dung co ban cua

phuong phép sai phan hiru han va cach van dung né dé giai cac
bai toan théng qua cac bai toan dam cu thé.

2. sU DUNG PHUONG PHAP SAI PHAN HUU HAN TiNH
TOAN DAM CHIU UON €O CAC PIEU KIEN BIEN KHAC NHAU

2.1. Phuong trinh vi phan can bang cia dam

Phuong trinh vi phan dudng d6 vong cta dam chiu uén chiu
tai trong phan bé déu, khi khéng xét bién dang trugt ngang cé
dang sau:

d* d’
EJETHI hay preal m

Mémen uén clia dam (c6 chiéu cao tiét dién khong déi) xac
dinh theo (2).
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2
M=-£79Y P)
dx

Luc cit cha dam (c6 chiéu cao tiét dién khéng d6i) xac dinh

theo (3).
amM d’y

9 dx E ax’ ®)

Trong do:

- M la mé men uén, co gia tri duong néu dam cang thé dudi

- g la cudng dé tai trong phan bé, c6 dau duong néu huéng tu
dudi lén

- E 1a m6 dun dan héi chia vat liéu

- J1a mémen quan tinh cua tiét dién ngang cta dam

2.2, Cac buéc xay dung va giai bai toan dam theo phuong
phap sai phan hitu han

Buéc 1: RGi rac héa dam bang cach chia dam thanh n phan t(,
trong dé c6 (n-4) phan ti thuc, 4 phan ti 4o, dam sé c6 i=n+1 nut,
danh sé nut, danh sé &n chuyén vi.

Buéc 2: Sai phan héa phuaong trinh vi phan can bang cta dam
tai cac diém nut (i); Sai phan hoa céac diéu kién rang budc, bao gém
cac diéu kién bién va cac diéu kién ban dau (néu cé). Nhan dugc hé
phuong trinh dai s6 tuyén tinh cda bai toan.

Buéc 3: Tim nghiém cla bai toan bang cach gidi hé phuong
trinh dai s6 viia nhan dugc & budc 2. Két qua nhan dugc la gia tri
chuyén vi tai cac diém nut i. T chuyén vi tinh dugc mémen va luc
cét tai cac diémi.

3. CAC Vi DU TINH TOAN

Vidu 1: Dam hai dau khép

Cho dam chiu luc nhu hinh 1a, dam cé @6 cling uén EJ=const.
Hay xac dinh chuyén vi va néi luc trong dam.
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DANH SO AN CHUYEN VI

Hinh 1. Ddm don gidn

Loi giai:

R&i rac hoa dam thanh npt phan ti nhu hinh 11a, & day npt=8,
trong d6 ¢ 4 phan ti thuc va 4 phan tr 4o (phan t o luén c6
dinh 1a 4, phan ti thuc c6 thé thay déi tuy y. Bai toan cé i=9 nut,
trong d6 cé 4 nutdo (1, 2,6,7) va 5 nut thuc (3,4, 5, 6, 7).

DPanh s6 an chuyén vi nw1 la cac chuyén vi théng tai cac nut, &
day chi c6 7 nat c6 chuyén vi (1, 2, 4, 5, 6, 8, 9), hai nit (3 va 7) c6
chuyén vi nw1=0. Nhu vay véc tc chuyén vi nw1 c6 dang nw1[1x9],
nhu sau:

nwl1=[120345067]

Tién hanh sai phan héa phuaong trinh vi phan can bdng cua
dam theo (1) tai cac diém chia trén dam thuc, 5 diém. Phuong trinh
sai phan cla phuong trinh (1) c6 dang sau:

4

Ax
Vi =AY+ 6y, =4y + Vi, :?qu (@)

Trong dé:
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Ax la khoédng cach gitta cac diém i, q; la tai trong tai i
Poan dam thuc cé chiéu dai la | dugc chia thanh 4 doan bang
nhau Ax =1/4
Viét phuang trinh sai phan theo (a) tai 5 diém 3, 4, 5, 6, 7 trén
dam thuc ta nhan dugc 5 phuong trinh sai phan can bang theo (b):
N4y, +6y, -4y, +y;=0
4

Ax
yz—4y3+6y4—4y5+yﬁ=ﬁq4

4

Ax
y3_4Y4+6Y5_4y6+y7:?JQ5 (b)

Ax4
—4y,+6y, -4y, +y, =——
Vi =aVs T 0V —4Y; T )y EJ 9
Vs =4y +6y; =4y, +y, =0
Sai phan hoa cac diéu kién rang budc, & day la cac diéu kién
bién, mé men uén va chuyén vi tai hai dau dam (diém 3 va diém 7
bang khong.
Ghép (b) va (c) nhan dugc hé (d) gébm 9 phuong trinh, 9 &n s6,
trong d6 da biét chuyén vi tai hai g6i tua bang khéng (y3=0; y7=0).
N =4y, +6y; -4y, +y;=0
4

Ax
Yy —4y; +6y, -4y, + :?JQA

4

Ax
Yy =4y, +6y;—4y,+y, :Eqs

Ax4
Yy —4ys+6y, =4y, + vy =——q,

EJ
Vs =4y +6y, =4y, +y,=0 (d)
Y2=2y;+y,=0
Ve =2y, + ¥, =0
y;=0
¥, =0

Trong d6: g4=q5=q6=qdx
C6 thé biéu dién hé phuong trinh (d) dudi dang ma tran nhu

sau:
[AlX=B (e)
Trong dé: [A] 1a ma tran cac hé s6 bén trai hé phuong trinh (d)

B 1a véc to tai trong; X 1a véc ta an chuyén vi tai cac nat
Q_® 2 ® ® @
A L

[ 4 1 -4 6 -4 1 o 0
0 4 [ 1 -4 6 -4 0 0
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Ta thdy két qua nhan dugc, luc cat Q co sai s6 8,34%, M trung
khdp vdi 16i gidi chinh xac, d6 véng y c6 sai s6 khdng dang ké.

Khi chia dam thanh 4 phan tir ta nhan dugc két qua nhu sau:

Bang 2. So sanh M, Y tai cac tiét dién gitta dam, luc cit Q tai

hai dau dam

Néi luc va L&i giai s6 theo Loi gidi Sai s6 %
chuyénvi | phuong phap PTHH | chinh xac

M 0,1250 0,1250 0

Q 0,3750 0,5000 25

Y 0,0137 0,013 5,38%

Y, 0
Y, 1
Y; 1
\A 1
[X] =1 Ys [B] =1 0
Ys 0
Y: 0
¥g 0
Yo 0
Giai hé phuaong trinh (e) ta nhan dugc cac dn chuyén vi tai cac nat
Y1 -0.0137
Y2 -0.0098
Y; 0
Y 0.0098 \
[(X]=1y, b = 1 00137 (‘7’]
v, 0.0008 |\
Y7 0
Vi -0.0098
v -0.0137

4
Ta nhan thay y5 1a chuyén vj gitta dam: y, = 0.0137%

4 4
9 _ 001304

48EJ O EJ
Pudng d6 vong cda dam nhu hinh 2.

wr\ /

Két qué chinh xac la: y, = 3
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Hinh 3. Biéu d6 mémen uén M

Hinh 2. Budng d vong

05

0.4 X
.

10 12 14

0.3

0.2

0.1

0.1

Hinh 4. Bi€u d6 luc cit Q

Nhan xét két qua trén:

Khi chia cét va dam thanh 12 phan t ta nhan dugc két qua
nhu trén, so sanh véi két qua chinh xac theo 16i giai giai tich ta
nhan dugc sai s6 theo bang sau:

Bang 1. So sanh M, Y tai cac tiét dién giira dam, luc cat Q tai
hai dau dam

Néi luc va L&i gidi sé theo L&i giai .
e . . . Saisd %
chuyénvi | phuong phap SPHH | chinh xac
M 0,1250 0,1250 0
Q 0,4583 0,5000 8,34
Y 0,0131 0,013 0,77

Khi chi chia dam thanh 4 phan ti da@ nhan M hoan toan chinh
xac, do véng sai s6 5,38%, luc cat Q tai hai dau dam cé sai sé rat I6n
(25%).

Vi du 2: Dam dau ngam - dau khép

Cho dam chiu luc nhu hinh 5a, dam cé dé ciing uén EJ=const.
Hay xac dinh chuyén vi va ndi luc trong dam.

q
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Hinh 5. Ddm dau ngam - dau khép
L&i giai:
Lam tuong ty nhu vi du 1, & day chi khac vé diéu kién bién &
bén trai dam la ngam nén goc xoay tai d6 bang khong.
Viét phuong trinh cho céc diém chia trén dam thuc theo
4

Ax
Vig =AY, 6y =4y, + Y, = ?qu @)

Trong do:

Ax la khoang céach gitia cac diém i, q; la tai trong tai i

Doan dam thuc cé chiéu dai 1a | dugc chia thanh 4 doan bang
nhau Ax =1/4

Viét phuong trinh sai phan theo (a) tai 5 diém 3, 4, 5, 6, 7 trén
dam thuc ta nhan dugc 5 phuang trinh sai phan can bang dugc
trinh bay duéi dang ma tran

[A]X=B (b)

trong do [A], X va B nhu sau:

OO, ? ® & ® 0 ® ®

1 —4 8 -4 1 0 o 0 4
o 1 -4 6 —4 1 0 o 0

4 0 1 -4 6 —4 1 0 0
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[X]

Gidi hé phuong trinh (b) ta nhan dugc cac 8n chuyén vi tai cac nat

[x]-

Pudng do vong ctia dam nhu hinh 6.

x10

Y1 0

Y2 1

Ys 1

Ya 1
=ys 5 [B]=9 0

Ys 0

Y7 0

Ys 0

Yo 0
\Z 0.0218
Y, 0.0036
Y; 0
\A 0.0036 "
Ys = 0.0066 (]
Yo 0.0053 E
Y2 0
Ve -0.0053
Yo -0.0066
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Hinh 6. Duong do vong
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Hinh 7. Biéu d6 mdmen uén M
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Hinh 8. Biéu d6 luc cdt Q
Nhan xét két qua trén:
Khi chia c6t va dam thanh 12 phan ti ta nhan duoc két qua
nhu trén, so sanh véi két qua chinh xac theo I6i gidi giai tich ta
nhan dugc sai s6 theo bang sau:
Bang 3. So sanh M, Y va Q tai cac tiét dién dam

Khi chia dam thanh 4 phan ti ta nhan dugc két qua nhu sau:
Bang 4. So sanh M, Y va Q tai cac tiét dién dam

N&i luc va L&i gidi s6 theo Loi giai -
P . . . Sai s0 %

chuyén vi phuong phap SPHH | chinh xac

M dau dam -0,1136 -0,1250 9,12
M gilta dam 0,0682 0,0625 9,12
Q dau dam 0,4886 0,6250 21,82
Q cudi dam -0,2614 -0,3750 30,29
Y gita dam 0,0066 0,0053 24,52

NGi luc va Li gidi s6 theo Loi giai s
P . . . Sais6 %

chuyén vi phuong phap SPHH chinh xac

M dau dam -0,1237 -0,1250 1,04
M gilta dam 0,0632 0,0625 1,12
Q dau dam 0,5820 0,6250 6,88
Q cudi dam -0,3346 -0,3750 10,77
Y gita dam 0,0054 0,0053 1,88

Ta thay két qua nhan dugc, luc cat Q tai dau va cudi dam co sai
s6 lan lugt 1a 6,88% va 10,77%, M va d6 véng y cb sai s6 khéng

dang ké.
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Khi chi chia dam thanh 4 phan ti két qua nhan dugc c6 sai s6
tuong déi I6n, dac biét 1a luc cat Q tai hai dau dam va do vong gitia
dam, vdi sai s6 lan lugt la 21,82%, 30,29% va 24, 52%. Nhu vay, ta
thay rang déi vai trudng hgp dam siéu tinh, lién két hai dau khéng
déi xtiing két qua hoi tu vé IGi gidi giai tich rat cham.

Vi du 3: DAm 2 dau ngam

Cho dam chiu lyc nhu hinh 9a, dam cé d6 cling uén EJ=const.
Hay xac dinh chuyén vi va néi luc trong dam.
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Hinh 9. Ddm 2 dau ngam

Loi gidi:

Lam tuong tu nhu vi du 1, & day chi khac vé diéu kién bién & ca
hai dau dam la ngam nén géc xoay tai hai vi tri d6 bang khéng.
Viét phuong trinh cho céc diém chia trén dam

thuc theo
4
X
=4y, +6y. —4y. +y. , =——(.
yl-z yl—l Y1 Y1+1 YI+2 EJ q1
Trong dé:

(a)

Ax lakhodang céach gitta cac diém i, q; |a tai trong tai i
Doan dam thuc c6 chiéu dai la | dugc chia thanh 4 doan bang

nhau Ax=1/4

Viét phuang trinh sai phan theo (a) tai 5 diém 3, 4, 5, 6, 7 trén
dam thuc ta nhan dugc 5 phuong trinh sai phan can bang dugc
trinh bay dudi dang ma trén

[A]X=B

(b)

trong d6 [A], X va B nhu sau:
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Yi 0
Y2 1
Ys 1
Ya 1
[X]=1 ys 11 [B]=1 0
Yo 0
Y7 0
Ys 0
Yo 0
Gidi hé phuong trinh (b) ta nhan dugc cac an chuyén vi tai cac nut
7 0.0156
Va2 0.0024
Ys 0
Vi 0.0024 o
[X]=1 vs = 0.0039 [EJJ
e 0.0024
Y7 0
Vv 0.0024
Vo 0.0156

Budng d6 vong ctia dam nhu hinh 10

o

\

/ 0.04
0.0z

\

N\
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A

Hinh 10. Dudng d6 vong
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Hinh 12. Biéu d6 luc cdt Q

Nhan xét két qua trén:

Khi chia cét va dam thanh 12 phan t& ta nhan dugc két qua
nhu trén, so sanh véi két qua chinh xac theo 16i giai giai tich ta

nhan dugc sai s6 theo bang sau:
Bang 5. So sanh M, Y va Q tai cac tiét dién dam

Néi luc va L&i gidi sé theo Loi gidi -
P . . . Sai s6 %

chuyén vi phuong phap SPHH | chinh xac

M dau dam -0,0828 -0,0833 0,60

M gilta dam 0,0423 0,0417 1,12

Q daudam 0,4583 0,5000 0,014

Y gilta dam 0,0028 0,0026 7,69

Ta thay két qua nhan dugc, M va Q tai dau va gilta dam co6 sai
s6 khong dang ké, rieng d6 véng c6 sai s6 7,69%.
Khi chia dam thanh 4 phan tir ta nhan dugc két qua nhu sau:
Bang 6. So sanh M, Y va Q tai cac tiét dién dam

NGi lucva L&i gii s6 theo Loi giai .
P . ; . Saisdé %

chuyén vi phuong phap SPHH | chinh xac

M dau dam -0,0781 -0,0833 6,24

M gilta dam 0,0469 0,0417 12,47%

Q daudam 0,3750 0,5000 25

Y gitta dam 0,0039 0,0026 50

Khi chi chia dam thanh 4 phan tir két qua nhan dugc co sai s6
tuong rat I6n, dac biét la luc cdt Q tai hai dau dam va d6 véng gilia
dam, vai sai s6 lan lugt la 25%, 50%, con M gilta dam c¢6 sai s6 12,47%.
Nhu vay, ta thdy rang déi véi trudng hgp dam siéu tinh, lién két hai dau
khéng doi ximg két qua hoi tu vé 16i giai gidi tich rat cham.

4. KET LUAN

Qua két qua nghién cttu & trén, tac gia rut ra mot s6 két luan sau:

Da trinh bay dugc cac budc xay dung va giai bai toan dam c6 céc
diéu kién bién khac nhau bang phuang phap sai phan hiu han.

DO chinh xéac cta két qua nhan dugc phu thudc vao bai toan
tinh dinh hay siéu tinh, lién két hai dau dam la déi xtiing hay bat
ky...chdng han vi du 1, ddm don gian, day la bai toan c6 hai dau
lién két d6i xtiing nén khi chi chia dam thanh 4 phan t&r da nhan
dugc M hoan toan chinh xéac, dé véng sai sé 5,38%, luc cat Q tai hai
dau dam c6 sai so rat 16n (25%). Trong khi d6, & vi du 2, dam ngam
- khép néu ciing chia dam thanh 4 phan ti thi két qua nhan dugc
6 sai s6 rat 16n, dac biét la luc cat Q tai hai dau dam va d6 véng
gita dam, véi sai so lan lugt la 21,82%, 30,29% va 24, 52%. Ciing
tuong tu nhu vay, dam hai dau ngam cé lyc cat Q tai hai dau dam
va dé vong gilra dam, véi sai s6 lan lugt la 25%, 50%, con M gilta
dam co sai s6 12,47%. Nhin chung trong dam siéu tinh lyc cat Q va
dd vong y clia dam ¢o sai s6 16n hon nhiéu so v6i dam tinh dinh
cung nhip cling tai trong va cling sé phan tu chia.

Khi chia dam thanh nhiéu phan ti hon thi két qua nhan duoc
tiém can véi két qua chinh xac han, & day khao sat trudng hgp chia
dam thanh 12 phan td, nhan dugc két qua gan nhu trung khdp voi
I6i gidi gidi tich, ngoai trir luc cat Q van con sai sO ti 8%, 7% va
10%, tuong Ung véi cac vi du 1, 2 va 3. Néu chia dam thanh 16
phan tl tré 1én ta sé nhan dugc két qua chinh xac clia cac bai toan.

5. KIEN NGHI

St dung phuong phap sai phan hiu han dé tinh toan cho cac
két cau phuc tap hon. C6 thé dung nédi dung nghién ctiu cda bai
bao dé tham khao, hoc tap, nghién ctiu va iing dung trong thuc té
tinh toan coéng trinh.
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