NGHIEN CUU KHDA HOC

ENgay nhan bai: 18/10/2024 MNgay s(ra bai: 25/11/2024 MNgay chap nhan dang: 27/12/2024

Cracking moment of rectangular reinforced
concrete sections corresponding to the
bi-linear stress-strain diagram of concrete

Tinh toan ma men khang nit ca tigt dign ddm bé tang cat thép tng vai ma hinh Gng x( phi

tuy&n song tuyén tinh cta bé tang

> VIET-HUNG NGUYEN
Faculty of Civil Engineering, HUTECH University
Email: nv.hung@hutech.edu.vn

ABSTRACT

The determination of the cracking moment is an important content
when designing reinforced concrete structures working in aggressive
environments or  having advanced requirements on  the
impermeability and durability. This paper aims to establish a formula
that allows to more precisely determine the cracking moment of
rectangular reinforced concrete sections by considering the non-
linear behavior of concrete simplified as the bi-linear stress-strain
diagram according to TCVN 0574 - 2018. The analytical formula has
been experimentally validated with most errors less than 7%. The
paper has also calculated the cracking moment of reinforced
concrete sections corresponding to different reinforcement ratios,
the calculation results have showed that: (1) the cracking moment
increases linearly as a function of tensile reinforcement ratio and of
compressive reinforcement ratio; (2) the tensile reinforcement ratio
has a great influence on the cracking moment while the influence of
compressive reinforcement ratio is insignificant; (3) the approximate
method presented in TCVN 0374 - 2018 significantly underestimates
the cracking moment of the section, especially in the case of high
tensile reinforcement ratio.

Keywords: Reinforced concrete; cracking moment; stress-strain
diagram; nonlinear behavior; bi-linear diagram.

TGM TAT

Vigc xac dinh ma men khang nit 13 mat ndi dung quan trong khi
thigt k& ket cdu be tong cdt thep lam vigc trong mai truang xam
thuc hodc ca nhitng yéu cdu nang cao vé kha ndng chéng tham
va di bén lau. Bai bao nghién ciu nham muc dich thigt lap cong
thirc cho phép xac dinh mat cach chinh xac hon ma men khang
nirt cioa tigt dién bé tang cdt thép hinh chir nhat ca xét tai ang xir
phi tuygn cia bé tang duge don gian haa dudi dang bigu dd ing
suét - bign dang hai doan thang theo TCVN 9874 - 2018. Cang
thirc thigt lap da dugc kiém ching thic nghiém vai hau hét cac
sai s nhd hon 7%. Bai bao ciing tinh toan mé men khang nit
ciia tigt dign bé tong cdt thép ing vai cac ham lrgng cdt thep
khac nhau, ket qué tinh toan chi ra réng: (1) mé men khang nit
tang tuyén tinh vai ham legng cdt thép chiu kéo va ham lrgng
cdt thép chiu nén; (2) ham legng cdt thép chiu kéo ca &nh huing
ln d&n ma men khang not trong khi anh heéng cia ham legng
cdt thép chiu nén la khang dang ké; (3) phuong phap tinh toan
md men khang not trinh bay trong TCVN 5574 - 2018 danh gia
thdp dang ké ma men khang nirt coa tigt dién, dac bigt trong
trurng hop ham lveng cdt thép chiu kéo lan.

Tir khda: Be tong cdt thep; ma men khang nirt; biéu dd @ng suét -
bign dang; (g xi phi tuyén; biéu dd hai doan thang.

1. INTRODUCTION

The calculation and control of the formation or expansion of
concrete cracks is one of the contents that need to be carried out in
the design process of reinforced concrete structures. For
conventional reinforced concrete structures, the design standard
TCVN 5574 - 2018 [1] allows the appearance of concrete cracks with
limited crack width depending on the reinforcement type and the
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permeability limitation requirements of the structure. For reinforced
concrete structures working in aggressive environments or having
advanced requirements on the impermeability and durability, the
design standard TCVN 5574 - 2018 [1] do not allow the appearance
of concrete cracks. In this case, the structure must be designed in
such a way that the bending moment caused by the factored loads
does not exceed the cracking moment of the section.
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The determination of the cracking moment of reinforced
concrete sections according to the American standard ACI 318 [2]
and the European standard EC2 [3] is relatively simple, based on
the following assumptions: (1) the plane cross section remains
plane after deformation; (2) the concrete and reinforcement
behave elastically until the concrete tensile stress reaches the
concrete tensile strength. The Vietnamese standard TCVN 5574 -
2018 [1] allows determining the cracking moment in a manner
similar to the ACI 318 [2] and EC2 [3] but introducing a correction
factor to take into account the nonlinear behavior of tensile
concrete. Apart from this simple method, TCVN 5574 - 2018 [1]
also allows determining the cracking moment more precisely
based on the nonlinear stress-strain diagram of concrete which
can be simplified by two or three straight segments.

Many studies on the cracking moment of reinforced concrete
structures have shown that the simplified methods presented in
design standards significantly underestimate the cracking moment
compared to experimental and numerical results [4, 5, 6, 7]. This is
due, on the one hand, to the fact that the design standards [1, 2, 3]
have not reasonably taken into account the nonlinear behavior of
concrete when calculating the cracking moment. In fact, the
concrete begins to crack when the its tensile strain reaches a limit
value, the tensile stress in the concrete then also reaches the
concrete tensile strength. However, when assuming that the
concrete behaves elastically until it cracks when the concrete
stress at the tensile edge reaches the concrete tensile strength as
assumed in the design standards [2, 3], the concrete tensile strain
is still small compared to the limit value which causes the cracking
of the concrete. Although the design standard TCVN 5574 - 2018
[1]1 has provided a correction factor to take into account the
nonlinear behavior of tensile concrete, however, using the same
correction value for all concrete strength levels is inaccurate [7].
The underestimation of cracking moment, on the other hand, also
comes from the fact that the design standards have ignored the
influence of reinforcement. Indeed, the tensile reinforcement has
the effect of reducing the stress and strain of the tensile concrete
zone. Therefore, the higher the reinforcement ratio, the higher the
cracking moment [4 - 8].

Several theoretical studies have been carried out in order to
more accurately estimate the cracking moment of reinforced
concrete sections considering the nonlinear behavior of concrete.
Valivonis and Skuturna [9] have proposed an analytical formula for
estimating the cracking moment of reinforced concrete structures
strengthened with carbon fibre laminates. However, the authors
have not presented in detail the method of establishing the
formula and there are significant errors between the calculated
and experimental results. Dao and Tung [7] have established the
cracking moment formula based on bi-linear stress-strain diagram
of concrete according to the TCVN 5574 - 2018 [1]. However, the
authors have not considered the influence of tensile and
compressive reinforcement. In addition, the strain from which the
tensile stress in concrete reaches the tensile strength
corresponding to bi-linear stress-strain model is specified as
0.008% [11, which is not the elastic strain calculated based on the
tensile strength and elastic modulus of concrete. Hiep and Duy [8]
have also established the cracking moment formula taking into
account the nonlinear behavior of concrete according to the TCVN
5574 - 2018 [1]. However, instead of taking the elastic modulus of
concrete, the authors have taken the converted deformation
modulus when calculating the compressive stress of concrete.
Indeed, the converted deformation modulus is used to calculate

the ultimate internal forces of reinforced concrete sections, taking
into account the nonlinear behavior of compresive concrete by
simplifying the entire stress-strain curve of compressive concrete
as bilinear diagram. When calculating the cracking moment, the
compressive stress in the concrete is still very small and therefore
the compresive concrete zone still behaves elastically as instructed
in TCVN 5574 - 2018 [1]. In addition, the authors [8] have replaced
the tensile strains of the concrete with the values, this makes the
established formula lose its generality.

This paper aims to establish a formula to more accurately
determine the cracking moment of rectangular reinforced
concrete sections based on the bi-linear stress-strain diagram of
concrete taking into account the influence of both tensile and
compressive reinforcement. The paper also compares the cracking
moment determined by this method with the cracking moment
calculated by simple approximate method presented in TCVN 5574
- 2018 [1]. The influence of tensile and compressive reinforcement
ratios on the cracking moment has also been highlighted in the

paper.

2. DETERMINATION OF CRACKING MOMENT BASED ON
THE BI-LINEAR STRESS-STRAIN DIAGRAM OF CONCRETE

The determination of cracking moment of a rectangular
reinforced concrete section taking into account the nonlinear
behavior of concrete is carried out based on the assumptions
shown in Figure 1, including:

= The plane cross section remains plane after deformation
(Figure 1.a);

» The tensile and compressive reinforcement behave elastically
(the stress is proportional to the strain);

= The concrete zone in compression behaves elastically (the
stress is proportional to the strain), the stress diagram in this zone
is triangular (Figure 1.b);

= The concrete zone in tension behaves nonlinearly, the stress
diagram in this zone is simplified as a trapezium (Figure 1.b);

= The concrete tensile strains &wi, €2 (Figure 1.a)
corresponding to the bi-linear stress-strain model according to the
TCVN 5574 - 2018 [1] are equal to €bn = 0.008%, b2 = 0.015%;

= The tensile stress of concrete just before cracking reaches Ro:
(concrete tensile strength used in the serviceability limit state
design);

= The cross section is in equilibrium.
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Figure 1. The assumptions used to determine the cracking moment:
() strain diagram; (b) stress diagram; (c) cross section.

From the plane cross-section assumption (Figure 1.a), based on
the similar triangles principle, we can determine the following
quantities:

= The strain at the compresive concrete edge

c g

€ =| — & =| ——|¢
b bt2 bt2
h-c 1-¢
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= The strain at the center of gravity of tensile reinforcement
h-c-a a’h
e =l |%m = l-— Ep2 &)
h-c

= he strain at the center of gravity of compressive
reinforcement

. (c—a E—a /h
L e e e
h-c 1-§

= The height of tensile concrete zone having triangular stress
distribution

t = (h—c)=- = h(1-g) @
b2 €hi2
= The height of tensile concrete zone having uniform stress
distribution

€2 3)

t,=(h—c)[ 1= | =h(1-g)[ 1-22 | )
€ha €h2

Where

H is the height of cross section;

c is the height of concrete zone in compression;

a is the distance from the center of gravity of the tensile
reinforcement to the tensile concrete edge;

a  is the distance from the center of gravity of the
compressive reinforcement to the compressive concrete edge;

€ is the relative height of the compressive concrete zone
compared to the section height;

C
=— (6)
: h

From the assumption that the concrete in compression and the
reinforcement (both in tension and in compression) behave
elastically, we can determine the stress in the concrete and the
reinforcement as follows:

= The stress in concrete at the compresive edge

o, =Eyg, = Epey, @)

= The stress in tensile reinforcement at their center of gravity

a’h
cSs = Esgs = 1__ nsEbgth (8)
= The stress in compressive reinforcement at their center of
gravity
a’h
Gs = Esgs = 1__ nsEbsth )
1-¢
where
Eb is the modulus of elasticity of concrete;
Es, Es are, respectively, the elastic modulus of the tensile
reinforcement and of the compressive reinforcement;
ns, ns are, respectively, the ratios of elastic modulus of the
tensile reinforcement and of the compressive reinforcement to the
elastic modulus of concrete;

n =— (10)
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. a1

The height c or relative height § = c / h of the compressive
concrete zone must satisfy the forces balance condition along the
member axis. From the stress distribution diagram in concrete and
reinforcement shown in Figure 1.b, we can express the forces
balance condition as follows:

0.5c,cb+c A, =0.5R, t,b+R t,b+c A (12

where

A, is the cross-sectional area of the tensile reinforcement;

As is the cross-sectional area of the compressive
reinforcement;

b isthe cross-sectional width.

By substituting the formulas (4), (5), (7), (8) and (9) into the
forces balance equation (12), we can express the latter as the
following quadratic equation of &;

k& +kE+k, =0 (13)
Where

R
k, =0.5-|1-0.50m | o (14)

€p2 ) Ev€ia

Rbt

k, =n.pu, +nipu +2|1-0.50
€hz ) Ep€po

(15)

L R
k0=—(1—ijnsus—%nsus— 1-0.5 22 | = qg)

h €yz ) By
by = A, (17)
> bh
= A, (18)
> bh

The relative height of compressive concrete zone, §, is the
positive solution of quadratic equation (13):

e~k 4k — 4k, k,
2k,

From the moments equilibrium condition about the neutral
axis (zero deformation, distance c from the compresive edge of the
section), we can determine the cracking moment of the section by
the following formula:

(19)

2

2Gb&.»2 +Ry, (l - ‘2)2 3 —8%”

8 2
M = bt2 bz 20

s

where o, 0s and o; are, respectively, the stresses in concrete (7), in
tensile reinforcement (8) and in compressives reinforcement (9).

3. DETERMINATION OF CRACKING MOMENT BY THE
SIMPLE AND APPROXIMATE METHOD

To simplify the calculation process, TCVN 5574 - 2018 [1] allows
determining the cracking moment of reinforced concrete sections
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by the simple and approximate formula. This formula has a similar
form to those presented in the American standard ACl 318 [2] and
the European standard EC2 [3], which are established based on the
assumption that the materials (concrete and reinforcement) behave
elastically until the concrete reaches its tensile strength. However,
TCVN 5574 - 2018 [1] has introduced a correction coefficient to
consider the nonlinear behavior of the tensile concrete zone, and
then the cracking moment of the reinforced concrete section can be
determined by the following formula:

I
M, =y"R,, 21

cr

t
where
yt is the distance from the center of gravity of the "converted
section" (reinforcement is converted to concrete) to the tensile
edge of the section

_ 0.5h +p(ng ~Da+p (n,—1)h—a) -
T+p,(n, ~ D+ (o, 1)

)

t

bh’
——+bh(y, —0.5h)* + A (n, - 1)(y, —a)’
L |y PRy 05y + A, ~D(y, —a)’ |

red

)
+A,m,-Dh-y, -a)’

lrea is the moment of inertia of the "converted" section”

y is the correction factor taking into account the nonlinear
behavior of the tensile concrete zone before cracking, y = 1.30 for
rectangular section or for T-shaped sections with compressive
flange (Appendix G, TCVN 5574 - 2018 [1]);

In the case of ignoring the concrete area occupied by the
reinforcement, we can replace the quantities ns - 1 and n; -1 in the
formulas (22) and (23) by ns and ng, respectively. Additionally, to
further simplify the calculation process, TCVN 5574 - 2018 [1] also
allows determining the moment of inertia of the "converted
section" without including the reinforcement (considering As = 0,
A% = 0), we can then take y: = 0.5h and lea = bh*/12.

4.RESULTS AND DISCUSSION

To verify the analytical formulas, we have compared the cracking
moment calculated according to the formulas (20) and (21) with the
experimental results in the literature [7, 10 - 13]. The cross-sectional
dimensions, mechanical properties of the concrete and
reinforcement as well as the calculated and experimental cracking
moments are presented in Table 1. It can be noted that the
approximate formula (21) significantly underestimates the cracking
moment compared to formula (20) and compared to experiment.
This can be explained by the fact that the approximate formula (21)
has initially established based on the assumption of elastic materials,
then adjusted with a coefficient taking into account the nonlinear
behavior of concrete. However, this correction factor is still small and
does not accurately consider the nonlinear behavior of concrete [7].
It can also be noted that the cracking moments estimated by the
formula (21) present small errors compared to the experimental
results, most of the errors are less than 7% except the beam of
section 120 x 204 mm [13] which presents an error of 17%. This
means that the analytical formula (21) established based on bilinear
stress-strain model can satisfactorily estimate the cracking moment
of reinforced concrete sections.

Table 1. Comparison of the cracking moment calculated by the formulas (20) and (21) with the experimental results.

Ref. b h Reinforcement aa Eb Es, Es Rot Mecr (kNm)
(mm) (mm) Ten. Com. (mm) (GPa) (GPa) (MPa) Exp. (20) (21)
200 300 2d12 2d8 30 32 205.5 2.92 13.72 13.85 12.14
[7] 200 300 2d16 2d8 30 32 202.5 2.92 15.34 14.59 12.61
200 300 4d16 2d8 30 32 202.5 2.92 16.29 16.29 13.70
[10] 150 150 2d12 - 16 30 200 2.19 2.50 2.36 1.84
[11] 120 220 2d10 - 30 30 200 2.01 3.38 3.47 2.72
[12] 100 100 2d8 - 20 33 213 2.36 0.66 0.70 0.56
120 204 2d8 - 25 25 205 1.50 2.74 2.28 1.74
[13] 118 202 2d8 2d8 25 25 205 1.50 2.17 2.26 1.73
120 202 2d12 2d8 25 25 205 1.50 2.57 2.66 1.90

To study the influence of tensile and compressive
reinforcement ratios on the cracking moment of reinforced
concrete sections, we have calculated the cracking moment Mq

according to the formula (20) established based on bilinear stress-
strain model as well as according to the approximate formula (21).
The calculation parameters are summarized in Table 2.

Table 2. The parameters used in the calculation of cracking momet of rectangular reinforced concrete section.

Meaning Symbol Unit Value
Grade of compressive strength of concrete GRo - B25
Grade of tensile reinforcement GR;s - CB400V
Grade of compressive reinforcement GRs - CB400V
Width of cross section b (mm) 250
Height of cross section h (mm) 500
Distance from the center of gravity of tensile and compressive reinforcement to the a (mm) 60
tensile and compressive edge of the section, respectively a (mm) 40
Modulus of elasticity of concrete Eb (GPa) 30
Modulus of elasticity of tensile reinforcement Es (GPa) 200
Modulus of elasticity of compressive reinforcement Es (GPa) 200
Tensile strength of concrete (serviceability limit state) Rot (MPa) 1.55
Ratio of tensile reinforcement s (%) 0.0+3.0
Ratio of compressive reinforcement s (%) 00+1.5

ISSN 2734-9888 | 01.2025 XAYDUNG [171



NGHIEN CUU KHDA HOC

Figure 2 shows the variation of the cracking moment M.
calculated according to (20) and (21) as a function of tensile
reinforcement ratio in the case of ignoring the influence of
compressive reinforcement (s = 0). It can be noted that the
cracking moment M« calculated by both methods increases
linearly with the tensile reinforcement ratio ys, the increase is
significant, especially when calculating according to the method
based on bilinear stress-strain model (the cracking moment
increases more than twice when s increases from 0% to 3%). The
linear increase in cracking moment with the tensile reinforcement
ratio has been reported in the literature [8]. This can be explained
by the fact that the higher the tensile reinforcement ratio, the
lower the stress and strain of tensile concrete and therefore the
larger moment is required for the tensile strain of concrete to
reach the limit value that causes concrete cracking.

It can also be observed in the Figure 2 that the approximate
method (21) significantly underestimates the cracking moment
compared to formula (20) established based on the bilinear stress-
strain model, especially in the case of high tensile reinforcement
ratio. The difference in cracking moment between the two
methods is acceptable when the tensile reinforcement ratio is low
(21% when ps = 0), the difference is larger as the tensile
reinforcement ratio is higher (44% when ps = 3%). The increase in
cracking moment deviation between the two methods may arise
from the fact that the formula (21) underestimates the stress and
strain of the tensile reinforcement. Indeed, we have found that the
stress in the tensile reinforcement calculated based on the bilinear
stress-strain diagram of concrete is more than twice as high as the
stress calculated based on the assumption that concrete behaves
elastically. Because the cracking moment increases with the
product of stress and ratio of tensile reinforcement, the higher the
tensile reinforcement ratio, the more formula (21) underestimates
the cracking moment compared to formula (20).

Figure 3. Variation of the cracking
moment as a function of compressive
reinforcement ratio in the case of tensile
reinforcement ratio ps = 2%.

Figure 2. Variation of the cracking moment
as a function of tensile reinforcement ratio in
the case of ignoring the influence of
compressive reinforcement (s = 0).

Figure 3 shows the variation of the cracking moment M« as a
function of compressive reinforcement ratio ps calculated
according to (20) and (21) in the case of tensile reinforcement ratio
Ms = 2%. It can be noted that the cracking moment M. calculated
by both methods also increases linearly with the compressive
reinforcement ratio ;. However, the increase is very slow, which
shows that the influence of compressive reinforcement is
insignificant compared to that of tensile reinforcement (Figure 2).
This can be explained, from the point of view of elastic analyse
used to establish formula (21), by the fact that both tensile and
compressive reinforcement increase the moment of inertia of the
section in the same way. However, the distance between the
neutral axis and the tensile edge of the section decreases with the
tensile reinforcement ratio but increases with the compressive
reinforcement ratio. This leads to the cracking moment increasing
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rapidly with the tension reinforcement ratio but increasing slowly
with the compressive reinforcement ratio.

5. CONCLUSION

The paper has established the formulas that allow determining
the cracking moment of rectangular reinforced concrete sections,
taking into account the nonlinear behavior of concrete simplified
as bi-linear stress-strain diagram according to TCVN 5574 - 2018
[1]. The proposed formula has been validated experimentally with
most errors below 7%. The paper has also performed detailed
calculations of the cracking moment corresponding to different
ratios of the tensile reinforcement and of the compressive
reinforcement, compared the cracking moments obtained by the
method established based on the bi-linear model and by the
approximate method. The calculation results have shown that:

= The cracking moment increases linearly as a function of the
tensile and compressive reinforcement ratios;

= The simple and approximate method presented in TCVN
5574 - 2018 [1] significantly underestimates the cracking moment
compared to the method based on bi-linear stress-strain diagram.
The difference between the two methods can be acceptable when
the tensile reinforcement ratio is low (21% when ps = 0), however
this difference is larger and larger as the tensile reinforcement ratio
is higher (44% when ps = 3%);

= The influence of compressive reinforcement is insignificant
compared to that of tensile reinforcement.
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