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TOM TAT:

Bai bao trinh bay duang l6i thigt lap hé phuong trinh dai sd giai bai
toan xac dinh ngi lvc va chuyén vi cia thanh cong phéng bang
phueng phap phén tir bien. Phueng phap phén tir bien c ma hinh
toan hoc duge thigt [ap trén co si loi gidi cia phuong trinh tich
phan bién. Cac ham nghiém chuyén vi va nai lyc cia phan tir duge
xy dung trén co si | gidi Casi coa phueong trinh vi phan co ban
ap dung ddi vai cac phén tir thanh cong. Tur da, thigt lap hé phuong
trinh dai sd xac dinh cac thang sd nhu ndi luc, chuyén vi tai cac
diém bién phan tir, xdy dung phuong trinh gigi cho céc phan tir mau.
Tir khaa: Phuong phéap phén tir bién, phan tich tinh, thanh cong
phéng, phrong trinh tich phan bign.

ABSTRACT:

The article presents how to establish a system of algebraic
equations to solve the problem of determining the internal forces
and displacements of plane curve elements using boundary
element method. The boundary element method has a mathematical
model established on the basis of the solution of the boundary
integral equations. The root functions of internal forces and
displacement of the element are found on the basis of the Cosi
solutions of the basis differential equations applied for plane curve
elements. From there, it is established a system of algebraic
equations to determine parameters of internal forces and
displacements at boundary points of elements and it is established
solving equations for model elements.

Key words: Structural mechanics, matrix algorithm, MathCad
programming software.
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1.Dat van dé

C4u kién thanh cong |a cau kién dugc st dung tuong d6i phé bién
trong cac céng trinh xdy dung dan dung va céng nghiép ciing nhu
trong cac céng trinh giao théng thiy Igi. Nghién ctu vé mat ly thuyét
va cac phuaong phép giai cac bai toan phan tich tinh d6i vai két cdu co
truc cong luén dugc nhiéu nha khoa hoc quan tam nghién ctu. Viéc
tim nghiém giai tich tudng minh chi cé thé thuc hién dugc déi véi cac
trudng hgp don gian [1,3]. DGi vai két cdu thanh cong chiu tai trong
phtc tap va cé diéu kién bién bat ky thi viéc st dung phuong phap
gidi tich sé gap phai nhimng khé khan nhat dinh vé mat toan hoc. Véi
su phat trién clia cdng nghé théng tin, cac khé khan nay dugc khic
phuc bang céch ap dung cac phuong phap sé. Mét trong nhiing
phuang phép s8 c6 thé gidi quyét dugc bai todn phan tich tinh thanh
cong moét cach hiéu qua co thé ké dén dé la phuong phéap phan t
bién, phuong phap nay la phuong phéap s6 dua trén cd s mo hinh
todn hoc si dung hé phuong trinh tich phan bién. Tuong tu nhu
phuang phéap phan ti hitu han, phuong phap phan ti bién cé thé roi
rac héa vat thé thanh cac phan ti sau dé ghép ndi tai cac bién. Tuy
nhién, khi ap dung véi trudng hgp cau kién thanh cong, phuong phap
phan t& hitu han chi rdi rac hoa toan bo vat thé thanh cac phan tirhiu
han 1a cac thanh thdng, chua ké dén dd cong cla truc phan tg,
phuong phap phan td bién chi can roi rac tai bién cta déi tugng,
nghién ctiu xét dén dé cong cla truc cau kién. Tai bién cia phan tu,
cac thong sé can thiét dugc xac dinh tir hé phuong trinh dai s6 tuyén
tinh con trang théi bén trong dugc tinh theo cac phuong trinh tich
phan bién tuong ting. Do dé, trong viéc phan tich tinh cau kién thanh
cong, phuang phap phan ti bién da thé hién nhimg uu thé nhat dinh
cla no. Bai bao trinh bay viéc thiét lap phuong trinh gidi cho ciu kién
thanh cong, tir d6 c6 thé ap dung vao mét s6 bai toan cu thé bang
phuong phéap phan t bién.

2.Ndi dung

2.1. Xay dung ham tai trong xap xi déi véi phan ti thanh cong

Trong phuong phap phan t bién, cac tai trong tac dung Ién
thanh sé dugc bi€u dién thong qua cac ham téng quat Heaviside va
ham delta Dirac, cach biéu dién cadc ham nay dugc trinh bay moét
cach tudng minh trong [5,9,10]. DGi véi trudng hgp phan ti la thanh
cong tron, néu tai trong tac dung 1én phan t la tai trong phan bg,
c6 thé xem nhu gém tap hap céc tai trong tap trung tac dung lén
doan thanh cé d6 dai Ax (Hinh 1).
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Hinh 1. Téi trong tac dung |&n thanh cong

_F
qn(x)—A—S[H(S—SF)-H(S-SF—AS)] M
Trong d6, AS=RAa, trong d6 a. - goc quay, R - ban kinh cong
Tuong ty d6i véi mémen tap trung, ta c6 cach chuyén déi nhu sau:
,(a) =235 (a-ci) @
Do d6, trong trudng hgp téng qua c6 thé biéu dién tai trong tac
dung theo phuong phép tuyén va ti€p tuyén dudi dang sau (hinh 2)
F
a.(e)=5(a-a;)+q,[H(a-a,)-H(a-ay )] @)

B(a-0,) g0 (a-0) ¢, [H(a-, - Ha-a] (4

Hinh 2. Téi trong tac dung theo phuang tigp tuygn va phap tuyén

2.2, Xay dung hé phuong trinh giai bai toan phan tich tinh
thanh cong phing

2.2.1. Phuong trinh vi phan bién dang dan héi thanh cong
phéng

Xét hé thanh cong phéng chiu tai trong nhu hinh 3. Cac phuong
trinh phan tich tinh dugc xay dung trén co s& gia thiét mat cat
ngang phéng Bernulli, bd qua bién dang géc cla tiét dién.

Hinh 3. Sur dd tai trong va ndi e doan thanh cong phéng

Phuang trinh can bang tinh hoc cho doan thanh cong phéng
chiéu dai ds:

2x=0—>%=Q-qX(G)R; (5)

Zy=0»2§=-N-qy(a)R; (6)
dM

- — — 7

>'m(0) O—)dd QR . (7)

Véi a — toa do goc
Quan hé giira bién dang va chuyén vi
Tr, 1, . , 1

=2V @-v@lx= iU @ @Fvel  ®

V6i g - bién dang dai kéo-nén; R - ban kinh cong sau khi bién dang;

U(a),V(a) - cac chuyén vi clia diém truc theo phuong ti€p tuyén
va phap tuyén (chuyén vi theo phuang doc va vuéng géc); y(a)—
bién dang trugt

1

@(c)=-y(a)+ 2[U(a)+V'(a)] ©)

Trong dé: @(a) — goc xoay clia mat cat ngang.

Cac phuang trinh quan hé vat ly gitra ing suat va bién dang
tuong tu nhu déi véi thanh thang [31:

e=N/EA ; x=-M/El; y=kQ/GA (10)

Thay céc phuaong trinh tinh hoc, hinh hoc vao cdc quan hé vat ly
nhan dugc hé phuong trinh vi phan [10]:

V(0 B o) A )R o) an
(15 e S e,

2.2.2. Nghiém téng quat cia phuong trinh vi phan thanh
cong phéng

Cac théng s6 tinh hoc va hinh hoc cla trang thai ing suat bién
dang thanh cong tron cé thé biéu dién qua cac thong s6 ban dau.
Biéudién v(a), U(a) quacacthong sé ban dau tuong (ing véi ham

xac dinh trang thai trong [2]. Sau d6 chuyén vi va cac dao ham cla
né thé vao cac quan hé (7), (8), (9), (10). Phuong trinh co ban xac
dinh cac théng sé clia thanh cong tron bang phuong phap phan tu
bién c6 dang sau (biéu dién dudi dang ma tran) [10]:

EIV(a) An | A | A | Au | Ais | A V(o) Bn
Elp(a) Az -Ax -Ars Az Elp(o) B21
i = * r o el +_T o 3 (12)
9(a) A Ass Qo) | © B '
EAU(q) As1 Asz -As3 -Ass An Ase EAU(o) -Bs;
N(a) -Asa A N(o) Ber
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Co6 thé viét (12) dudi dang rat gon nhu sau: A {Ruﬁjsinc-ucosa; A,=1: Au=Rxa: A, =sia;
Y(a)=A(a) X(0) +B(a) (13) EA 2
Trong do: Y(a) - ma tran cot ham chuyén vi va néi luc doc theo A =Rz(1_1asina_cosaj_Elelasinu; A =R*(a-sina);
truc thanh cong (véc to trang thai ctia thanh); 2 EA 2
A(a) -ma tran vudng nghiém ca ban cta phuong trinh vi phan Az =R(1-cosa); A51=%sinu; A52=%(1-cosa); A53=¥
thuan nhat; EARS 1 1
X(0) - ma tran cot chuyén vi va néi luc tai diém c6 toa do bién As ==, [1-0050-505in0)-R5G8ina: Ag, =-sina;
ban dau a=0 (v?c t(Z th9ng s6 bein d.au\); N - ] __sina+acosa EARY( 1 3 (14)
B(a) — ma tran c6t ham chuyén vi va néi luc do tai trong tac dung Ass ‘Rf" gl | aF5acosa-osina j;
lén 'fl_hanh f-jo'ng (véc to tai trong) Cac thanh phan clia véc to téi trong sau khi thay q,(a), g, (a)
rong do:
9 El va tich phan c6 dang [10]:
A, =cosa; A, =Rsina; A, =R*(1-cosa); A, “"EA sina;
B, =[R“ LEIR? ]{ix sin(a-ag), -(a-ag ), xcos(a-g), |
EA J|R 2
g (000u). 20000 g [ (a-a,)-cos(a-a,), - (e ). xsin(a-cHx-H(a-cK)+cos(a-aK>++;(a-aK)+sin(u-aK>+}+
+(R" +ﬁj{im+q—*x{sin(a-%) - -(a-ay), xcos(a-ay), -sin(a-ay), +(a-ay), XCOS(G-GK)*}}-
EA )|R 2 2 .
-R?* {%X[H(G—GF)-COS(G-UF)+}+qx I:(G-GH)+ -sin(a-aH)* -(G-GK )+ +Sin(a'ak)+]} '
B, =F,R’[H(a-0¢)-cos(a-a;), [+MRsin(a-a,), +
2 2
+q,R°[ (a-ay), -sin(a-ay,), - (a-ay), +sin(a-a), ]-FR?[ (a-a; ), -sin(a-a;), |- qu{(G';HL +cos(a-ay), '%'COS(G'GK)J?
B, =F,Rsin(a-a.), +Mcos(a-a,,), +qu2[H(a—aH)—cos(a—uH)+—H(a—aK)+cos(a—uK)+:|—
-FXR[H(cx-ch)-cos(q-qF)J-quz X[(cx-cxH)+ -sin(a-ay), -(a-oy), +sin(cx-cxK)+]; (15)

B,,=F,cos(a-ay), +g[—sin(o—GM)*]+qu[sin(a-aH)*-sin(a—aK)J—Fxsin(a—aF)*- qu[H(a-aH)-cos(a-aH)+ -H(G-GK)"'COS(G-GK)J;

- EAR? |, (a-ag), *sin(a-a), EAR®F EAR? \sin(a-ay), +(a-a,), % xcos(a-a,), EAR? EAR?
B51_Fy{[1+?jR 2 - El LH(G_UF)_ 'COS(G'GF).]}+M[[1+ El } . 2 . - 2 . El °'n(a—uM)‘}+qy{1+ El ]RZX
XSi”(“'“H):(U‘“H),XCZOS(U'GH):Si”(G'GKL+(0'°‘K)+"2°°S(“‘“K)+_E‘I\;A[(a—aH)xsin(a-aH)f

-(a-0y )‘sin(cx-cx,()‘}+Fx {R(G-GF)' XCZS(U_GF)’ * +Sin(;-uF)’ +¥[(U'GF)++%(G'GF)‘ *cos(a-ag), -

'SSin(a'uF)+]}+Qx {R?Z[(C"UH)», xsin(a-aH)+ -(G-OK)+ xSin(O'uK )+}' E/;RA {@*'QCOS(G'GH)», -

-2H(c(-uH)+%(u-aH)><sin(u-uH)+-w-Zcos(q-qKL+2H(q-aK)-%(a-qK)*XSin(a-aK)J};

B, =Fsin(a-a;), +%COS(G-GM)+ +q,R[H(a-ay), - -cos(a-a,)-H(a-ay) +cos(a-ay), |+F,cos(a-a), +qR[sin(a-ay), -sin(a-ay), |

Trong truong hop thanh cong chiu tai trong phan bé déu
khéng hudng tam, ham tai trong cé dang sau:

qy(§)=q005(%-§] ;qx(i,):-qsin[%-ﬁj . (16) /

ef ] ]

(2%

ax

Hinh 4. Thanh cong chiu tai trong phan bi déu khang hugng tam
Néu thay biéu thiic (15) vao (14) va thuc hién phép tinh tich phan, cac thanh phan vec to tai trong B dugc viét dudi dang:

2
B, = Re+EIR 1sin[u-&j(u-aH)+1cos[&-aj-icos{&+G-ZGHj-l(c-aH)zcos(a-&j +
EA ) 4 2 8 2 8 2 4 2 )]

2
+R*q ér:os S q -cos[&-uH -1(a-qN)sin[&-a]+lcos cz(+&-2c1H -qR* +ER 1sin a-ﬂj(u-aKﬁ
4 2 2 2 2 4 2 o EA ) 4 2
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+%cos(%-a)-%cos[%+a-20k]-%(a-aK)zcos(a-—ﬂ [
+25in(%-uK)-(q-aK)x{cos[a-%}cos[%-aKﬂ} }{sm[a ]q ay) +cos[%

(% a] cos(—-uK] ;(U'UK)Sin(%-0j+%COS[U+%-ZUK]L
Bu:quH—ZSIn[%—q)+2sin(%—aH)—(a-aH){cos(a-— +cos —-aH }} - -Zsm =
) MU;

BRq{HEJ( o] G- -cos{ % ﬂ o Yo 2 ](Eﬂ}

B, =chos[a-%)[(a-aH)® -(a-aK)@};
_EAR4

Bs, [—sm[—-uj ZSln(——aHj+%(a—uH)cos(a—%)+

(17)

+(u-aH)XCos(E‘-aHj-Z(a-aH) sin(j-a}-%sin(a+%-2wﬂ@+R2q[ %(cx C(H) XSin(%-d]-

1 o) 1. (0o 1. a,
-—(a-ay)cos| a-—t |-—sin| —t-a |+—sin| a+—L-ay, || -
4 2)8 |2 8 2 A

EAR' [17 . («q, a 5 a a 1 2. (a
- xq| —sin| —-a |-2sin| —-q a-a, )cos| a-— |+(a-ay)cos| —-a, |-—(a-a,) sin| 2-a |-
El q{g [2 J [2 K] 4( K) [ 2] ( K) [2 K) 4( K) (2 ]

1.
—%sin(oﬁ%-ZmKHA -qR? {-%(G-GK)Z sin(%-a]—%(a-a,()x Xcos(a-%]-gsm[

Be: =quin(c-%][(a-aH)® -(a-qk)e]

2.2.3. Thiét 1ap hé phuong trinh dai s8 xac dinh cac théng sé
bién ctia thanh cong phéng

Tu phuong trinh (13) cho phép tim dugc ham nghiém giai tich noi
Iuc va chuyén vi clia thanh cong phang. Cac dn s6 tim dugc la cac thong
s8 ndi luc va chuyén vi tai diém bién ctia phan td. Thay cac gia tri cla
théng s6 bién phan tirx=0va x=a1 vao cacmatran A, B, Y trong phuong
trinh (13), hé phuang trinh (18) trg thanh hé phuong trinh dai s6 (19)
chta céc théng sé bién ctia thanh cong phéng

Y(ar)=A(a1) X(0)+B(ar) —>  A(ai) X(0) - Y(au)=- B(a) (18)

An s6 trong cac ma tran X(0) va Y(a). Gan cac diéu kién bién tinh
hoc va hinh hoc vao dé& giai cac phuong trinh trong (16), cac diéu
kién bién tinh hoc dugc thiét lap dua trén cac phuong trinh can
béng tinh hoc tai cac nit. Cac diéu kién bién hinh hoc dugc thiét lap
dua trén cac diéu kién chuyén vi tai bién clia cac phan tu.

DéE giai hé phuong trinh (18), thuc hién viéc di chuyén cac théng sé
diéu kién bién trong cac véc to Y(a) ti véc ta X(0), thu dugc hé phuong
trinh dai s6 giai bai toan phan tich tinh cho phan td thanh cong.

A’(cn) X'(0, an)=-B(an) (19)

Trong d6, ma tran A*(a) la ma tran thu dugc khi di chuyén cac
théng s6 cudi clia véc ta Y (Y(as)) téi vi tri thdng sé co gia tri bang 0
cla véc to X (X(0)). Luc nay véc to Y(au) sé bang 0.

Nhu vay, gidi hé phuong trinh dai s6 (19) thu dugc gia tri ndi luc
va chuyén vi tai cac vi tri cac tiét dién cta thanh cong phang.

3. Két luan

Ap dung phuong phap phan t bién trong bai toan phan tich
tinh hé thanh cong phang cho phép xac dinh dugc phuang trinh
trang thai clia tiing phan t trong hé va ti dé xac dinh dugc noi luc
va chuyén vi tai cac diém chia ctia hé. Hé phuong trinh dai s6 thiét
lap cho phan tirthanh cong la co s& cho viéc ap dung cac phan mém
lap trinh d€ giai cac bai toan chiu tai trong phuc tap va cé diéu kién
bién bat ky. Nghiém cuta bai toan la ham noi luc va chuyén vi xac
dinh theo hé phuong trinh dai s6 (19) hoan toan trung khép véi
nghiém gidi tich. TUr d6, c6 thé thay ré uu diém cta phuong phap
phan t bién trong viéc 4p dung bai toan xac dinh néi luc va chuyén
vi cGia thanh cong phang.

&-uj+1sin[a+&-20Kj
2 8 2 o
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