42

NGHIEN COU KHDA HOC

ENgay nhan bai: 27/8/2021 BNgay stra bai: 12/9/2021 BNgay chap nhan dang: 25/9/2021

Phan tich dao dong tu do cta thanh cé xét dén
bién dang truot ngang bang phuang phap
chuyén vi cuéng buc - Loi gidi s6

Analysis of bar's free vibration with considering lateral shear strain by forced displacement

method - numerical solution

> A.PROF.PHD DOAN VAN DUAN
Faculty of Engineering - Vietnam Maritime University
Email: duandv.ct@vimaru.edu.vn - Tel: 0945 092348

M TAT:

Phurong trinh dao dang ti do cda thanh [a phuong trinh trj rigng,
ca vé phai bing khong, dé giai phuong trinh ndy cac tac gia trong
v ngoai nuic dd sir dung cac phuong phap truyén thang 13 dua
ma trén he sd cia phueng trinh dao dang ty do cia thanh vé dang
duang chéo hodc dang ma trén bang, déi doc theo dwing chéo
chinh bing céc thuat toan khéc nhau, nhu thuét toan Jacobi [4],
LR (4]. (3], OR[3). khéng gian con [3)...rdt phic tap, dé |&y tich
cia si hang da cho ta phueng trinh da thie dic trung dé xéc dinh
céc trj rieng. \i vay, dé don gién hoa viéc giai céc bai toan, trong
bai bao nay tac gid sir dung mat phueng phap mai trong (2], [3]
“Phurong phap chuyén vi cuéng birc” dé tim trj riéng va véc to
rigng cia cac bai toan theo li giai sd.

Tir khda: chuyén vi cuiing bire; dao dang; tri riéng, véc to rigng.

ABSTRACT

The equation of free vibration of the bar is an eigenvalue equation,
with the right side equals zero, to solve this equation domestic
and foreign authors have used the traditional methods to bring
the coefficient matrix of the equation of free vibration of the bar
to diagonal or band matrix form, strip along the main diagonal by
different algorithms, such as Jacobi algorithm [4], LR [4), [5].
(IR[3), subspace [a].... is very complicated, to get the product of
that term gives us the characteristic polynomial equation to
determine the eigenvalues. Therefore, to simplify in solving the
problems in this paper, the author uses a new method in [2], [3]
"Forced  displacement method" to find eigenvalues and
eigenvectors of problems according to numerical solutions.
Keywords: forced displacement; oscillate;  eigenvalues,
eigenvectors.

1.DAT VAN BE

Cac phuang phap [4], [5] mac du phai bién d6i ma tran phic
tap nhung do6i khi cho 16i gidi khéng du tin cay vi do hoi tu cta bai
toan con phu thudc vao tinh chat ctia ma tran, déi xiing hay khéng
déi xting, xac dinh duang hay khéng xac dinh duong... Khac vai
cac phuong phap truyén théng, phuong phap chuyén vi cudng
buic c6 cach nhin don gian, dé hiéu, bang cach kich chuyén vi tai
mot diém bat ky trén thanh cho phép ta dua phuong trinh tri riéng
cla thanh dao dong tu do vé phuong trinh vi phan cé vé phai, giai
phuong trinh nay ta nhan dugc ngay cac tan s6 dao dong cua
thanh ma khéng can théng qua cac phép bién d6i ma tran phuc
tap. Trong [2], [3] tac gid da si dung phuang phap chuyén vi
cudng buc dé giai cac bai toan tri riéng néi trén, theo 15i gidi ban
gidi tich.

Trong bai bao nay, tac giad cling dung phuong phap chuyén vi
cudng buc néu trén, két hgp véi phuong phap phan ti hiru han dé
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xay dung va giai bai toan dao déng tu do clia thanh c6 xét dén anh
hudng clia bién dang truct ngang theo I5i gidi sO.

2. BAI TOAN DAO PONG TU DO CUA THANH €O XET DEN
BIEN DANG TRUOT NGANG
e "I " Xét thanh théng, c6 tiét dién
khéng déi, c6 khéi lugng m phan

b déu trén thanh. Khi c6 chuyén
vi ngang, thi ngoai néi luc M va Q,
con phai xét dén lyc quan tinh f_ .

-

Luc quén tinhf, bang tich cda
khéi lugng véi gia t6c cla chuyén
dong va cé phuong tac dung la
phuong cla chuyén dong
(phuong clia d6 vong) cta thanh.

X wr—E> Y ey Y

@ ®
Hinh 1. Thanh ngam -Tu do



Nhu vay, luc quan tinh c6 tac dung giéng nhu luc ngang, trong trudng
hop nay la luc ngang phan bé, dat tai truc thanh. Néu khéi lugng m
phan bé trén chiéu cao cla tiét dién thanh thi do tiét dién thanh bi
xoay, con c6 luc quan tinh xoay cla tiét dién thanh. D& don gian
nghién clu, ta khong xét luc quan tinh xoay nay.

Vé&i nguyén ly D’Alambert, xem luc quan tinh f_ nhu la ngoai
luc can tac dung lén thanh, va vi luc quan tinh la ham cua thai gian
nén ham dé véng va cac ham noi luc trong thanh déu 1a ham cla
toa do va thai gian: W = W(x,t) la ham dé véng, M = M(x,t) la
ham momen uén, V = V(x,t) laham lyccat.

Luc quan tinh cda thanh dugc tinh nhu sau

2
f,=m aat\zv
Xem lyc quan tinh f_ nhu la ngoai luc can phan bé tac dung

(M

[én thanh, viét ngay dugc hai phuong trinh vi phan can bang
8 M

)

-—+V=0
ox

Khi xét bién dang truot trong thanh, bién dang trugt y, goc
xoay do momen uén 0, bién dang uén y va ndi luc momen xac
dinh theo cac biéu thuc sau:

oW

(b)

V 0=—-—
"= GF x|
__OW  a v 3
=T T GF ox
M =—EJy
Pua céc biéu thic (1) va (3) vao (2) nhan dugc
4
El a O°V ~0 (a)
ox’ GF ox’®
(4)
plEV_2 V) vy
ox GF ox
Nghiém clia hé (4) c6 thé viét dudi dang
W(x,t) = y(x)cos(wt) = ycos(wt) 5)
V(x,t) = Q(x)cos(wt) = Qcos(wt)
Khi d6 hé (3.4) c6 dang
d'y a d°Q
(EJ( e EF) - mo’y |cos(ot) =0
d? d’Q ©
y o
[EJ(dx3 " GF dC )+QJcos(mt) =0

Vi thanh phan trong ngoac khéng phu thudc t nén hé (6) dugc
gidn hoa nhu sau

4 3
EJ(d Z—id ?)—mmzy:O
EJ(d3y a d? Q
dx® GF dx’
Hay
4 2 3
EJd_Z_&g_mwzy:O
dx 6 dx (7a)
d’y ah’ d’Q
EJ —_— +Q=0
&’ 6 dx° Q

Hai ham y = y(x) va Q = Q(x) déu la ham cua toa do x. Hé (7)
khong phu thudc vao bién t, 1a hé hai phuong trinh vi phan tuyén
tinh c6 hé s6 khéng ddi. Khi khéng xét bién dang truct, cho G
— o hodc cho h =0 thi hai phuong trinh dau cta hé (7) va cda
hé (3.7a) tré thanh phuong trinh dao déng cda thanh theo ly
thuyét dam Euler-Bernoulli, gidi phuong trinh nay tim dugc d6
véng y réi dung phuang trinh thit hai dé tinh Q.

Phuang phéap chung dé giai hé (7) 1a giai hai phuong trinh dac
trung clia ching va xay dung nghiém y va Q trén cd s& cac nghiém
(tri riéng) cla cac phuong trinh dac trung. Tuy nhién, ta sé dung
phucng phéap chuyén vi cuéng buc dé giai.

3.PHUONG PHAP CHUYEN VI CUGNG BUC

Khi xay dung bai toan theo phuong phdp nguyén ly cuc tri
Gauss, c6 thé dung céc dai lugng bién phan (chuyén vi 3o va bién
dang 40) khéng phu thudc thai gian

a oy
:— ;9 = _
Y« Q P
oy o 8Q
__Y7 8
X ze GF&X ®)
M, =EJy,

Ki tu x & chan céac dai lugng dé chi réng dai lugng chi phu
thuoc x.

Bai toan dao déng tu do clia thanh dugc dan vé bai toan tim
cuc tiéu cda lugng cudng buc chuyén dong tai mét thoi diém t bdt
ki:

1 1 1
Z =My, Jax + [ V[y, Jax + £, [y}ix > min 9)
0 0 0
Dai lugng trong ngodc vudng ctia phiém ham (9) la dai lugng
bién phan.

Tu diéu kién cuc tiéu
57 = Ml kix + [ Va[ykix + £ 5[Wix = 0
0 0 0

va dung phép tinh bién phan sé nhan dugc lai hai phuong
trinh (6) va vi bai toan tuyén tinh theo t nén lai co hé (7).

Nhu vay, bai toan dao déng tu do clia thanh bang cach ding
bién dgi (5) dan vé gidi hé (7) 1a hé khéng chira bién t. Nghiém
y =0 (nghiém khong tam thudng) cta hé (7) tly thudc vao cac
théng s6 m, EJ, o va chiéu dai thanh. Théng thudng, cac thong sé
m, EJ va chiéu dai thanh da biét nén tan s6 la ham cua céac dai
lugng nay.

S dung cac dai lugng khdng chia bién thdi gian t, bai toan (9)
c6 dang

Z=j)Mx[xx]dX+:I)Q[vx]dx+ifx[y]dx—>min

G day (12)

Dé gidi bai toan (3.11) ta dung phuong phap chuyén vi cuéng
buc bang cach cho mét diém nao dé cda thanh, vi du diém x1,
chuyén vi cuéng buc yo.

glz}’(xl)_YO:O (13)

Bai toan cuc tiéu (11) véi rang budc (13) 1a bai toan tinh tinh
thanh chiu chuyén vi cudng buc tai diém x;, c6 4n la tdn s6 o cho
nén c6 thé dugc goi la bai toan dao dong tu do cua thanh. Viét
phi€m ham Lagrange m& rong F cta (11) va (13), ta c6 diéu kién
cuc tri

(10)

(amn

M, =EJy, , f, =-mo’y

X
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! d’y o dQ ‘ o
F=[M g - & & ol
8 { Xs{ dx? " GF dx}dx+£Q8[GFQ}dx (14)

1
+/£.8lykix+ 8hg, =0
0
) trong (3.14) la thira s6 Lagrange va la &n mdéi cta bai toan. Tu

(3.14) nhan dugc hai phuang trinh can bang (hai phuong trinh
Euler) :

4 3 _
EJ[d y —i—dej—mmzy - {* Ax =X,

dx* GF dx’ 0,x #x,
3 2 (15)
dy o dQ
— +0=0
[dx3 GF dx’ j Q
cung vai phuong trinh (13). Hé phuong trinh (15) ¢6 vé phai la

A

Xét vé cd hoc, A c6 thd nguyén la luc va dé la luc gitt dé
chuyén vj tai diém x=x; cla thanh bang chuyén vi cuéng buc yo
(phuong trinh (13)). Luc gitt do ta dua vao nén phai bang khong.
Vé toan hoc thi phuong trinh dao dong la phuang trinh khéng cé
vé phai (hé (3.7)) cho nén A clng phai bang khong. Vi vy ta c6

A=0 (16)

Nghiém cta phuong trinh (3.16) ciing la nghiém cta vé tréi
(3.15) hodc clia hé (7). Nhu vay, phuong trinh (16) la phuong trinh
da thuc xac dinh trj riéng, khi cac ham y(x) va Q(x) thda mén cac
diéu kién bién thi n6 la phuong trinh da thic xac dinh tan so riéng
clia dao dong ty do cta thanh. Trong truong hgp nay A la ham
cla o, A =A(o).

Bai toan dao déng tu do cla thanh dugc dua vé bai toan (11)
vGi rang budc (13) va sé duogc gidi truc ti€p trén phiém ham
Lagrange m& réng dé tim dugc ham A(w), gidi phuong trinh (16)
sé nhan dugc cac tan sé riéng, tuong ty nhu bai toan xac dinh luc
t&i han cta thanh [4]. Cha y, A la thira s6 Lagrange cda rang budc
(13).

Ta dang xét trudng hop khéi lugng phan bé déu trén thanh.
Bai toan ¢d vo s8 bac tu do nén cé vé s6 tan sé riéng. Chung tao
thanh ddi tdn sé riéng dao ddng cta thanh c6 bién dudi la tan sé co
ban va bién trén la vé cling 16n, ® — o . Cac thanh cé lién két khac
nhau sé dao dong vdi tan s6 riéng khac nhau. Tan s6 riéng dao
dong tu do clia thanh c6 cac diéu kién lién két khac nhau dugc tinh
theo phuong phap chuyén vi cuéng buc dugc trinh bay dudi day.

4. BAITOAN DAO PONG TU DO CUA THANH - LO1 GIAI SO

4.1. Phuong phap phan ti hiru han

Phuong phép phan tr hitu han chia cong trinh thanh nhing
phan nhé dugc goi la cac phan tu, tinh toan cong trinh dugc dan
vé tinh todn nhing phan ti nhoé sau d6 két néi cac phan t do lai
véi nhau ta lai dugc 16i giai cla mot cong trinh hoan chinh.

Théng thudng doi vai phan t& dam chiu uén thi dung da thic
bac 3 d€ m6 ta chuyén vi.

y=a,+ax+a,x’ +a,;x’ (17)

Ta thay c6 4 théng s6 can xac dinh. Tuy nhién dé tién dung ta
thay 4 thong s6 ao, a1, a2, as bang chuyén vi, géc xoay clia phan ti
hai nat nhu, hinh 2.

Do dung ham béc 3 cho nén cac lyc tac dung Ién phan ti déu
phai quy vé nut ké ca luc quén tinh trong bai toan dong.

a. Ham néi suy phan ti chiu uén

DGi véi phan tr chiu udn nhu thanh thudng dung da thic bac
ba @€ tinh chuyén vi cGia né, do d6 c6 bén théng s6 can xac dinh.
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C6 thé chon phan ti hai ndt, méi nat ¢é hai théng s6 1a chuyén vi
W va gbc xoay 6 tai nut do, hinh 2.

ABZ
Wi, 01 W02
o b

Hinh 2. Phan tit chuyén vi hai niit

Pé tinh toan dugc tdng quat, chiéu dai phan tu 1dy bang hai
don vi, géc toa do dat & gitta. Nhu vay, néu biét dugc cac théng sé
Wi, W2, 01, 0 thi chuyén vi méi diém nam trong phan ti xac dinh
theo da thuic bac ba sau day.

W) =W, +f,W, +£,6, + .6,

trong do:

(18)

1 2 o1 2
f, —Z(X—l) (x+2);f, —4(x+1) (—x+2)

1 > e 1 20
f3—Z(x—1) (x+1),f4—4(x+1) (x-1)

Ta dung da thuc bac nhat dé xap xi ham luc cdt clia phan td, phan
tG luc cat chia hai nut, hinh 3, méi nat c6 mét théng s chua biét Qi la
Iuc cat phan t{ tai vi tri do.

Q Q2
N 1
& 10
Hinh 3. Phan t luc cat hai nut

Chiéu dai phan tt 1y bang hai don vi, géc toa do dat & gila
phan tt. Néu biét cac luc cit Q1, Q,, tai hai nut thi luc cit V tai diém
bat ky cGa phan t tinh theo céng thic.

V(x) =£Q, +£Q,

trong do:

(19)

1 1
fi=—(1-x); f,=—(+x
s 2( ); 1 2( )

Nhu vay, méi phan tl c6 hai chuyén vi nat Wi, W- hai géc xoay
01, 02 va hai lyc cdt ndt Qi, Q,, téng cdng c6 sau théng sé (6 an) can
xac dinh.

Goi {X} la véc to cot chira sdu &n clia phan tl theo thi tu sau.

{X}: [WI W, 6, 6, Q, Qz]T (20)

thi c6 thé viét lai cac biéu thic (10) va (11) dudi dang ma tran
nhu sau.

W(x) = [f1 £, £, £, 0 0]{X}

vx)=[0oo0o0o0 f f]{x}

Sau khi da biét cac ham chuyén vi va ham luc cét thi dé dang
tinh dugc bién dang uén y, , ndi luc mémen M, bién dang trugt

21

Y., gocxoay ¢ (do mémen gay ra) cGia phan td nhu sau.

W , o dV
=|- e 22
T { dxz‘3 GFde} (22)
M, =Ely, (23)
o
yxzﬁ[o 000 f fJX (24)
dw o
= ——B+—V 25
el @

Trong céac cong thic trén B = 2/Ax la hé s8 dua chiéu dai hai

don vi clia phan tr vé chiéu dai that Ax cua no.
b. Ma tran dé cung phan tu



Biét dugc ham dé véng, ham luc ct cla phan td thi dé dang
tinh dugc ma tran d6 ciing phan t. Theo phuong phap nghuyén
ly cuc tri Gauss ta viét lugng cudng buc d6i véi bai toan tinh nhu
sau.

Z = M, [ Jax+ [ V[y, Jix - Min (26)

%, va v, la cac biéu thuc chira cac dn X(i) cho nén diéu kién
diing ctia (26) dugc viét lai nhu sau.

57 = [M, ol Jix + [Voly kx=0  hay
] !

! Yy
Ax IIM{aX(i)
A ]=8z="=

=0
2 + }V{ aY". }dx
S| 0X(1)

X(i) v6i (i=1+6) 1an lugt 1a cac &n chuyén vi, goc xoay va luc cat
(W1, W2, 64, 82, Q1, Q2) tai hai dau phan ti, theo (20) dugc viét lai
nhu sau:

{Xe}: [Wl W, 6, 6, Q Qz]T

Hé s6 Ax/2 dé dua tich phan ti (-1) dén (1) vé tich phan theo
chiéu dai phan tt. Ung véi méi (i) ta dugc mot hang 6 cét, lan lugt
cho i chay tir 1 dén 6 va tinh (27) ta nhan dugc ma tran d6 clng
phan ti [ae] co kich thudc (6x6), nhu sau:

foc]=

1 2 3 4 5 6
12E] _ 12E] GFZJ 6]%] 0 0 1
L L L r
~ 121;:1 12E) _ 6F;J _SEI 0 0 2
L U L 5
0.2% 0.2
SEI - _GEL - 4E] 2802 Il 3 (8
L L L L 10 10
6E]  6EJ 2EJ 4E] 0.2% B 0.2* | 4
L L L L 107 107
0.2% 0.2% 0.667\ ° (0333
0 0 L — L L S L 5
10°* 10°* *107° JEJ |*107° | EJ
0.2+ 02%)  (0333\p (0667\p | ©
0 0o - L L = =
10 10 #107° JEJ (*107° JEJ

C4c tich phan trong (19) c6 thé tinh chinh xac hoic tinh theo
cac tich phan gan dung (tich phan s6) ctia Gauss. Sau khi tinh,
nhan dugc ma tran [ae](6x6) theo (28).

Ma tran [ae] goi la ma tran dé ciing phan tl, L la d6 dai mot
phan tl. B&i vi ham d6 véng clia phan tl la da thic bac ba nén cac
luc tac dung, luc quan tinh cta cac phan ti déu phai phan bé vé
nut cia né.

C6 sau &n ta c6 dugc sau phuong trinh va cé dang sau.

[A.Jx. )= B} (29)

Trong dé:

- {B, } 1a véc to Iyc nut phan ti (d8i véi bai toan tinh), néu nhu
tai nat (1) ¢o luc tac dung P thi vé phai B(1)=P...

- {B, }= {0} 1a véc to “0" (d6i véi bai toan dao dong tu do), néu
khéi lugng m dat tai nut (1) (phan td& chuyén vi) va luc quén tinh
fm=mm?W: thi thanh phan nay dugc dua vao ma tran ae tai vi tri
sau: ae(1,1)=mm?.

Théng thuong, ta sé dua cac luc quan tinh vao ma tran
téng thé clia thanh.

Bi€t dugc ma tran dé cing phan ti thi dé dang xay dung duoc
ma tran do clng t8ng thé cta thanh. Gia st thanh chi c6 mét phan
tl thi ma tran [ae] chinh 13 ma tran d6 ciing t6ng thé cda thanh.
Gia st chuyén vi tai nat (1) bang khéng thi ta bé dong 1 ¢cét 1 clia
ma tran [ae], gia st lyc cat Q=0 thi ta bo dong 6 cot 6 clia [Ae] bdi
vi chling ta khéng 6 hai an nay.

4.2.Vidu tinh toan

Dé ngédn gon, dé hiéu trong trinh bay ma khéng lam mat di
tinh téng quat cla bai toan, tac gia trinh bay I6i gidi s6 cla bai
toan dao déng tu do cla thanh bang cach két hgp phuang phap
phan t& hiru han va phuong phap chuyén vi cuéng bic théng qua
cac vi du cu thé sau:

Thanh dau ngam - dau tu do

Cho thanh thdng dau ngam - dau ty do, chiéu dai thanh L, c6
khéi lugng phan b déu trén suét chiéu dai thanh, thanh c6 do
ciing uén EJ=const, hinh 4a. Xac dinh tan s6 dao dong riéng va
dang dao dong riéng cua thanh.

B
-~ T o —%
= B ~
N <
- T T T
(a) (b) () (d) (e)

Hinh 4. Thanh dau ngam - dau tu do

a. An s6 ctia bai toan va cach danh sé an
Danh s8 an theo thu tu tir trdi sang phai d6i véi dam, tir dudi
Ién trén dé&i véi cot, theo cac &n nhu sau:

{X}:[Wl Wz e1 ez Q] Qz]T (a)

Nguyén tic danh s6 an la: tai nit ndo cda phan ti c6 chuyén vi
thang W béng khéng (nat tai ngam, tai g6i tua ..) thi danh s6 an la
“0", tai nat nao co luc cat Q bang khong (nat tai dau tu do) thi cling
danh s6 an 1a “0”, cac nut con lai danh s6 &n tir 1+n (vdi n 1a téng s6
&n cua bai toan).

VGi bai toan trén hinh 4, néu xem ca thanh la mét phan ta thi
s6 4n dugc danh nhu hinh 4c, d, e.

Theo hinh 4b, tai nat (1) chan ngam c6 chuyén vi thang bang
khong, ta danh W(1)=0, tai nut (2) dau tu do cia phan tlr co luc cat
bang khéng, ta danh Q(2)=0, cac n khac khong ta danh theo thu
tU t 124, cu thé 1a W(2)=1, 6(1)=2, 8(2)=3 va Q(1)=4. Nhu vay, bai
toan c6 téng s6 an la 4, dugc sap dat tu trai sang phai nhu sau:

{X}: [Wz 0, 0, QI]T = [1 23 4]T (b)
b. Ma tran dé cing phan ti
Tu ma tran do ciing phan t chung [ae] theo (28), ta bé hang 1

c6t 1 va hang 6 cot 6 (vi W(1)=0, Q(2)=0), cudi ciing ta nhan dugc
ma trdn dé cing phan tlr ael nhu sau:
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1 2 3 4
[ 12E] 6EJ 6EJ ] 1
3 2 - 2 0
AX AX AX
0.2*
_6F;.l 4E] 2EJ (%25 2 (0
L L L 10
1=
el 6Bl 2B 4E) 02%) 5
L’ L L 107
o 0.2% . 0.2% 5 0.667 ) 13
1074 107 *107° ) EJ 4

c. Ma tran dé cuing tong thé

Thuat toan l4p Iap ghép ma tran d6 cling téng thé nhu sau:

Budc 1: T ma tran d6 clng phan ti [ae(6x6)] chung, danh s6
ma theo s6 dn cla tiing phan t& tha i (i=1+n) theo nguyén tic tu
trai sang phai, ti trén xuéng dudi, tir bé dén 1én.

Budc 2: Trong [ae] chung (28), ta tién hanh xéa hang, cét lién
quan dén an c6 s6 ma bang “0” (néu cé) ctia phan t (1), phan con
lai (khéng bi x6a) chinh la ma tran d6 ciing cda phan tu (1).

Buéc 3: Coi nhu chua xéa hang cot theo Budc 2, ti [ae] chung
ban dau ta xéa hang, c6t lién quan dén &n c6 s6 ma bang “0” (néu
cd) cla phan td (2), phan con lai chinh la ma tran d6 cing cda
phan tl (2). Cac phan td ti€p theo lam tuang tu. Cudi cung ta nhan
dugc cac ma tran dé ciing phan ti [aely (i=1+n).

Budc 4: Tao ma tran [0] t&ng thé [A(0)] c6 kich thudc 1a téng s6
an cua bai toan.

Budc 5: Lan lugt ldy cac s6 hang trong tling ma tran do cing
phan tir da tim & budc 3 dat vao vi tri ¢ s6 ma hang (i), cot (j)
tuong Ung trong ma tran d6 cing téng thé [A(0)] . Néu tai cling
mot vi tri c6 nhiéu sé hang xép chéng Ién nhau (cung i, j) thi dugc
céng doén lai véi nhau. Cudi cling ta thu dugc ma tran dé cing
téng thé clia toan hé [A].

Xem toan bo thanh la mot phan td, gém hai nat, nat 1 tai chan
ngam cua thanh, nat hai tai dau tu do cda thanh, cac an chuyén vi
W, gbc xoay 0, va luc cét Q tai hai dau thanh, nhu hinh 4c¢, d, e.

Téng s6 an cla bai toan 1a 4 nén kich thudc ma tran dé ciing
téng thé 1a [A(4x4)] (chua ké dén diéu kién bién va diéu kién
chuyén vi cuéng buc tai dau thanh).

Bié€t dugc ma tran do cing phan tu [ae] da tinh dugc theo (28)
va biét duogc kich thudc ctia ma tran téng thé [A(4x4)] thi ta dé
dang xay dung dugc ma tran d6 cling téng thé cla toan thanh.

Gia st ma tran téng thé 1a ma tran “0” c6 kich thudc (4x4) nhu
sau:

1 2 3

[A]=

o o o o
o © © o
o O © O b
o © o o
H W N

Vi W(1)=0 nén trong [ae] ta xba hang 1 c6t 1, Q(2)=0 nén ta x6a
hang 6 cét 6, thu ducc [ae(4x4)]. Ta cdng ting s hang ae(j,j) trong
[ae] vGi phan t a(i,j) tuong Ung Ve vi tri trong [A], cudi cling ta
danh dugc ma tran téng thé nhu sau:
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1 2 3 4
12E]  6EJ 6EJ 1
_ — 0 1
Ax? Ax? Ax?
*
_6EJ 4EJ 2EJ (02 L 2 ()
’ L L 107
Al=
[A] _6EI  2E] 4E] 0.2%) 3
r’ L L 107
0 0.2% . 0.2% L 0.667) 12
107 107 *107° | EJ 4

Chu y ngoai cac an chuyén vi, géc xoay, luc ct cta thanh con
phai xét thém cac an la cac thua sé Lagrange A cla cac diéu kién
lién két & hai dau thanh.

Trong bai nay, ta con thém hai §n A, A2 13 hai thira s6 Lagrange
Ung véi hai diéu kién rang budc la goc xoay tai ngam chan thanh
bang khéng va chuyén vi cuéng buc tai dau tu do clia thanh béng
y0. Cu thé nhu sau:

dw a
g =0 =7\.]l:—_[3+_v:|
dx GF [phantu(1) tai x=-1]

g, =, [y(npt,2) —y0]=0 (e)
Nhu vay, ma tran dé cing téng thé [A] sé dugc ma rong thém
hai hang, hai cét nhu sau:

e

=0

1 2 3 4 5 6
[(12E1 1
3
lL _GEJ _<>EJ 0 0 1
3EJk,ZL
0.2%
_61?] 4E] 2EJ B L | ol 2
5 L L 10°*
6E. 2E 4E 0.2%
B ZJ J J ’ 0 ol 3
L L L 10
0.2% 0.2% 0.667\ 1 - 2
0 L- L L 1 L 0 4
107 10 *107° JEJ | 50000 EJ
2
0 1 0 Lt 0 0 5
50000 EJ
I 1 0 0 0 0 0] 6

Trong ma tran dé ciing téng thé ta thdy trong sé hang a(1,1)
xuat hién luc
2

f, =-moy(x)=~EJ “‘E‘j y(x)=-Elk,y(x)  (g)
2
k=D oy, B (h)
EJ m

fm: 12 luc quan tinh, m la khéi lugng trén mét don vi chiéu dai,
tai cac nut c6 khéi lugng tap trung (mL), tai dau tu do la (mL/2). Luc
quan tinh tac dung tai cac nut sé la:

fmi= - Mw2WiL (i 1a cac nuat gidia)

fmi= - mw?WiL/2 (i la cdc nut tai dau tu do)

Vi & day coi thanh la mét phan t ¢é chiéu dai L, nén luc quan
tinh tai dau thanh bang:

f :—lEJkZL



Sau nay thay bang viéc tim tan sé dao dong riéng wi ctia thanh,
ta di tim tri riéng ki, khi c6 ki dua vao (h) dé tinh w.

Nhu vay, sau khi m& rong thém hai hang, hai cét, ta nhan dugc
ma tran do cling t8ng thé cudi cung la [A] kich thudc (6x6) theo (f),
tuong Ung véi sdu phuong trinh c6 dang:

[Alix}={B} ()

Trong d6: {X} la véc to &n va véc ta luc nat {B} la véc to cot co
kich thuéc la (6x1), tat ca cac s6 hang thudc véc to {B} déu bang
khéng, ngoai tru B(6,1)=y0.

W, 1 0 1
0, 2 0 2
0 3 0 3
X= } B:
=i ot Bl=1 ¢,
A3 0| 5
A, 6 y0 6

Gii hé phuong trinh (i) thi ta nhan dugc phuang trinh A2 (&n s6
6, do chuyén vi cudng buc tai dau thanh bang y0 ma c6, theo (e)),
phuong trinh A2 c6 dang sau:

h/L=1/100 (khéng xét dén bién dang trugt ngang)

(-4.10% + 6666966
L, =0.7996x107* EJ.y0| 666666666666666 /L°

6666666667.k?.L*)
gidi phuong trinh 2,=0 ta nhan dugc: ki= 2.45/L2

=245 E—J4
mL

Nhan xét: Vi xem thanh la mot phan td, trén thanh c6 mét luc
quan tinh tap trung tai dau thanh (hé mét bac tu do) nén chi nhan
dugc mét tan s6 ca ban vai sai s6 I6n han 30% so véi két qua chinh
xac, mudn nhan dugc két qua tiém can vai két qua chinh xac ta can
r&i rac héa thanh thanh nhiéu phan ti hon, chdng han chia thanh
thanh 19 phan t& ta nhan dugc két qua trong hai trudng hop
khong xét (h/L=1/100) va c6 xét (h/L=1/10; va h/L=1/3) dén anh
hudng clia bién dang trugt ngang, nhu bang 1:

Khi chia thanh thanh thanh 19 phan t{, bai todn sé c6 téng
cdng 60 an s6, gém (19 &n chuyén vi, 20 &n gbc xoay, 19 &n luc cit
va hai thura s6 Lagrange Ass, Aeo Ung vai hai diéu kién rang budc,
go6c xoay tai ngam chan thanh bang khéng va chuyén vi cuéng
buc tai dau thanh bang y0), ma tran d6 cling téng thé [A1(60X60),
Do vay, ta nhan dugc 60 phuong trinh c6 dang (i):

[alix}={B}

Giai phuong trinh nay, ta nhan dugc Ae ¢ dang sau:

Trudng hop 1: h/L=1/100 (khéng xét dén bién dang truot
ngang), ta co:

A60=0.137931x1033(-0.26902x 108k 32*|64-
0.23361x10""2k;241%8+0.27869x 108k, 22|*4+

0.91510x107°k;34|¢8-,22505x10"2*k12°140-0.40806x 103k, 6132+

0.84291x10"%k;"4128+0.63774x10%k,38|76-,17038x10'>°k:8["6-
.21458x107%k1361724+-0.13459x 1016k, 26]52-
.99121x10™%k;12124+.12002x10"3%; 8*5+0.219034x10'%°k;21*+0.6068
9x10"5%, 9]0 53577x100%°k, 2856+

0.14647x10%k;A30[A80+0,18100x10'°k:612-0.52726x 1062k, 4I8-
.2620x10'%)y0xej (k)

Trudng hop 2: h/L=1/3 ( xét dén bién dang trugt ngang)

thay ki vao (34), ta co:

A60=0.4x1032y0xej*(.64327x1052k;38*]76-
.34067x10%k:36172+.5764x107°*k,341%8-.45118x 108"k, 32|%4

+.19405x10%k;3°/%°- 5056 2x10°2k:28|°6+.84735x 107k, 25%]52-
.94832x10"9%k; 24| A*8+,72498k;22*-.383 12k, 20140+

.14011e"7k:"81%6-.35250% 10"k, 6132

+.59971x10'%k, 4*128- 67010x10'27%k, 2|24

+.46941x10'33k,10120-,19146x10'37*k,®|'®

+.40209x10"%k,5112-.34605x10"*3*k;** [+

.72072x10"%k:21*-.76262x10'%6)=0 )]

Gidi hai phuang trinh (k) va (l) ta nhan dugc dong thi nhat va
dong thi 3 cGia bang 1. Ta thdy e la da thic bac 38 ctia ki nén giai
Le0=0 ta nhan dugc 38 tan sé dao ddng riéng wi clia bai toan tng
vGi hai trudng hop h/L=1/100 va h/L=1/3, & day chi dua ra 3 tan s6
dao dong dau tién (bang 1) cing véi ba dang dao dong va ba dang
dudng luc cat tuong Ung, hinh 5, 6.

Bang 1. Tan s6 dao déng riéng cda thanh dau ngam - dau tu
do tinh cho ba trudng hgp h/I. Chia thanh 19 phan t

) 1a Batansd dautién o, =k, B
Tyléh/l mL?
ki k12 kis
1/100 35113 21.9306 61.2063
1/10 3.4953 21.2631 57.0592
1/3 3.3425 16.7431 37.8256

Bang 2. So sénh tan s6 dao dong riéng cla thanh dau ngam -
dau ty do trong hai trudng hop khong xét va c6 xét bién dang

trugt ngang.
N EJ
. Batansé dautién o, =k, .[—
Truong hop ! "\ mL*
ki1 ki kis
Khéng xét 35113 21.9306 61.206
3
co xét 3.3425 16.7431 37.825
6
Chénh léch (%) 4.807 23.654 38.199

Bang 3. So sanh tan s6 dao dong riéng cta thanh dau ngam -
dau tu do xac dinh theo PPPTHH va két qua chinh xac:

. Batan sd dautién o, =k, B
Truong hop mL?
k11 k12 ki3
Chinh xac 3.516 22.034 61.696
PTHH 3.511 21.930 61.206
Chénh léch (%) 0.14 0.47 0.79
Nhan xét:

- Theo bang 1, 2 ta thay, khi xét bién dang trugt ngang tan sé
dao ddng cla thanh gidm dang ké, tan s6 sau gidm nhiéu hon tan
sO trudc.

- Theo bang 3 ta thay khi rgi rac héa thanh thanh cang nhiéu
phan t thi két qua nhan dugc cang gan hon véi két qua chinh xac,
That vay, tan sé riéng ki1=3.511/L2 (s6 phan t&r bang 19) xap xi véi
két qua giai tich.

Vi cac tan s6 dao dong nhan dugc & trén, ta ¢ cac dang dao
déng va dang dudng luc cdt tuong Ung, duéi day tac gia trinh bay
ba dang dao ddng va ba dang, dang dudng luc cat tuong Uing ba
tan s6 dao déng dau tién, hinh 5, 6.
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Hinh 6. Ba dang dudng luc cdt (ing vdi ba tan s dau tién

Nhan xét:

Theo hinh 5, ta thdy rang d6 thi biéu dién ba dang dao déng
tuong Ung vai ba tan dao déng dau tién giao nhau tai dau thanh
(day la vi tri kich chuyén vi cuéng buic bang y0; hinh 6 1a d6 thi biéu
dién ba dang dudng luc cat tuong Ung véi ba tan dao dong dau
tién giao nhau tai dau thanh (day la vi tri c6 luc cat bang khong),
dang dudng lyc cat trung vdi truc thanh (luc cat bang khéng).

4. KET LUAN

Véi viéc két hgp phuong phap chuyén vi cudng bic va phuong
phap phan t& hiu han, tac gid da xay dung thanh céng bai toan
dao déng tu do cla thanh c6 xét dén anh huéng cda bién dang
trugt ngang, tim duoc 16i gidi sé cla cac bai toan hoan toan phu
hap véi két qua gidi bang cac phuong phap hién cé. Khi chia thanh
thanh nhiéu phan tu, ta sé& nhan dugc nhiéu nghiém chinh xac.

Cac tan s6 dao dong nhan dugc theo phuong phap PTHH gan
nhu tring khép vai két qua nhan dugc theo phuang phap giai tich
trong trudng hgp khéng xét dén anh hudng cia bién dang trugt
ngang (h/L=1/100), sai s6 khéng dang ké, chdng han thanh dau
ngam - dau tu do két qua nhan dugc so véi két qua chinh xac ¢ sai
s6 0,14%, 0,47% va 0,79% tuong Ung vdi ba tan s6 dao dong dau
tién (bang 3), diéu nay ching té dé tin cay va hiéu qua cta phuong
phap phan td hitu han déi vai véi bai toan dao dong cda thanh.
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Két qua nhan dugc trong hai trudng hgp cé xét va khong xét
dén anh hudng clia bién dang trugt ngang thay déi I6n (tdn s6 dao
déng riéng giam lan lugt 4.807%, 23.654% va 38.199% Uing vdi ba
tan s8 dao déng dau tién - bang 2) déi véi thanh dau ngam - dau
tu do. Diéu nay cho thay can phai xét dén anh hudng cta bién
dang trugt ngang khi (h/L>1/10).

Khi khong xét dén bién dang trugt ngang (G—«) hodc (h—0)
céc biéu thuc, ma tran d6 cling va két qua nhan dugc trung véi bai
toan xay dung theo ly thuyét Euler - Bernoulli truyén théng.

Khi dung phuong phap chuyén vi cuéng buc dé giai bai toan
dao dong ty do cla thanh cho ta ngay phuong trinh da thuic xac
dinh tan s6 dao dong riéng cta thanh ma khong phai théng qua
céc phép bién ddi phuc tap dé dua ma tran vé ma tran dudng chéo
va khéng can phai tra bang. Phuong phap phan t& hiu han két
hop véi phuong phép chuyén vi cuéng buc dugc trinh bay & day
cho ta mét thuat toan rat hiéu qua, mot cach ti€p can mai dé danh
gia tan s6 dao dong clia bai toan tri riéng cia thanh va hé thanh.
D6 c6 thé 1a uu diém ndi bat nhat cla bai bao nay.

Ki€én nghi: Dung cach ti€p can méi da xay dung & trén dé tim tri
riéng va véc ta riéng clia cac bai todn co hoc noi riéng va tim
nghiém cda bai toan co vé phai bang khong néi chung.

L&i cdm on

Nghién ctu nay dugc tai trg bai Truong Pai hoc Hang hai Viét
Nam trong dé tai ma sé: DT21-22.80
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