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TOM TAT

Bai bao nay trinh bay Iy thuyét bign dang cét bac cao dé phan tich
tan si dao dang rieng va dn dinh cia t&m phan lap chic ning
nhiéu lap. Day [a Iy thuyét tinh toan phat trién tir Iy thuygt bign
dang cét bac nhat va khang cén sir dung hé sd higu chinh cét.
Phuong trinh can béng cia tdm duge thigt [ap theo nguyén ly
Hamilton. Lari giai Ritz duoe ap dung cho két cdu tdm vai cac diéu
kign bign khac nhau va tinh chinh xéc cia ma hinh phan tich duge
danh gia va so sanh vai cac loi gigi truac do. Ket qué sd trong
phéan tich t&m phéan lap chirc nang nhiéu lap dung dé danh gig dn
dinh tai han va tan si dao dong rigng ciia tdm do higu tng thay ddi
dic trung vat ligu, céu trac, ti sd canh trén chiéu day coa tam.

Tir khéa: Tam phan lep chirc ndng nhiéu lép; dao dang tur do;, phan
tich dn dinh.

ABSTRACT

This paper presents a higher-order shear deformation theory for
buckling and free vibration analysis of functionally graded sandwich
plates. The theory used is developed from the first-order shear
deformation theory without requiring shear correction factor. The
plate's equations of mation are derived from the Hamilton's principle.
Ritz's solutions are applied to solve for the plate's responses in
various boundary conditions. The accuracy of this plate model is
verified with the past studies. Numerical results are obtained for
functionally graded sandwich plates to investigate the effects of the
power-law index, constituent material distribution, side-to-thickness
on the buckling and frequency responses.

Keywords: Functionally graded sandwich plates, free vibration,
buckling analysis

1. GIGI THIEU

Vat liéu phan I6p chic nang (Functionally Graded Material
(FGM)) la loai vat liéu composite dac biét c6 cac dac trung co ly
thay déi lién tuc theo yéu cdu mong mudn [1]. Chinh vi vay,
chiing dugc st dung rat rong rai trong nhiéu linh vyc nhu: Xay
dung, co khi, hang khéng vi tru, 6 t6, tau thuay... Do yéu cau
ung dung FGM trong ky thuat ngay cang tang nén doi hoi phai
¢6 nhiéu nghién cdu, nhat la cdc mé hinh ly thuyét tinh toan
cho céc phan tich Gng x cla loai vat liéu nay. Cé rat nhiéu
nghién clu vé FGM da dugc cac nha khoa hoc phat trién, trong
do phan tich (ng x tdm phan I6p chiic nang nhiéu 16p theo ly
thuyét bién dang cat bac cao la mét trong nhing ly thuyét
phan tich hiéu qua cho két cau loai nay. Mot so ly thuyét tinh
toan khac nhu: ly thuyét cé dién (CPT) ([2]) bd qua &nh huéng
cla bién dang cat, ly thuyét bién dang cat bac nhat (FSDT) ([3-
5]) c6 k€ dén thanh phan bién dang cdt nhung can hé sé hiéu
chinh cat, ly thuyét bién dang cdt bac cao (HSDT) ([6-10]) khéng
can hé sé hiéu chinh cat va mat bién dang theo chiéu day tam
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c6 dang mat cong, diéu nay rat phu hgp véi ing xut thuc té cua
két cau tam.

Muc tiéu clia nghién ctu nay la phét trién ly thuyét bién dang
cét bac cao dé phan tich 6n dinh ti han va tan s6 dao dong tu do
cUa tdm phan I6p chiic ndng nhiéu I6p véi cac diéu kién bién khac
nhau nhdm da dang héa céac 16i gidi cho bai toan tam. Trudng
chuyén vi clia tdm dugc xap xi dua trén cac thanh phan chuyén vi
chua biét tai mat trung binh, trong d6 ham sé bién dang cat va
ham s6 ap dat diéu kién bién dugc lua chon déng vai trd quan
trong trong phan tich két qua bai toan. La&i gidi gidi tich dugc st
dung dé phan tich 6n dinh va tan s6 dao déng tu do cho tdm hinh
chit nhat c6 cac diéu kién bién khac nhau. Cac vi du s6 dugc ap
dung dé kiém chimng muic d6 chinh xac ctia nghién ctu bai bao so
VGi cac két qua da dugc cdng bo.

2. COSOLY THUYET
Xét tdm hinh ch& nhat nhu Hinh 1 ¢6 canh dai la a, canh ngan
la b, chiéu cao la & dugc ché tao tir gém va kim loai véi cac dac



trung hiu hiéu thay déi theo chiéu day tdm theo quy luat ham mat
doé thé tich.
Céc dac trung hiru hiéu dugc xac dinh:
P(z)=(P.-P, W) (2)+P, (1)
Trong d6 P. va P, la mdé dun dan hoi Young (£) , hé s6
Poisson (V) cia thanh phan gém (ceramic) va kim loai (metal) tai
mat trén va mat dudi ctia tdm. Ham mat dé gém (Vc(j)(z)) duoc
xac dinh theo quy luat:
v(z)=0; ze[hy,h]
z—h Y
7(z)= L zelhh] @
hy = Iy
vO@ =1 ze[hh]

V6i p la hé s6 dac trung vat liéu. Su phan bé vat liéu cda

Vc(j) (z) theo chiéu day tdm dugc thé hién nhu Hinh 2.

2.1. Trudng chuyén viva bién dang

Trudng chuyén vi clia tdm theo ly thuyét bién dang cdt bac
cao:

ul(x,y,z>=u<x,y>-z%+f(z)@<x,y)

1y 06, 1,2) = Vi3, y)-za%’;m 7(2)8,(5y) @)

uy(x,y,2) = wlx, y)
Trong d6 f(z) la ham s6 bién dang cét ([11]):

f(z) = harctan (7)

u, v, w, 6, va 6, la cac thanh phan chuyén vi tai mat trung

16r2°

3 (r2 + 4) “

binh clia tam; 7 1a hé sé hiéu chinh, lay r =1.
z

Hinh 1. M6 hinh tdm FGM nhiéu I6p.
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Hinh 2. Su phan bé vat liéu theo chiéu day tam.

Trudng bién dang clia tdm dugc xac dinh:

g=e® 4 2e0) 4 fa(z) (5a)
y=gy"’ (5b)
Trong dé
ou 3 o*w
2 | o ]| @
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‘ oy oy
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2.2. Phuong trinh ndng luong
Nguyén ly bién phan Hamilton ctia mot hé dugc xac dinh:

T
0= [(6U+6v 5K i %)
0

Trong d6 06U, 8V va 6K la bién phan nang luong bién dang,
bién phan thé ndng va bién phan déng nang cta tam. Thanh phan
bién phan nang lugng bién dang dugc xac dinh:

SU = j (00, +0,,06,, + 0,06, + 0,07,
Vv

+0,.0),. +0,.07,.)dV

2
—J[N 0du _\y 00w p 080, 06V

v ox ox? oo

2 000, 8
v, S0 p SR 50+ N, | 20800 ©

oy oy )y ox

2 006
o, SO p |09, 00

7 oxoy ooy ox
000, 000,

+0.| 060, +—= |+ 00, +—= ||d4
0.(00,+722 ), o0, + 22|

Trong d6 d4 = dxdy; N, M, Rva Q la cac thanh phan néi luc
trong tam:

h.f
(NXX’Nyy’ny):i I (Gfgf)ﬁﬁ;i),ffﬁj))dz (9a)

7= h,

300
(Mxx,Myy,Mxv>:Z z(a)(ci),ag),ag))dz (9b)
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J=h,
Thanh phan bié’n phan thé nang:
oV =—[ NowdA (10

Trong dé N la thanh phan luc ndm trong méat phdng ctia tim

2 2 2
N N)?,\ a 2 2N0 a ??6_1;1)
0ox Yoxoy Yoy
Thanh phan bién phan déng nang:
K = [ (iytt, +ii, i, + 11,51, o (2)dV
Vv

(1

0ow ow
—+—0u
ox  Ox

= [[1, (i + 59 +36v) - 1, [
A
i oW 00w  Ow O0Ow
“ae Ty
X Ox y oy (12)
+J, (80, + 6,80+ 950, +6,6v)~ J, [Zw 56,
40,200 0% 46 OO Lk (6,86,
ox oy’ Oy ’
+0,50,) |4
Trong d6 (-) la dao ham cac thanh phan chuyén déng theo thoi
gian ¢, p)(z) lakhéiluongriengva I, I}, 1y, J,, J,, K, la
cac thanh phan quan tinh cta tam:

h;
([0:[1:[2)=Z3: _[ (Lzazz)/?(j)

(z)dz (13a)
J=lh,

(J1.T2.K, ) ZJ’ 2f. 1)) (2)dz (13b)
J=lh

Thay thé oU, 5V va 0K tir(8), (10) va (12) vao (7). Phuong
trinh can bang cda hé dugc xac dinh:
ON, ON, oW

ou:—=+ =Iji—1,—+J,6. (14a)
Ox oy Ox ’
ON_, ON,, " N

ov:i—2+—2 =] iﬁ—l,a—w+J19, (14b)

0ox oy ! oy !
2 2
. azMxx 2 0 Mn 0 My.v N
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N LA IRV (140)
Ox Oy Bx oy
50, : a; - , ;ﬂugéx (14d)
X y X
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oP. 0P, b
50 S oo gies, Pk (14e)
Yox oy : oy !

Trong d6 V? = 6% / ox? + 0* /8y2 la toan t Laplacian.
Phuong trinh Gng xtr cia tam:

ol | cf o |fe)

cVt=cy ¢ o |J&¥ (15a)

o o0 il

ol'| [ o |/
Ui 0 {].,0 (15b)
o, L0 Gy |\

Trong dé
(/)
) _ ) __E7()
ol=c)) =— (16a)
11 22 1_‘/(]) (2)2
) =V (z)cy) (16b)
EY)(2)

-l -2l o
210V (z) |
Thay thé (6a) va (6b) vao (15a) va két hop vai (9a), (9b), (9¢) thu
dugc méi quan hé gila luc va bién dang:
< [a B B[
Mi=|B D D[]V (17)

P Bs Ds Hs 3(2)

Trong d6 A, B, D, B°, D, H® 13 cic thanh phan do clng

cla tdm phan 16p chic nang nhiéu I6p dugc xac dinh:
3 M _
(A.B.D.,B’ D" H')=)" j (Lz.2%. f.2f . f?)CY (2)dz
J=th,
(18)

Thanh phan luc cat dugc xac dinh bang cach st dung cac

phuong trinh (6¢), (15b) va (9d):

o s el
o, | o 4,16

Trong d6 A,,, A;; la cac thanh phan d6 ciing cét cia tam:
/ 3 h/
gy ==Y [ @0V =Y [ 0V 0z o)
J=hy J=Vh,
Thay thé (15) va (17) vao (12) thu dugc hé phuong trinh d€ giai
cho bai toan tam.
o’u 6 o’ 0’
b Ay S (4 + Ay )—— B,
ox oy’ Ox0y ox

o'w o0, 0’6,

—(B, +2B +B +B; = (21a)
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+(sz+Bg6)—y=10ii—1,a—w+J]¢9x
oxoy ox
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3. LOI GIAI GIAI TiCH

L&i gidi tam phan 16p chic nang nhiéu I16p c6 cac diéu kién bién
khac nhau véi cac thanh phan chuyén vi dugc xap xi dudi dang:

u(x,y,1) ZZU X'(x)Y(y)e”

m=1 n=1

i Vm"X )eiwt

m=1 n=1

Ms

xy,

8

x y’ = ZZVanX y)e””/
m=1 n=1
x y’ Sh ¥ X X/ y)eza)t

m=1 n=

(21b)

(21¢)

(21d)

(21e)

(22a)

(22b)

(22¢)

(22d)

x y’ zz mn y)e””/ (22e)

m=1 n=1
Trong do U, .V, W, ,X,.Y, lacac dai lugng can xac
dinh; @ la tan s6 dao déng riéng; i*=-1. Ham dang

X(x), Y(y) dugc chon dé ap dat cac diéu kién bién cta tdm

phan 16p chic nang nhiéu I6p [12].
Trudng hgp bon bién tua don (SSSS):

X(x)= \/gsin(mﬂxj (23a)
a a
2 . (nmy

Y(y)= 58| == (23b)

Trudng hgp bén bién ngam (CCCQ):

X(X)Z\/%{cos(zmaﬂx}—l} (24a)
Y(y) Z\/%{cos(zmbﬂyj—l} (24b)

Thay thé trudng chuyén vi dugc chon vao cac phuong trinh
can bang thu dugc phuong trinh dang rat gon:

(K-o’M)U=0 (25)
Trong do
k =4,e, + 46, k12 = (A12 +A33)es

ky=-B,e,—(B,+2B,;)e

ki, = B)ey, + Blyeg, ks = (B, + Bl ) e

kyy = Ayseo + Aype,, kyy =—[ Byye, +(B,, +2Bs, ) e, |

koy = (Bl + B3y )ergs kys = Biseyy + Biae,

ks, = B, e;; +(B,, +2B,,) e, ky, = Byyes +(B,, +2By3 )¢,
ky, =—D, e, —D,,es —2(D12 +2D33)e11 -N, (63 +77€9)

kyy =D}y + (D}, +2D3, ey, kys = Diyes +( D)y +2D3 e,

ky, =B/ \e, + Byeg, ky, =<Blsz +Bss3)es

ky=-Dje, — (D +2D33)esa ki, = Hye, + Hyseg — Ay e
kys :(Hlsz +H353)ex7 ks, :(Blsz +B3S3)elo

ks, = Bjse, + Byyey, ksy = —Die, _(DISZ +2D;, )elo

ksy = (Hy + H3, ey kss = Hyeyo + Haye, — Aise,
my, =—Ile,m,=1e,m,=-Je,m,=-1e,
myy =1e,, mys =—Je,, my, =—Iey, my, =—1 e,
my, =—1 e +(‘33 +e9)[25 my, =—J,e, my; =—J,e,
my, =—Jieg, myy =Jye, my, =—Kyeg, ms, =—Je,

msy = J,e,, mss =—K,e,
b a

elzj j X, Y X, Y dxdy, e, f X Y'X, Ydxdy
]

a

J‘ m=n
0
ba b
0

IX Y”’XmY dxdy
0
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Hinh 3. Cac trudng hop lién két clia tam

4. KETQUA SO

Trong phan nay, mot s6 vi du dugc khdo sat dé phan tich én
dinh t&i han va tan s6 dao déng riéng clia tdm phan 16p chuc nang
nhiéu 1&p vai cac diéu kién bién khac nhau c6 kich thudc hinh chir
nhat. Tdm dugc ché tao ti vat liéu gém va kim loai nhu Hinh 1, véi
cac déac trung vat liéu: mat dudi la nhom (Al): E,, =70 GPa,
v, = 0.3, P = 2707 kg/m?, (ALO3):
E,=380GPa, v, =0.3, p,=3800 kg/m* Cac hiéu tng vé
dac trung vat liéu, ti s6 canh trén chiéu day va cac trudng hop lién
két cGa tdm &nh hudng dén tan s6 dao déng riéng va én dinh téi
han cta tam dugc khao sat mét cach chi tiét. Dai lugng khong thi
nguyén dung dé phan tich két qua:

2
a
7\] Py E,
2
N, = Na
100Eh

Trong d6 E, =1GPa, p, =1kg/m’

Bang 1 trinh bay gia tri tan sé dao dong riéng ctia tam phan 16p
chuic nang nhiéu I6p (cdu trac 1-8-1:
hy==h/2,h =—4h/10,h, =4h/10,h, =h/2) trudng hop
bén bién tua don va lién két ngam dugc khdo sat véi su thay dbi
gia trj dac trung vat liéu va ti s6 chiéu day trén canh ctia tdm. Cac
két qua tinh toan dugc so sanh vai nghién clu ctia Q. Li va cong su
[13] st dung ly thuyét ba chiéu. Ti bang két qua cho thay c6 su sai
sO rdt nhé cta nghién ctu bai bao so véi nghién ctu nay, diéu dé
khéng dinh chinh xac két qua nghién ctiu bai bao.

Hinh 4 trinh bay hiéu Ging clia dac trung vat liéu va véi cac cau
trac khac nhau ctia tdm vudng trong trudng hop ti s6 canh trén
chiéudayla a/h=10.Tu hinh vé cho thdy tan s6 dao déng riéng
phu thudc vao su sdp x€p vat liéu theo chiéu day tdm, diéu nay la
phu hgp véi ing xt clia két cau do thay d6i d6 cling trong tam. Gia

mat trén la gém

o =0
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tri tan s6 dao dong riéng trong tam dat gia tri Ién nhat khi phan bo
vat liéu theo cdu tric la 1-8-1 va bé nhat Uing vdi cau tric 2-1-2:
hy==h/2,h =-h/10, hy=h/10,h, =h/2.

+1 1-1
155 F %124
——2-11

[ —-B-—212
221

1-8-1

B e 4

P

o o 5-B-f--B-8-0- 8 -8-G 8 -O-5 808 -
125 o o a 1
/0

o 2 4 & & 10 12 14 1 8 2
Hinh 4. Gié tri tan s6 dao dong riéng ¢, cho tam hinh vudng tua don truong hop cau

tricvat liéuthaydéi a /A =10

Hinh 5 trinh bay hiéu (ing cta dac trung vat liéu va cac diéu
kién bién khac nhau cta tdm vudng truong hgp ti s6 canh trén
chiéu day a/h=10.Tu hinh vé cho thdy gia tri tan s6 dao dong
riéng phu thudc vao cac diéu kién lién két ctia tam, tam c6 lién két
bén bién ngam cho gia tri tan sé dao dong riéng I16n nhat trong khi
tdm c6 bén bién tua don thi c6 két qua ngugc lai, diéu nay la hoan
toan phu hgp véi Uing xtr théng thudng cla két cdu khi phan tich
tan s6 dao dong tu do.

Tuong ty, Hinh 6 cling trinh bay hiéu ting dac trung vat liéu va
ti 1é canh trén chiéu day clia tdm thay d&i cho trudng hop tdm
vuéng c6 bo bién tya don. T hinh vé cho thay ti [é canh trén chiéu
day clia tdm c6 &nh hudng dén gia tri luc nén én dinh téi han trong
tam.

3

28

26 |

24—0// * I

221

o 1 2 3 4 s s 7 8 8 1w
Hinh 5. Gié tri tan s6 dao dong riéng ¢, cho tam (cdu triic 1-8-1) hinh vudng trutng

hop cac diéu kién bién khacnhau a / h =10

32

281

24+

—&— akh=5

% ah=10 |
—+—ah=20
—-8-— a/h=100

22/

o 1 2 3 4 5 & 7 & s 1
Hinh 6. Gid tri luc nén ti han N, cho tdm (cu triic 1-1-1) hinh vudng tua don truong
hgp canh trén chiéu day tam thay déi 77 = 1



Bang 1. Gia tri tan s6 dao dong riéng (@, ) clia tdm hinh vuong (cau trdc 1-8-1) tya don va lién két ngam bon bién

Diéu kién bién Tham khao hila p=05 p=1 p=2 p=>5 p=10
SSSS Bai bdo 0.01 1.33990 1.38666 1.44488 1.53138 1.59098
Q. Livacong su (3D) [13] 1.33931 1.38669 1.44491 1.53143 1.59105
Bai bdo 0.1 1.29512 1.34525 1.40498 1.49013 1.54714
Q. Liva céng su (3D) [13] 1.29751 1.34847 1.40828 1.49309 1.54980
Bai bdo 0.2 1.18677 1.24288 1.30494 1.38619 1.43703
Q. Liva céng su (3D) [13] 1.19580 1.25338 1.31569 1.39567 1.44540
CCCC Bai bdo 0.01 2.50374 2.59158 2.70049 2.86219 2.97352
Q. Livacong su (3D) [13] 245438 2.54149 2.64835 2.80692 291611
Bai bdo 0.1 231386 241687 2.53180 2.68584 2.78449
Q. Liva céng su (3D) [13] 2.24154 2.34606 2.45973 2.60760 2.70070
Bai bdo 0.2 1.94337 2.06196 2.18021 2.31571 2.39084
Q. Liva céng su (3D) [13] 1.86081 1.97993 2.09554 2.22142 2.28896
5. KET LUAN 9. Talha, M. and Singh, B. N. Static response and free vibration analysis of FGM plates

Bai béo trinh bay phan tich én dinh va dao déng tu do cla tdm
phan I6p chic nang nhiéu 16p vai cac diéu kién bién khac nhau.
Phuong trinh can bang nang lugng dugc xdy dung tur cac thanh
phan chuyén déng cla tdm. L&i gidi Ritz dugc st dung cho bai
toan tadm co kich thudc hinh chr nhat vai cac diéu kién bién khac
nhau gitp cho viéc phan tich tng x két cau tam dugc phong phu
hon theo phuong phap giai tich. K&t qua nghién ctiu cla bai bao
phu hgp véi cac nghién ctu truée day, diéu d6 ching to tinh chinh
xac cGa nghién ctu nay. Cac danh gia hiéu tng vé thay déi ti &
kich thuéc canh trén chiéu day, cau tric ciing nhu quy luat phan
b6 vat liéu theo chiéu day tam dugc khao sat va phan tich mot
céach chi tiét. M6 hinh nghién ctu cla bai bao la phu hop va c6 gia
tri cho phan tich 6n dinh t&i han va tan sé dao déng riéng ctia tam
phan I6p chiic nang nhiéu 16p.
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