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Tom tat

Cho N va M la hai sé Steinitz. Cho p la mét s6 nguyén t6 va GF (p) la mét truong
c6 p phan tir. Bao déng dai sé I'(p) la hop ciia tat ca cdc trwo'ng GF(p™) véi n la sé
nguyén duong. Theorem 9.8.4 cua (Roman, 2005) khang dinh rang GF (p") = GF(pM)
khi va chi khi hai s6 Steinitz N va M bang nhau. Trong bai bdo nay, ching t0i tiép tuc
phat trién ket qua trén thong qua viéc chi ra rang cdc truong con khdc nhau trong bao
dong dai so ' I'(p) ¢6 cdu triic truong khdc nhau. Cy thé, chiing t6i chitng minh rang mgt
ding cau truwong giita GF (p™) va GF(pM) ton tai khi va chi khi N = M. Két qud nay
cung cap mét ddc trung quan trong vé cau truc cua cdc truong con trong I' (p).

Tir khod: bao dong dai s6, ddang cdu trirong, mé réng triweong, sé Steinitz

Abstract

ON THE ISOMORPHISM CONDITION AMONG SUBFIELDS OF THE

ALGEBRAIC CLOSURE OF I'(p)

Let N and M be Steinitz numbers. Let p be a prime and GF (p) a field of p elements.
The algebraic closure I' (p) is the union of all fields GF (p™) for positive integers n. Theorem
9.8.4in (Roman, 2005) states that GF (p™) = GF (p™) if and only if the two Steinitz numbers
N and M are equal. In this paper, we continue to develop the above result by showing that
the different subfields within I' (p) have distinct field structures. Specifically, it is proven that
a field isomorphism between GF (p™) and GF (p™) exists if and only if N = M. This result
provides an important characterization of the subfield structure within I' (p).

1. Pit van dé

Cho F 1a mot truong va A 1a mot F-dai s6 v&i don vi 1. Theo (Kurosh, 1947), A 1a
mot dai $6 ma trdn dia phiwong néu véi bat ky bé hitu han cac phén tr aq,a,,...,a; €A
nam trong mot dai s6 con B,1€BEA, ma dang cau vo1 mot dai sO ma tran M o (F) voi
n>1.Vin de tim hiéu ciu tric cia mot sb 16p dai s6 bang viéc tham s6 hoa chung boi
tap hop cac sO Steinitz da thu hut dugce nhiéu nha toan hoc quan tim nghién ctru tir rat
lau. Chang han nhu (Glimm, 1960), (Baranov, Zhilinskii, 1999) va (Bezushchak, Oliynyk,
Sushchansky, 2016) dé chi ra rang: hai dai s6 ma trdn dia phuong c6 don vi voi sO chiéu
dém duoc dang céu voi nhau khi va chi khi chung ¢ cung sO Steinitz twong tng
((Bezushchak, Oliynyk, 2020); Theorem 1)). M6t diéu tha vi 14 tinh hudng nay ciing dung
d6i vai bao déng dai s6 ciia mot truong hiru han co p phan tir GF(p) voi p 1a mot sb
nguyén t6. Cu thé, xét bao dong dai sd:
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re) = | J erem
neN*
ctia trudng hitu han GF (p) va cho N va M 1 hai s Steinitz, hai trudng GF (pV) va GF (p™)
dang cau khi va chi khi N = M (xem Dinh 1y 4.3). B¢ y ring theo Theorem 9.8.4 cua
(Roman, 2005), mdi trudng con cia I'(p) deu co dang GF(p™) véi N 1a mot s6 Steinitz
nao d6. Hon nira, ket qua nay cling phat trién mot phan cua Dinh ly 9.8.4 trong (Roman
2005), & d6 mot sé cau truc vé cac truong con cua I'(p) dugc chi ra. Nhu vay, theo két qua
trén, ching ta thiy duoc rang trong 1op cac truong con cua I'(p), céc truong con phan biét
c6 CAu trac trudng phan biét. Tuy nhién, tlnh hubng nay khong con ding dbi voi 16p cac
trudng con cua bao dong dai s6 cua truong s hitu ti Q. Dé chi ra khang dinh nay, ching ta
Xét 16p cac trudng con cua trirong Cac o dai s6 A. Nhic lai ring A dwoc xac dinh bai
A={u€eC|udais6trénQ}.

Theo (Nicholson, 2012), Corollary trang 296, A 1a mot bao déng dai sb cia Q. Tiép
theo, nhan thay rang da thic f(x) = x* — 2 bat kha quy trén Q va nhan cac phan tir V2
va i3V/2 1am nghiém. Ngoai ra, (@(\/— ) va Q(iV/2) 1a hai trlrong con phan biét cua A, va
hon nita chung cung dang cau véi truong Q[x]/(x* — 2) theo (Morandi, 2012),
Proposition 1.15).

Nhic lai rang mot truong E duoc goi 13 déng dai s6 néu moi da thirc khac hang
f(x) € E[x] déu co it nhat mot nghiém trong E. Mot bao déng dai s6 cia mot truong F
12 mot md rong dai s6 ciia F ma ban than n6é déng dai s6. Moi trudng déu c6 bao dong
dai s6 va cac bao dong dai sé ciia mot truong 1a duy nhat sai khac mot dang cau (xem
(Lang, 2012), Corollary 2.6 trang 232 va Corollary 2.9 trang 234).

Cac ky hiéu duoc str dung trong bai bao nay la cac ky hi¢u thong thuong. Chang han,
N* la tap hop cac so nguyén duong va F la mot truong. Hon nira, p ludn dugc quy udc la
mat s6 nguyén to, GF (p) la mot truong hitu han ¢ p phan tir vai bao dong dai s6 T'(p).

2. Phuong phap nghién ciru

Pé nghién ctru cdu tric ciia cac trudng con trong bao dong dai s6 I'(p) voi p 1a mot
s0 nguyén to chung ta s€ su dung cac phuong phap sau:

Sir dung S6 Steinitz: dau tién, ching ta s€ sir dung cac sO Steinitz dé phan tich ciu
trac cua cac truong con trong bao dong dai s0 I'(p). Cac sb Steinitz cung cap mot cach
tham s6 hoa hiéu qua cho cac dai s6 ma tran dia phwong, gitip chung ta hiéu rd hon vé
céu tric ndi tai clia cac truong con.

Xac dinh bao dong dai so6: tiép theo, chling ta s& xac dinh chinh xac bao dong dai s6
I'(p) =Upen+ GF(p™) clia truong hitu han GF (p). Viéc nay doi hoi viéc hiéu rd vé cau
trdc cua cac truong hitu han va cach ching duoc két hop lai dé tao thanh bao dong dai so.

Phén tich ciu trac treong con: sau khi dé xac dinh bao dong dai s0, chung ta s&
tién hanh phén tich cAu trac cua cac truong con trong I'(p). Piéu nay bao gdm viéc tim

hiéu méi quan h¢ gilta cac trudng con, cting nhu xac dinh cac diéu kién can va da dé hai
truong con dang ciu voi nhau.

Bang cach sur dung cac phuong phap trén, chung ta hy vong c6 the dat dugc nhiing
hiéu biét sau sic vé cdu tric cta cic trudng con trong bao dong dai s6 I'(p).
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3. Chuan bi

Trong muc nay ching toi nhic lai mot s6 khai niém va két qua duoc ding cho Muc
4. Cy thé, cho mo rong truong E /F. D& thay E 1a mot khong gian vecto trén F. Ky hiéu
[E: F] duoc dung dé chi sé chiéu cua E trén F, ndi cach khac

[E:F] = dimgE.
‘ Néu [E: F] = n, trong d6 n € N*, thi ta n6i E 1a mot md réng bdc n cia F. Ménh
de dudi day chi ra mot cach xac dinh bac cua mot mé rong hitu han ctia GF (p).
Ménh @é 3.1. [GF (p%): GF(p)] = d véi moi d € N*,
Churng minh. Xem (Roman, 2005), Theorem 9.6.1).

Cho K va L la hai truong con cua mot truong E. Ky hi¢u KL la truong con nho nhat
cua E chura ca K va L. Tlep theo, cho trudc hai s6 nguyén duong n va m, cac ky hiéu
lem(n, m) va ged(n, m) 1an luot chi boi chung nho nhat va udc chung 16n nhat ctia n va
m. Goi F, la tap hop tat ca cac 16p dang cdu cua cac truong hitu han chtira GF (p). Cau

triic ctia tép hop F, ¢6 thé duogc xac dinh théng qua tap hop céac s6 nguyén duong N* bang
dinh ly dudi day.

Dinh Iy 3.2. Anh xa ¢:N* > E, xdc dinh boi

¢(n) = GF(p™),Vvn € N*

la mét song dnh. Hon nita, cho triedée n,m € N*, cdc khang dinh dwéi ddy la ding:

a) n|m khiva chi khi GF(p™) < GF(p™).

b) GF(p™) N GF(p™) = GF(p&admm),

¢) GF(p™GF(®™) = GF (p™™).

Churng minh. Xem ( (Roman, 2005), Theorem 9.8.2).

Tom lai, dinh 1y vira rdi cho chung ta thay rang anh xa ¢ tao ra mot cau trac dan
gitra cac truong hiru han GF (p™) tuwong ing vdi cac sO nguyén duong n va cac tinh chat
ctia dan nay duoc xac dinh bai quan hé chia hét, boi chung nhé nhat va ude chung 16n
nhat.

O ndi dung ké tiép, ching t6i trinh bay so luge v& mot cach dé xac dinh bao déng
dai s6 cua truong hiru han GF (p). Dat

re):=| Jeram)

Dé dang chtg minh duoc rang I'(p) 1a mot trudng. Hon nita, I'(p) 1a mot bao dong
dai s6 ciia GF(p) (xem (Roman, 2005), Theorem 9.8.1). Pé mo ta cac truong con cla
I'(p), trong bai bao nay, khai niém vé s siéu tw nhién hay s6 Steinitz (xem (Steinitz,
1910) hodc (Roman, 2005)) s€ dugc su dung. Cu thé, goi P 1 tap hop cua tat ca cac sd
nguyén to. Mot tich hinh thirc vé han c6 dang

1_[ p'? ,trong d6 cac s6 miir, € N U {0} véi moip € P,
peP
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duoc goi 1a mot s6 Steinitz. Goi SN 14 tip hop cua tit ca cac sd Steinitz. D& thiy tap hop
cac so nguyén duong N* 1a tdp con ctia SN vi moi s0 nguyén duong déu c6 dang ciia mot
s0 Steinitz v&i hau hét cac thanh phan mi bang 0 chi trir mét s6 hitu han. Cho hai s6
Steinitz N = [[,epp™ va M = [[,ep p*r. Ta noi hai s6 Steinitz N va M bang nhau khi
va chi khi r, = k;, v6i moi p € IP. Luc nay, ta ky hiéu N = M. Hon nira,

NM:=[,epp™*,

trong d6 phép cong sé mii duoc hiéu theo nghia thong thudng voi quy ude n + oo =
chomoin € N, duoc goi la tich cua N va M. Ngoaira,néur, < k, v6imoip € IP, tandi
N chia hét M hay N 13 wée cia M, ky hiéu N|M, va

M . — rp—k
=[]
pEP

dugc goi 1a thuwong cua phép chia M cho N, & ddy phép trir cac sé mii ciing duoc hiéu
theo nghia thong thuong cung cac quy udc 00 — oo = 0 va 00 —n = 00 véi moi n € N.
Néur, > k, véi mot vai p € P thi tandi N khong chia hét M hay N khong la wéc cua M.
Dé théy, quan h¢ chia hét duoc dinh nghia nhu trén bién SN thanh mét tap hop duoc sép,
trong d6 I: = [[,epp™ 12 phan tir 16n nhat va 1 1a phan tir nhé nhat,

Bo6 dé 3.3. Cho N € SN va cho a,b € N*. Néu a va b déu la wéc ciia N thi bji
chung nho nhat Icm(a, b) cing la wéc cua N.

Chitng minh. Dat N = [[,ep p'». Khong mat tinh tong quat, ta c6 thé gia st
— 1,2 Nk Ah = my M2 mg
a=p;'py" P VAD=DpyiDy P
trong do6 cac p; 1a cac sO nguyén to va cac n;, m; la cac so nguyén khong am. Vi a|N va
bIN nénn; <m, vam; <1, véimoi 1 <i < k. T day,
max{n;, m;} <1, voimoil <i<k.
L

Vi Vély, lcm(a, b) — pinaX{Tll,mﬂp;‘ﬂaX{nz.mz} "'p;(nax{nk’mk} 1a wéc cia N va ta co

diéu phai chig minh.

Cho N 1a mét sb Steinitz. it GF(p") =U av GF (p®), trong do d chay khip cac
ude nguyén duong ciia N. Ménh dé dudi day cho thiy rang tap hop GF(p™) co cau tric
cua mot truong.

Ménh d@é 3.4. Véi moi N € SN, GF (p™) 1a mét mé réng dai s6 ciia GF (p).

Chitng minh. Lay a,b € GF(p"). Khi d6, a € GF(p®) v6i d;|N va b € GF(p%)
v6i dy|N. Goi d 12 boi chung nhé nhét ctia d;va d,. D& thiy a va b déu thuoe GF (p®)
theo Pinh ly 3.2. Hon nita, vi d4 va d, 1a cac udc cua N nén theo B6 dé 3.3, d ciing 1a
ude cua N. Tir day, GF (p") 14 truong. Ngoai ra, theo Ménh dé 3.1, [GF(pD): GF (p)] =
d < 00. Vi moi mé rong hiru han déu 1a m¢ rdng dai s6 nén phan tur a dai so trén GF (p).
Vi vay, GF (p") 1a mé rong dai so ctia GF (p).

Tiép theo, cho trudc hai sb Steinitz N = [lhepp™ va M = [I,ep p¥e. Cac sb
Steinitz

gcd(N,M): = npmin{rp'kp} valem(N, M): = Hpmax{rprkp}
peP pEP
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lén lwot duoc goi 13 wéc chung Iom nhat va béi chung nho nhat ciia N va M. Tap hop cac
s6 Steinitz SN ciing dong vai trd twong tu tap hop cac s6 nguyén duong N* trong DPinh ly
3.2. Cu thé, tap SN gitip chung ta xac dinh duoc ciu triic cua tap hop tat ca cac truong
con cua I'(p). Khing dinh nay 13 ndi dung chinh cta dinh 1y dudi day.

Dinh Iy 3.5. Anh xa f tir SN vao tdp tit cd cdc trirong con ciia I'(p) xdc dinh boi
f(N) = GF(p"),VN € SN.

Khi do, f la mét song dnh. Hon nita, néu N va M la hai sé Steinitz thi cdc khdng

dinh sau day dung:

a) GF(p") hitu han khi va chi khi N hitu han.

b) GF(p"N) < GF(p™) khi va chi khi N|M.

¢) GF(p")n GF(pM) = GF(p8d®:M),

d) GF(p") GF(p") = GF(p'™"™).

Churng minh. Xem ( (Roman, 2005), Theorem 9.8.4).

Nhu vy, theo két qua trén, ta thiy rang mdi truong con cua I'(p) déu co dang
GF (p™) v6i M 1a mot so Steinitz nao do.

4. Két qua chinh

Vi mdi s6 Steinitz N, ta dat I(N) = {d € N* | d 1a woc cthia N}. D& di dén két qua
chinh cua bai bao, ching ta s& thiét 1ap mot diéu kién can va du dé hai truong con cua
I'(p) bang nhau dwa vao mdi quan hé giira tap hop cic udc nguyén duong cua cac sd
Steinitz twong Ung.

Bo6 d@é 4.1. Cho N va M 1a hai s6 Steinitz. Khi d6, GF(pN) < GF (p™) khi va chi khi
I(N) € I(M).

Chitng minh. Trube tién, gia st rang GF (p™) < GF (pM). Goi d 1a mot wéc nguyén
duong cua N. Khi do, theo Dinh 1y 3.5, GF (p%) < GF (p") < GF(p™). Tiép tuc theo
DPinh 1y 3.5, ta ¢6 khang dinh d|M. Piéu nay cé nghia la I(N) < I(M).

Tiép theo, gia st rang I(N) € I(M). Vi GF(p") = Uaiv GF(p®) vé6i d chay khép
cac uéc nguyén duong ciia s6 Steinitz N nén GF (p") = Ugerny GF (p%). Mot céch tuong
tu, ta cling ¢ khang dinh GF (pM) = Useron GF(pf). Mat khac, vi I(N) la tap con cta
I(M) nén Uge;on) GF 0%) < Ugerny GF (p?). Tix day, GF (p") ndm trong GF (p™) va vi
vay ta co diéu phai chimg minh.

Hé qua 4.2 dudi day duogc suy ra truc tiép tir B6 dé 4.1.

H¢ qui 4.2. Cho N va M la hai s6 Steinitz. Khi dé, GF(p") = GF (p™) khi va chi
khi I(N) = I(N).

Chirng minh. Trudc tién, gia sir rang GF (p") = GF(pM). Khi d6,

GF(p") < GF(p™) va GF (p" = GF (p™).

Theo B6 dé 4.1, I(N) € I(M) va I(N) 2 I(M). Do d6, I(N) = I(M). Tiép theo,
gia sur rang I(N) = I(M) Tu day, I(N) € I(M) va I(N) 2 I(M). Tiép tuc ap dung Bo
dé 4.1, ta thu dugc GF (p") = GF(p™) nhu mong mudn.
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Cuoi cung, ta di dén két qua chinh cua bai bao.

Dinh Iy 4.3. Cho N va M 1a hai sé Steinitz. Cho p la mét s6 nguyén t6. Néu ton tai
dang cau truong tir GF (p™) vao GF (p™) thi N = M.

Chitng minh. Trudc tién, ta c6 nhan xét rang ca GF (p™) va GF (pM) déu chira trudng
GF(p). Gia sit ¢ 1a mot ding ciu trudong tir GF(p") vao GF(pM) Vi (p(l) =1 nén
@(a) = avéi moi a € GF(p). Do dé, ¢ ciing 1a mot dong cu GF(p) -tuyén tinh. Tiép

theo, ldy d 1a mot uéc thuan nguyén dwong ciia N. Khi d6, dé thiy rang (p(GF (pd)) la

mdt truong con cia GF (p™). Theo Dinh 1y 3.5, <p(GF(pd)) = GF(p%) voi S 1a mot sb
Steinitz ndo d6 théa man S 1a udc cia M. Hon nita, vi [GF(p®): GF(p)] = d nén véi
{wy, Uy, ., Ug} 1a mGt co 6 ctia GF (p?) trén GF (p), tap hop {@(u), (), ..., @ (ua)}
14 mot co s¢ ciia GF (p°) trén GF (p). Do d6, [GF (p®): GF (p)] = d < co. Nhan thay rang
GF(p®) hiru han vi GF(p) hitu han. Theo Dinh ly 3.5, S hitu han va do d6
[GF(p®): GF(p)] = S theo Ménh dé 3.1. Vi vdy, S = d va theo DPinh 1y 3.5, d|M. Piéu
nay c6 nghia 1a sé nguyén d € (M) va tir day I(N) € I(M). Ching minh twong tu, ta
ciing thu duoc I(M) € I(N). Theo Hé qua 4.2, GF(p") = GF (pM) va theo Dinh 1y 3.5
ta két luan dugc N = M.

5. Két ludn

CAu triic cua 16p céc trudng con cua bao dong dai s6 I'(p) véi plamot s6 nguyén t6
co the dugc phan tich thong qua viéc sur dung cac 5O Steinitz. Két qua nghién ciru cho
thay rang mdi sd Steiniz twong ing voi duy nhat mot ciu triic truong con trong I'(p).
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