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Tom tit

Phwong trinh tich phdn c6 nhiéu g dung trong khoa hoc va kj thudt, mé td cdc
hién twong cé tinh nhé hodc cdc twong tdc mang tinh toan cuc. C6 nhiéu phirong phap
khdc nhau dé gidi phwong trinh tich phdn, chang han nhw phwong phdp thé Idp, phirong
phép chudi, phwong phdp dinh Iy diém bat dong, phirong phdp bién déi tich phén va cdc
phirong phdp s6. Trong bai bdo nay, chiing téi xét mét sé phwong trinh tich phdn Volterra,
thwong xudt hién khi nghién citu cdc phirong trinh vi phdn véi dao ham cdp khéng nguyén.
Bang cdch ap dung phirong phdp thé Idp, chiing t6i xdy dung cdc cong thire nghiém chinh
xdc cho nhitng phwong trinh tich phdn nay. Phirong phdp dé xudt cé thé dwoc mo rong
cho nhiéu 16p phwong trinh tich phén khéc, dong thoi cdc cong thire nghiém thu dwoc la
co 56 dé nghién ciru cdc tinh chdt cia nghiém doi véi phieong trinh vi tich phéan ¢6 dao
ham cdp khéng nguyén phi tuyén.

Tw khéa: phuong trinh tich phan, phwong trinh Volterra, phwong phdp 1p.

Abstract

CONSTRUCTION OF EXPLICIT SOLUTION FORMULAS FOR VOLTERRA

INTEGRAL EQUATIONS VIA THE METHOD OF SUCCESSIVE

APPROXIMATIONS

Integral equations have numerous applications in science and engineering, as they
model phenomena with memory effects or global interactions. Various methods have been
developed for solving integral equations, including the method of successive
approximations, series methods, fixed point theorems, integral transform techniques, and
numerical approaches. In this paper, we investigate several classes of integral equations
that commonly arise in the study of differential equations involving derivatives of non-
integer order. By applying the method of successive approximations, we construct explicit
solution formulas for these integral equations. The proposed method can be extended to
other classes of integral equations. Moreover, the obtained solutions provide a basis for
studying qualitative properties of solutions to nonlinear fractional integro-differential
equations.

1. Giéi thi¢u
Phuong trinh tich phan thuong md ta cac trang thai ¢6 su tich Iy trong mot khoang
thoi gian hodac khong gian. Tinh chat nay lam cho phuong trinh tich phan tr¢ thanh cong
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cu quan trong trong viéc mo ta cac h¢ théng c6 tinh nhé hodc nhitng hién tugng ty nhién
phuc tap.

Nam 1823, Abel da nghién ctru bai toan duong dang thoi va dién dat n6 dudi dang
mot phuong trinh tich phan (Abel, 1823). Volterra (1913) da nghién ctru vé céc hé théng
¢6 nhé, ddt nén moéng cho cac phuong trinh ¢6 can thay d6i, mo ta chinh xac hon cac qua
trinh tién hoa trong co hoc va sinh hoc. Fredholm (1903) da nghién ctru ly thuyét pho, tur
d6 cho thiy duoc su tuong dong giita phuong trinh tich phan vé hé phuong trinh tuyén
tinh. Day la dong gop quan trong, khong chi don gian hoa viéc tim 161 giai ma con cung
cap mot khung tu duy méi dé hiéu vé tinh ton tai va duy nhat cua nghiém. Ly thuyét
phuong trinh vi phan duoc Hilbert nang tim bang cach nghién ciru ching trong khong
gian Hilbert, tao gin két giita giai tich va hinh hoc khong gian v6 han chiéu (Courant va
Hilbert, 1953).

Phuong trinh tich phan ¢6 loi thé hon so véi phuong trinh vi phan do ching thuong
tich hop cac diéu kién bién hodc diéu kién dau vao ciu trac hat nhan. Diéu nay mang lai
gia tri dac biét trong vat ly toan, noi cac phuwong trinh nhu Lippmann-Schwinger cho phép
mo ta cac trang thai tn xa ciia hat ma khong can dinh nghia lai toan bo khong gian bao
quanh (Hochstadt, 1973). Ngay nay, phuong trinh tich phan da mang lai nhiéu © Umg dung
trong cac linh vuc khac nhau, chang han nhu bai toan nguoc hay céng nghé chan doan
hinh anh y té hodc tham do dia vat Iy, noi cdu trac bén trong cia mot vat thé duoc tai tao
lai tir cac dir li€u tich phan thu thap dugc tir bé mat (Kress, 1999).

2. Tong quan tinh hinh nghién ciru

Céc phuong phap giai phuong trinh tich phan 1a mot chi dé dugc quan tam rong rai
trong toan hoc tmg dung. Khong chi dung lai ¢ viéc tim nghiém s6 hodc nghién ciru tinh
giai dugc, nhidu cong trinh con hudng dén viée xay dung nghiém chinh xac cho céc 16p
phuong trinh khéc nhau.

Trong cong trinh ctia Rahman (2007), tac gia da trinh bay nhiéu phuwong phéap khac
nhau dé tim nghiém cua phuong trinh Volterra; tuy nhién, phan 16n cac phuong trinh dugc
xét 1a phuong trinh Volterra ¢ dién v6i nhan lién tuc, chua chtra nhan ky di. Brunner
(2017) da nghién ctru su ton tai, tinh duy nhat nghiém va cic phuong phéap giai cho
phuong trinh tich phan véi cac nhan ky di yéu dién hinh nhu K(t,x) = (x—t)*™ hoic
K (t,x) =log(x —t). Du vay, cac phuong trinh v&i nhan ky di tong quat hon van chua
dugc xem xét mot cach day du. Nguyén Minh Dién (2021) da dua phuong trinh vi phan
cAp phan s6 vé dang phuong trinh tich phan twong duong, tir d6 ap dung phuong phap thé
lap dé tim nghiém cho bai toan nghién ctru. Cling hudng tiép can nay, Abbas va Faris
(2019) da ap dung phuong phép thé 1ip nham nghién ctru sy ton tai va tinh duy nhat
nghiém ctia phwong trinh vi phan chtra s6 hang tich phan. Gan ddy, Thenge (2026) da str
dung phuong phép thé 13p cho mot s phuong trinh tich phan c6 tinh ky di; tuy nhién, cac
két qua thu duge con tuong ddi don 1é va chwa co tinh khai quat cao.

Tir cac cong trinh néu trén, c6 thé thiy rang viéc ap dung cac phuong phap khac
nhau dé tim nghiém cua phuong trinh tich phan luén la van dé thoi sy. Tuy nhién, cho
dén nay van chua c6 cong trinh ndo nghién ctru mot cach day du viéc ap dung phuong
phap thé lap nham xdy dung nghiém chinh xac cho cac phuong trinh tich phan Volterra
v6i nhan ky di gin véi mot 16p ham thich hop.
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3. Phuwong phap nghién ctru

Xét phuong trinh tich phan Volterra khong thuan nhét dang:

u(t) = £+ [ F(t,s,u(s))ds 1)

~ bay la mot trong nhitng phuong trinh c6 qhiéu ung dung trong khoa hoc k¥ thuat.
Néu F la ham Lipschitz theo bién U, nghia la ton tai k(t,s) sao cho:

| F(t,s,u)—F(t,s,Vv)[<Kk(t,S)|u—V]| (2

véimoi u,vell ,trong d6 k(s,t) 1a ham kha tich theo s trén [a;t], khi d6 phuong
trinh (1) c6 nghiém duy nhat (Hermann Brunner, 2017). Trong phan két qué chinh, chiing
t0i chi xét truong hop F(t,s,u) =k(t,s)u, trong d6 K(t;s)1a ham kha tich trén [a;t], do

d6 cac diéu kién (1) va (2) déu duoc théa man, nghia 1a phuong trinh Volterra ¢6 nghiém
duy nhit. Cac phuong phap giai phuong trinh (1) c6 thé ké dén nhu phuong phap thé lap,
phuong phap diém bat dong, phuong phap bién doi tich phan, phuong phap chudi.

Trong bai bao nay, chung t6i nghién ctru 4p dung phuong phap thé lap cho phuong

trinh tich phan Volterra khong thuan nhat. Chang t6i mo ta phwong phéap thé lip cho
phuong trinh (1) nhu sau:

* Bwée 1: Chon Uy(X) = g(X) v6i g 1a ham thuc bat ky 1a gia tri x4p xi ban déu.
* Bwée 2: Tinh u,(X) bang su thay thé:

u,(x) = h(x)+ 4 j f(t, x, U, (t))dt.

* Bwée n: Tatinh u_(X) tr u,,(X):
U, () =h()+ [ f (t.xu, ()t
Véi diéu kién Lipschitz (2), ta co:
u,(x) > u(x), (n— o).

Nhin xét 3.1. Ham U, (X) = g(X) co thé chon tiy y va nghiém U khong phu thudc
cach chon ham g, tuy nhién ta c¢6 thé chon g mot cach ph hop dé dé dang tinh toan cho
céc budc sau. Trong nhiéu trudng hop, ta c6 thé chon g(x) = h(x) .

4. Két qua

Két quéa chinh ctia bai bao nay hudng dén viéc xay dung cong thirc nghiém chinh
x4c cho mot s6 phuong trinh tich phan Volterra v&i nhan ky di, lién két voi mot ham
thich hop.
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Dé chuan bi cho viéc phat biéu va chimg minh cac két qua chinh, chung toi gidi
thiéu mot s6 ky hiéu va mot vai tinh chét co ban ctia ham Beta, Gamma va Mittag-
Leffler. Chi tiét dinh nghia va tinh chét co ban cua cac ham nay c6 thé dugc tim thiy
trong (Long et al., 2001; Gorenflo et al., 2020).

Ham Beta va Gamma dugc ky hiéu tuong tng 1a B(,-) va I'(-), dugc xac dinh
theo cong thuec:

B(a,b) = jol XA-x)"dx, T(a) =[x e

trong d6 a,b 1a cac s6 thuc dwong. Mot vai tinh chat va méi lién hé quan trong
cua ham Gamma va Beta cho bdi cac cong thirc sau:

r'@7rb
B(a,b)=B(b,a), I'(a+l)=al(a), B(a,b)= [(@)r(b) trong d6 a,b>0.
I'(a+b)
Ham Mittag-Leffler mot tham sé duge dinh nghia boi:
+0 Zk
E@)=Y—",
«(2) kzz(; ['(ak +1)
Véi a, >0, ham Mittag-Leffler hai tham s6 dugc dinh nghia bang chudi:
+00 Zk
E, ,(2)=) ——.
’ g [(ak +f)

Taco E,,(2)=E,(2).

Dé don gian, trong muc ndy, ching ta ludn gia dinh rang y € C'[a,b] véi
w'(t) >0 véimoi t e[a,b]. Véi ham y théa min dicu kién nay, ta c6 két qua sau:

B6 dé 1. Cho a, £ >0, khi d6 ta c6:
I, ,(ts)= wa'(t)(w(X) —y () () -y () dt

= B(a, A)w ()~ ().

Chitng minh. St dung d6i bién dang:

RRZ0RZ0
w(X)-w(s)’

suy ra w(t) =y (s)+ (w(X)—w(s))u va dy(t) = (w(x) —w(s))du . Pong thoi chi § rang
khi w(t) = w(s) thi u=0 vakhi w(t)=w(x) thi u=1. Do dé, ta co:

1y 09 =0 -y (&)™ [ A-u)u" du
=B(a Ay () -y (&)

B6 dé dugc ching minh xong.
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St dung céc quy w6c, ky hiéu va bo dé trén, ching ta s& phat biéu va chimg minh
két qua chinh cua bai bao nay. Ngoai ra, d€ thuan tién cho viéc phat biu cac ket qua
chinh, trong céc dinh 1y dudi day, chung t6i luon gia thiét ring « > 0. Gia thiét ndy dam
bao cac nhan ctiia phuong trinh tich phan luon la ham kha tich.

Pinh 1y 1. Cho g € C[a,b], xét phuong trinh tich phan:

u(x)=g(x) -1 j K, (Du(t)dt, 3)
trong d6 K, , (t) =v'(t)(y(x) - w(t)“™". Khi d6, nghiém ciia phwong trinh (3) cho béi:

F((l " oax
F(HO{) J.a K”a,v/ (t)g(t)dt

U0 =g(x) +g(—4)"
Dic biét, véi g(x) =u, 1a hang sb, ta co:
u(x) =U,E, (—AT(@)(y () - (@)“).
Chitng minh. Dit Uy(X) = g(X), bang phuong phép thé lap, ta thu dugc:
1 (x) =909 - 2] K, Hg(t)dt,

trong d6 K, , (t) =y'(t)(w(x) - w(t))*. Thuc hién thé l3p tiép theo, ta duoc U,(X) cho
boi:

u,(x) = g(x)- 1 j K,, ®)u,(t)dt = g(x) -2 j K,,®g®)dt+ 2%,  (4) véi:

1=['K,, (t)[ [l Kalu/(s)g(s)ds}dt.
D6i thir ty 1y tich phan ta dugc:

I = I:w'(t)(w(X) —yp ()" U;l//'(S)(t//(t) —W(S))“‘lg(s)ds} dt

-[ g(s)w'(s)[ [y OG0 -vO) W) —w(s»“dt}ds.
Str dung B6 dé 1 voi S =a, ta thu dugc:

| ([C@)
I'(2e)

(C(a))®

[ O 0w (s)*g(s)ds =" 23

[ Kz, (5)g(s)ds.
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Thay két qua vira nhan duoc vao (4), ta co:

2 @)

U, (x) = 9() - 4] K, (5)g(s)dt + )

[ Kz (8)9(s)ds

=900+ Y () Y

= I'(ka) L Kiay (8)9(s)ds.

Gia su:

k
k ?EE‘)) [ iy, (9)9(5)ds, ta 52 chimg minh:
o)’ ’

0, () =9+ (-4)

0,200 =000 + 22 [ [k, (90(s)ds

That vay, ta co:

U200 = 900 =4, K, O, (t)dt

= g(x)_;tznlj': Kew (t){( )k II:EZ))I ka(s)g(s)ds}

Ap dung B6 dé 1 va bién di twong tu & bude trude do, ta co:

J: Ka’w (t) I:J: Kka,.,, ()9 (S)ds} dt
= LX g(s)y'(s) |:_Lx v'()(w(x)- l//(t))afl(l//(t) _ W(S))kaldt} ds

= B(er,ka) [ Kieyaya, (9)9(5)s.

Két hop céc dang thirc vira thu duoc va sir dung dang thirc lién hé giita ham
Gamma va Beta, ta nhan duoc:

0,00 =000 + 3,4 FL

[ Ky (5)0(s)ds.
Tir nguyén 1y quy nap toan hoc, ta két luan dugc:

0, () = g(x)+ > () K

> A Ly e K (9909

https://vjol.info.vn/index.php/tdm 105



Tap chi Khoa hoc Pai hoc Thu Dau Mot S6 2(81)-2026

véimoi nell”. Do g lién tuc trén [a;b] nén ton tai M, = mta)b( g(t). Strdung B4 dé 1,
ta co:

S » [()"

g+, (-4)" =~

nZ:; I'(ne)

r(a)

[ Koy (5)9(5)0s

<M, +M Z|/1| J.an(s)ds
n=1

) r(a) L(na) .
=My M, D2 (0 -y (@)

M i[lill‘(a)(l//(x)—w(a)) I’
’ I'(na +1)

=M E, (| 2T () (X) -y ())").

F(“) j K (s)g(s)ds hoi tu déu

Diéu nay ¢ nghia 1a chudi g(x) + Z( )"
n=1

na,y

trén [a;b] Do d6 u,(x) —>u(x) la ham lién tuc va ta thu dugc cong thirc nghiém cua
phuong trinh tich phan (3) dudi dang:
Iﬁ(Ol )"

u(x) = g(x)+2( ) j Koy (5)9(s)ds

Tiép theo ta xét truong hop g(X) =U, (hang sb). Tir cong thirc nghiém thu dugc &
trén, trong truong hop nay, ta co:

0 =1, 0, 33 -2 L [ )0 -y s

I'(nex)

r(na+1)°

Ap dung B6 dé 1 v6i =1 va chi y rang B(na,1) = ta dugc:

_ oy D(@)" T(na) na
U(X)—Ua+UanZ=:,( A)" I(n)) T(nex +1)(W() v (2))

s (AT @@ ) -v@) |
& I'(na +1)
=U,E, (A (o) (v (x) —w(a))”)

DPinh ly 1 dugc ching minh.

Pinh ly 2. V6i g e C[a,b] va w(a) >0, w(x)#1 vdi moi x €[a,b], xét phuong
trinh tich phan:

_ (v M)
u(x)=g(x)+4 j (In w)j s u(t)dt. (5)
Khi do, ta co:
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B 2 L T@ o w0 ws)
s=ate+£3 LR (D] LS oo

Dic biét, néu g(x) =u, (hang sd), ta co:

u(x)=u,E_ | AI'(a) (In Mja .
()

Chitng minh. Sir dung phuong phép thé lap véi U, (X) = g(x), ta co:

u, (X) = g(x) mj:[ln M] AU g(t)dt

w(t)) w()
va
(¥) '(t)
u,(X) = 9(X)+/1I (Inl/l(t)} W(t)
y(X)) v'(t) 2
_g(x)mj (m (t)j ()g(t)dt+/1J (6)
voi:

a-l B

5 Ix(mwmj v'(t) f(m t//(t)j V() o o)ds [t
aLow® ) w® |20 w(s)) w(s) |

Bing phuong phap doi thi ty tich phan, ta duoc:

v'(5) v () lmj‘“wd_d_ ,
e )M (t)j ( o)) v | "

Dé don gian, ta dit:
a-1 a-1 ,
Jozjx(mwj (mwj v® 4
U ow() w(s)) w(t)
Bién ddi truc tiép va ap dung B dé 1, ta co:

3o =, (INy )=y @) (Iny ) -y (s)) ddny )

_(C(@)* s _ (D@ (1 w())"
T(zay YTV = ['” w(s)j

Thay két qua vira nhan dugc vao (7) két hop véi (6), ta dugc:

(@) o w0y (s)
u,(x) = g(x)+k2;/1 F(ka)j (In V/(S)] ) g(s)ds.
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Lap lai phuong phap chimg minh Pinh 1y 1, ta két luan dugc nghiém cta bai toan
(5) dugc cho dudi dang chuoi:

2 (@) v (X) w'(s)
u(x) = g(x)+n2;1 F(na)J (In l//(S)j ) g(s)ds.

Néu g(x)=u,, khi do, ta co:

L@ o, w0 w(s)
u(x)=u, +u Zl/l F(na)j [In V/(S)] ) ds

=u, + uagi“ %jj(m w(x)—Inw(s)) d(ny(s))

=u, +u 2/1” D) 1 (nwja

o T(a)nal w(a)

_y,+u, 3 L@ Toe) [ w0
S Te)T(na+)\ " y(a)

il“(a)(ln ‘/’(X)]
w(a)

=u
anZ:(; I'(na+1)

—uE | AM(a )(m (X)j
y(a)

Pinh 1y 2 dugc ching minh.

DPinh ly 3. Xét phuong trinh tich phan Volterra:
u(x)=e g (x)+k [y @ (0 -y E)* e O Ou ), ®)

trongdo a >0, k,Aell, g la ham lién tuc trén [a, b].

Khi d6é nghiém chinh x4c ctia phuong trinh (8) dugc cho bai:

_ - 2 2 D(a)"
u(x)=e *Wg(x) +e NN k" 2L
(x) g(x) nZ:;, (na)

trong d6 K, (t) =" (0)(w (x) -y (1)
Dic biét, khi g(x) =u, (hang sd) thi:
u(x) =ue O, (KI'(a)(w (x) —w (a))*).

Chitng minh. Nhan ca 2 vé cua (8) v6i e™™ | ta duoc phuong trinh trong dwong:

[ Koy ©9 0L,

() = 9 (9 +k[ K, (O™ u(vet
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Dat:
v(x) =e?®u(x),

ta dugc phuong trinh:

v(x) = g(x)+k[ K, v(t)dt. 9)
Phuong trinh vira nhan dugc 12 phuwong trinh d xét trong Pinh 1y 1. Ap dung két
qua

cta Pinh 1y 1 cho phuong trinh (9), ta co:
. (a
V) =90+ Sk A Fos ] K 000
n=1

trong d6 K., (t) =y'()(w (x) -y (1))

Do u(x) =e *™Vv(x), tir phwong trinh trén ta thu dugc:
_ Ay (Xx) Ay (x) o kn r(a) K t t dt
U0 = g(ge Y +e DK L j ey DG

Tuong tu, khi g(x) =u,, ta co:

V(¥ =U,E, (kD@ (0 -y (@)").
Tu d6, ta nhan duoc:
u(x) =ue ", (KI'(a)(w (x) —v (a))").

DPinh ly 3 dugc ching minh.

5. Két ludn

Trong bai béo niy, chung toi da sir dung phuong phap thé lap dé xay dung cong
thirc nghi¢m chinh xac cho ba dang phuong trinh tich phan Volterra. Cac cong thic nay
c6 thé duoc sir dung 1am co so ban dau dé nghién ctru sy ton tai va duy nhat nghiém ciia
cac phuong trinh vi phan cép phan thu.

Phuong phéap duoc ap dung trong bai bao co thé mo rong cho nhiéu 16p phuong
trinh tich phan khac nhau. Do d9, trong cac nghién ctru tiép theo, chung t61 du dinh mo
rong phuong phap nay cho cac 16p phuong trinh tich phan dang Volterra tong quat hon.

Hon nita, dya trén nhitng két qua dat dugc trong bai bao, chung t61 dy kién ap dung

phuong phap nay de nghién ciru sy ton tai va duy nhat nghiém cua cic phuong trinh vi
phan v6i dao ham cép phén thu.
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