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Tom tat

Trong bai bdo nay, chiing téi chitng minh sy tén tai diém yén ngua cho dnh xa da tri nhdn gid
tri trong khong gian vecto tong qudt vdi diéu kién (v, C)-tua don diéu xoay vong theo hudng. Bai
todn duoc thiét ldp trén moi truong khong co bdt ky mét cdu triic té pé nao va ciing khéng ding
cdc gid thiét vé tinh 16i ciia dnh xa da tri ciing nhu tinh 16i ciia non gdy nén thit tu trong khéng gian
anh cua dnh xa da tri.
Tit khoa: diém yén ngua, don diéu xoay vong, dnh xa da tri
Abstract

SOME SADDLE-POINT THEOREMS FOR VECTOR-VALUED MULTIMAPPING

In this paper, we prove the existence of a saddle point for a multivalued mapping that takes
values in a general vector space with the condition that (v, C')-cyclic quasi-monotonicity in the
direction. The problem is setting in an environment that does not have any topological structure
and use assumptions about the convexity of the multivalued mapping and the convexity of the cone
that make the order in the range of objective mapping.

1. Gidi thiéu
Cho E, F la cdc tap hop khdc rdng va ham ¢ : E x F — R. Xét bai toan toan tim diém

(a,b) € E x F thda
¢(a,y) < ¢(a,b) < ¢(x,b) véimoi (z,y) € E X F. (1.1)

hay tuong duong véi
max ¢(a, F') = ¢(a,b) = min ¢(F, b). (1.2)

Tiép cén theo cach xem quan hé thif t thong thudng trong R 13 giy nén bdi nén R, thi (1.1) tuong
duong véi

¢(a,y) — ¢(a,b) ¢ RiA\{0} va ¢(a,b) — o(z,b) ¢ R \{0} véimoi (z,y) € Ex F. (1.3)
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Diém (a, b) thda (1.1) goi 1a diém yén ngya ctia ham ¢. Céc bai toan lién quan dén diém nay goi
chung 1a bai todn diém yén ngua.

Bai toan nay cling v6i cac bai toan diém cin bang, bai toan tdi wu, bai toan diéu khién,... nim
gilf vai trd quan trong trong nhiéu linh vuc cta khoa hoc nhu 1a: thiét ké mach dién, kinh té, tai
chinh, ly thuyét tro choi va dac biét laly thuyét diéu khién, v.v, (chezlng han nhu, [1,3,10-14,16,17]).

Thém nifa, trong linh vuc diéu khién tdi uu, ly thuyét tro choi thi tap diéu khién thudng chon
mang yéu td rdi rac va nhiéu gia tri. Vi thé, chuing ta cling can thay thé him don tri béi ham da tri,
mot trong cac dang thudng gip cla bai toan nay 1a dang ham da tri dudc phan tich thanh téng cia
mot ham don tri va mot b phan da tri.

Bai todn (1.1) da c6 rat nhiéu nghién cifu c6 cac két qua phong phu, ching di dudc phat trién
theo cac hudng sau day:

e Thay thé mién &nh ctia ¢ tif tp hop cc vo hudng R vdi quan hé thif tu tuyén tinh sang khong gian
vecto hitu han chiéu R" véi quan hé thd ty sinh bdi non 16i R, Theo hudng nay da c6 céc cong
trinh [4,5,9, 14]....

e Thay d6i cic diéu kién dit 1én ham ¢ nhu 1a tinh lién tuc, nifa lién tuc, 16i,... gin diy trong cong
trinh cda [9, 13, 14] da dua vao diéu kién "tua don diéu xoay vong" (cyclically anti-quasimonotone).
e Mot s6 tac gia phat trién bai toan theo hudng md rong cac két qua di c6 vdi anh xa muc tidu ¢ 12
don tri sang ¢ 1a da tri (chang han nhu [8, 18] va cdc tai liéu tham khao trong do).

Bai toan diém yén ngua v6i anh xa da tri da dudc xem xét bdi nhiéu tic gia chang han nhu
Chang-Yuan véi cong trinh [2], Zang-Li v6i [18],... Trong cdc cong trinh ndy, diém yén ngua dugc
dinh nghia dua trén quan hé thi tu trong khong gian 4nh ctia ® giy nén bdi nén 16i véi phan trong
khéc rong. Ta c¢6 thé md ta lai khdi niém nay nhu sau: Cho C' 1a mot nén 16i ctia khong gian vecto
t0 pd V v6i intC # 0, vadanh xadatri ® : £ x F = V. Diém (a,b) goi 1a diém yén ngua cia @
neu

Max®(Z, F) N ®(7,5) N Min®(E,7) # 0, (1.4)

ddayMinA={rec A:t—ao ¢ —intC Vi€ A} vaMaxA={r € A:t—x ¢ intC Vt € A}
voi ) # A C R (xem [2, 15]).

Nhin chung, cic két qui theo nhitng hudng néi trén hau hét 1a dudc xem xét bai toan trong moi
trudng c6 ciu tric td pd, khai niém diém yén ngua dudgc dinh nghia dua trén thi tu sinh bdi nén 16i,
két quia c6 dudc dua trén cac gia thiét 16i cho ham ¢ va st dung cdc cong cu nhu 13 cic dinh Iy vé
diém bat dong, dinh 1y kiéu KKM thong qua cac ky thuit vo hudng.

Gan day, trong cong trinh [7] ching to6i d3 md rong bai toan nay cho trudng hop "thi tu" dugc
dung 12 giy nén béi tap con c6 phan 16i khac réng va chiing toi xem xét bai toan trong moi trudng
khong c6 bét ky mot clu triic t6 pd nao va cac két qiia khong dua vao cic gia thiét 16i cia ¢.

Theo su hiéu biét ctia ching tdi, bai toan diém yén ngua ctia ham da tri v6i gid tri vectd chua
dugc xem xét trong moi trudng khong c6 ciu triic to po.

Trong bai b4o ny, ching t6i s& md rong mot sd két qua trong [7] sang trudng hop ¢ 1a ham da
tri. Pic biét khi ma ¢ 13 don tri ching t6i nhan lai két qua trong [7]. D€ c6 dudc két qua nay chiing
toi st dung khai niém tua don diéu xoay vong (cyclically quasimonotone) theo huéng cia ham ¢ da
dinh nghia trong [7], cai tién cho toan ti da tri.

Céu triic bai b4o nay nhu sau, muc tiép theo chiing to6i chuan bi mot sé khai niém, ky hiéu va
cac két qua dudc phép st dung dé trinh bay két qua chinh trong Muc 3, cudi ciing 13 két luan.
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2. Chuan bi

Trong subt bai bdo nay chiing tdi sit dung V' 1a khdng gian vecto , £, F' 1a cac tap hop khéc rong.
Ky hiéu R, = {z € R: z > 0}, ]R+ = R, \{0}. Khi K la tdp con cia V, ta ky hiéu K° = V\K
vak =K \{0}, & day 0 1a phan ti khong ctia V. Tap tit ca (tuong dng., hitu han khéc réng) tap
con khac rong cta tap X dugc ky hiéu bdi Z(X) (.4, .Z(X)). Cho C € (V) vag € V. Non
gy nén bdi C, phan trong dai s6 ctia C, bao déng vecto ctia C' va bao déng vecto theo huéng ¢ clia
C ching t6i st dung lai cac ky hiéu trinh bay trong [7] va lan ludt nhac lai tuong Gng nhu sau:

coneC' := U MO,
A>0

coreC :={zx €V :Yv e V,3\ > 0saochoz + [0,\Jv C C}.

C' dugc goi 1a non (t.u, 161 dai s6, m& dai s6) néu coneC' = C (t.4, coreC # (), coreC = O).
Chiing ta dé thiy ring coreC' C C. Néu V 1a khong gian vecto to pd, ta ky hiéu intC' 12 phan
trong theo td pd ctia C. Ta cling thly ngay intC' C coreC' C C, va intC = C néu C 1a 16i vé6i
intC' # (). Vi vy, néu C la déng (t.1, md), cling 1a déng theo vectd (t.4, mé theo dai s6).
Dé€ nhan dugc khdi niém di€m yén ngua clia 4nh xa da tri ching t6i tham khdo [2, 18] va m&
rong khai niém t.0 trong dinh nghia sau

Dinh nghia 2.1. Cho K la tip con ctia V v6i 0 ¢ core K # () va 2 1a tap con ctia V. Phan i o € ©
dugc goi la

(i) diém K-cuc tiéu (t.4, K-cuc dia) ) néu

(a—K)NQ={a} (tt, (a+K)NQ={a}); 2.5)

(i) diém K-cuc tiéu yéu (1.4, K-cuc dai yéu) ctia 2 néu K trong (2.5) dudc thay thé bdi core K.

Cho ¢ : X = Y la anh xa da tri va G 1a tip con khéc rong cia X, ky hiéu ¢(G) = U, ¢(2).
Ta ky hiéu tap tit ca cac diém K -cuc tiéu (t.0, K -cuc tiéu yéu, K-cuc dai, K -cuc dai yéu) ctia Q 1a
MIHKQ (resp., Mil’le(Q, MaxKQ, ManvKQ).

Dinh nghia 2.2. Cho® : Ex F = V laanh xadatriva K C V v6i 0 ¢ coreK # (). Phan ti
(a,b) € E x F idudc goi 1a diém K-yén ngua (t.4, K-yén ngua yéu) ciia ® néu ton tai £ € ®(a, b)
thda & € Ming®(E, b) (t.d, Min, x®(E, b)) va { € Maxg®(a, F) (t.b4, Max,, x®(a, F)).

Mot trudng hop riéng, néu V = R va K 12 nén 16i déng ctia R v6i int K # (), ta nhan lai khai
niém di€m yén ngua ma da dudc trinh bay trong [2,7].

Ta dé dang c6 dudc cac cach nhin khac vé diém yén ngua clia ham da tri dudc trinh bay trong
bd dé sau:
BG dé 2.3. Cdc phdt biéu dudi day la tuong duong

(i) (a,b) € E x F la diém K-yén ngua (t.i, K-yén ngua yéu) ciia ®.
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(ii) Ton tai & € ®(a,b) théa

(E—D(EW)NK =0 (tit, (£ — D(E, b)) N coreK = )

(®(a, F) = NK =0 (tit, (®(a, F) — ) N coreK = ().

(iii) tontai & € ®(a,b) sao cho khong cé phén tit x € E théa

(€= Dz, b)) NK #0 (i, (£ — ®(x,b)) NcoreK # 0)
va ciing khong co y € F thoa
(@(a,y) =& NK £ (1, (D(a,y) — €) Ncore # D).
Trong sudt bai bdo nay ta luon ky hiéu tip tat ca cac diém K-yén ngua (K -yén ngua yéu, t.1)
ciia @ 12 S(®, K) (t.a, WS(®, K)).
Cho X la tap hop khdc réng va n € N, ta ky hiéu
(gn<X> = {(I‘l, .-.’xn+1) S Xn+1 P lpg1 = I‘l}.
Mot phan ti ctia 6, (X) dugc goi 1a n-vong. Dinh nghia sau day chiing toi viét lai tir [7].
Pinh nghia 2.4. ( [7, Defintion 2. ]) Cho anh xadontri f : X x X - V,ve VvaC C V. f
dugc goi 1a tua don diéu vong quanh theo hudng v tuong iing vdi C' (n.gon, (v, C')-c.q.m) néu bt
k¥ m € Nva (21, ..., Tmy1) € Co(X), tdntai i € {1,...,m} dé cho f(z;, x:41) € v+ C.
V6i C'1a tap con khac rong clia V va v € V, ta dinh nghia ham v, ¢ : 2(V) — R, xéc dinh bdi

1, QCcuv+C,
”VU,C<Q) = .
-1, Qv+,

Du vao Dinh nghia 2.4 ta dinh nghia khai ni€ém xoay vong cho anh xa da tri nhu sau:

Pinh nghia 2.5. Cho C' € 2(V)vav € V. Anhxadatri ® : X x X = V goi la tua don diéu
xoay vong theo hudng v tuong iing véi C (n.gon, (v, C')-c.q.m) néu ham v, c0® : X x X — R 1a
(0,R;)-c.q.c.

Ta ky hiéu tap tit ca cac anh xa don/da tri (v, C)-c.q.m tf E x E vao V bdi Co.o)(E,V).
Co s clia cc két qua chinh trong bai bdo nay dua trén BS dé 2.6 dudi day. Chop : ExE =V,
KCcFE Ce2Z(V)vaveV.Vbi(x,y) € E x Etaky hiéu

WGé(e, K)={ae K :y,cop(x,a) =1} va,H (K, y) ={a € K :vyop(a,y) =1}
B6 dé 2.6. Néu ¢ : E x E =2V la (v,C)-c.q.m, thi cdc tdp () ,G&(z, E) va (| vHE(E,y) la
€A yeA

khdc réng véi moi A € F(E).
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Chiing minh. Ta sé ching minh B& dé nay bang phuong phap phan chiing. Gia st trdi lai rang, ton
tai A € Z (FE) d€ cho

N .GE(z, E) = 0.

€A

Diéu nay din dén ring
(Va € E, 3z € A, 00 p(x,a) #1). (2.6)

St dung gia thiét (v, C')-c.q.m clia ¢ cho 1-vong tao nén bdi mot phan ti z € F, nghia 13, (z, ) €
€1 (F),taco
Yo.c 0 p(x,x) =1véimoix € E. 2.7)

Ta gi4 st rang tip A c6 m phan ti. Trudc tién, ta 14y mot phan tif bat ky cia A, va ky hiéu n6 la
. St dung khang dinh (2.6) cho phan tit a := x,, két hop véi (2.7), ton tai x,,,_; € A\{z,,} thoa

Yo © (Tt ) # 1. (2.8)
St dung gia thiét (v, C)-c.q.m ctia ¢ cho (p,_1, Ty, Tp1) € Ga(E) v6i chi ¥ (2.8) ta nhan dudc
Yo.c © P(Tmy Trm—1) = 1. (2.9)
St dung (2.6) cho a := z,,_; cing véi (2.7) va (2.9), ton tai x,,_» € A\{xp,_1, 7, } d€ cho
Yo © (T2, Tm_1) 7 1. (2.10)
Lai st dung gia thiét cho (2,,_2, Zp—1, Tm—2) € €5(E), va chd ¥ ring
(Tim—2, Ty Tm—2) € Ga(E),

ta co
Yo.0 0 P(Tm—1, Tm—2) = 1 Vay, 0 0 @(Tp, Tm_s) = 1.

Tiép tuc qua trinh nay, ta ¢6 dudc tap A = {1, 29, ..., T}, Tony1 := 1, Khi dO, (21, ..., Tppy1) €
Cm(E) vay,cop(r;,x;) =1véimoii,j € {1,2,...,m} théai > j. Bdc biét, p(x;, z1) = 1 vdi
moi i € {1,2,...,m}. Diéu nay mau thun véi (2.6) khi ma chon a := z;.
D€ ching minh () ,HE(E,y) # ), ching ta gi sd trdi lai rang
yeA

(Va € E,3x € A,v,c09(a,z) #1). (2.11)
Bit dau tif phan t o1 clia A, ta 1ap luan tuong tu nhu trén, ciing thiét 1ap dudc A = {z}, 2o, ..., 7, }

thda Y,.c © @(pm,z;) = 1 v6i moi i € {1,2,...,m}. Diéu nay mau thudn véi (2.11) khi chon
a = T, [

3. Két qua chinh

Pé thuan 10i cho viéc trinh bay céc két qua chinh, ching t6i trinh bay mot sé khai niém va ky
hiéu lién quan.
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Ta ky hiéu
H(V)={KePV): Knéncoloi ,K #V},
Ho(V)={K e (V): KIbdi},
V) ={KeP2(V): Kcol6i , K#V, K+ K C K}
Cho % 1a tap con khac rong ctia tap tich Pé-Cac X x X (Z con goi 1a quan hé hai ng6i trén
X). Ta viét 2%y néu va chi néu (z,y) € % vanéi rang X 1a Z-chdn trén (t.4,-chdn dudi) hitu han

néu ton tai mot tap con A gdm hitu han ctia X sao cho véi mdi x € X, vy (.4, yZx) véiy € A
nao do. Khi do, A goi la Z-chan trén (resp., -chan dudi) cia X.

DPinh nghia 3.1. Cho F la tap khac rong, % 1a mot quan hé hai ngdi trong E, v € V va 4nh xa da
ri®: Ex E=V,D e 2(V). Anhxa da tri ® dugc goi 1a (D, #)-tdng (t.4, -giam) néu véi mdi
(1,9,2) € E x E x E théa y%z, ta c6 ménh dé sau diing

“Yv,D © (I)(l’,y) =1= ’YU,D o (I)(:L'7Z) =1 (t‘ﬁa ’YU,D o (I)(:L‘7Z> =1= Yv,D © (I)(l‘,y) = 1)
Véianhxadatri®: F = V,G CV,v € V. Taky hiéu

[, G,v]” ={x e F:P(x) —vC -G},
(@, G vt ={x e E:®(x)—vC G}

Pinh nghia 3.2. Cho F 1a khong gian td po, ) # G C V vadnhxadatri®: E = V.
(a) VGiq € vV, o dugc goi 1a (¢, G)-nua lién tuc dudi (n.gon, l.s.c) (t.4, (¢, G)-nua lién tuc trén
(n.gon, u.s.c)) néu véi batky r € R, tap [®, G, rq]~ (t.4, [®, G, rq]T) 1a dong.

(b) ® dudc goi 1a G-nia lién tuc dudi (t.4, G-nita lién tuc trén) néu tap [®, G, v]~ (L4, [®, G, v]1)
la dong véi moiv € V.

Véimbidnhxadatri® : E x F =V va K C V thiét 1ap 4nh xa gg da tri lién két v6i n6 dinh
nghia nhu sau: go : (£ X F') x (E' x F') = V xéac dinh bdi
g@((x7y>7(x/7y/)) = q)('ruyl) _q)(x/7y)7 (312)

§day a = (z,y),b = (2',y') € E x F. Tu (3.12) ta thly go(a,b) = —gao(b,a). Cho D C V, va
(a1, ag, ..., @my1) € B (E X F)™).Datb; = apm_ji1,J =1, ...,m, by := bp; b1 := by, khi do,
néu go(aj,aj11) €1 D, thi go(by—j, by—jr1) €1 —D. Vi vay, néu gg 12 (0, D)-c.q.m, thi n6 ciing
1a (0,—D)-c.qmva0 € D. Taky hiéu X = E x F trong subt muc nay.

Pinh ly 3.3. Cho D C V,va ® : X =2 V. Gid si go dugc dinh nghia bdi (3.12), la (0, D°)-c.q.m
va thém nita

(i) khimaho {(LE (b)) : b€ X} phii X, thi né phdi cd chita phii con hitu han, 6 ddy L5 (b) :=
{a € X : go(a,b) C D}, va (LE(b))" = X\LE(b). Ddc biét, mot trong cdc diéu kién sau
duoc thoa

(ii) E,F la cdc khong gian gian t6 pé va tdp LE () la tdp dong véi moi b € X ;
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(iii) ton tai quan hé hai ngoi Z trong X sao cho X la #-chdn trén (t.i, -chdn dudi) hitu han va
go la (D¢, RZ)-gidm (.4, -tang).

Khi do, S(®,C) # 0 (it, S(®,C) # 0) néu C C D (., coreC' C D),

Chiing minh. K& hoach ching minh Dinh 1y nay nhu sau: Trudc tién, ta chiing minh két luan cda
Dinh ly véi gia thiét trong phan dau cta (i), sau d6 chiing td mot trong cac diéu kién (ii) hoic (iii)
din dén diéu kién dugc néu trong (i).

Ta nhan xét ring

LPb) ={a€ X : go(a,b) C D}

={a € X :ypogs(ab) =1}
=0 H' (DS, b) (3.13)

Gia st bﬂxﬁg(b) = (). Khi @6 ho ¢ := {(L',CI[,’(b))c b€ X} pht X, bdi gia thiét (i), ho nay chifa
(S

pht con hitu han. Ta tim dugc tip A C X c6 hitu han phan ti va theo BS dé 2.6 ta nhan dudc

bﬂAﬁg (b) = 0. bBiéu nay 1a khong thé, do d6 bﬂX[,g (b) # 0. Nghia 13, ton tai @ = (7,7) € X thda

S S

ga(@,b) C D¢ v6imoi b € X, dan dén,

go(@,b)N D = véimoib € X. (3.14)

Lan lugt chon b = (z,7%), b = (%, y) trong (3.14) va chd ¥ ring C C D (., coreC' C D), ta nhan
duoc

(®(F,7) — ®(x,7)) N C =0 (ti,NcoreC = 0) véimoi z € E
va
(®(z,y) — @(z,y)) NC =0 (td NcoreC =) véimoiy € F.
Diéu nay cho ta (Z,7) 1a diém C-yén ngua (t.4, C-yén ngua yéu) ctia ®.
Tiép theo, ta thiy ngay rang tit diéu kién (ii) bdi tinh compact cia X = E x F dan dén diéu
kién (i). Bay gio, gia st c6 gia thiét (iii) va gia st ho
¢ ={Vy=(LEW)" |be X}.

pht X va A 1a mdt Z-chan trén (t.4, -chan du6i) hitu han ctia X . Khi d6 v6i batky o € X, ta c6
a € V, v6i a € X nao d6. BSi dinh nghia clia tip A, ton tai f € A véi aZS3 (t.4, fZa). Ta sé
ching 6 V, C Vj. That vy, véi mdi z € V,, néu z & Vj, thi 49 pe o ®(2, ) = 1. Béi gid thiét (iii)
ta nhan dudc v pe o ®(z,a) = 1. Piundy laAmau thudn z € V,. Vivldy,a € V, C V3 vdi S € A
nao d6. Piéu nay dua dén % c6 phi con hitu han. Hoan thanh chiing minh. ]

Pinhly 3.4. Cho ® : X = V va D C V. Gid sit rang g, xdc dinh bdi (3.12), la (0, D)-c.q.m va

(i) néuma ho {(ﬁg(b))c :be X} phii X, thi né chita phii con hitu han, & day LB (b) := {a €

X :go(a,b) €, =D}, <ﬁ§(b)> = X\L2(b). Truong hop riéng la, mot trong cdc diéu kién
sau dugc thoa
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(ii) E, F la cdc khéong gian t6 po va tdp ﬁg(b) la dong vdi moi b € X;
(iii) ton tai quan hé hai ngoi X trong X sao cho X la F#-chdn trén (t.1, -chdn dudi) hitu han va
9o la (—D, X)-giam (1.4, -tang).
Khi do, ® cé diém C-yén ngua (t.ak, C-yén ngua yéu) néu CN—D=10 (t.ak, coreC' N —D = ().

Chiing minh. Ta khong khé khin 1am d€ kiém tra cc diéu kién ctia Pinh ly 3.3 (.4, Pinh ly 3.4)
ding cho ®, gs, C va D néu va chi néu cac diéu kién cta Dinh 1y 3.4 (t.¢, Pinh ly 3.3) ding cho
D, gp, C' va —D*C. Vi vy, cac Dinh ly nay la tuong duong. [

That 12 khong dé dang kiém tra cic diéu kién (i),(ii) ctia cac dinh ly & trén. Tuy nhién, trong
trudng hop: 4nh xa da tri dudc phén tich thanh téng ctia ham don tri va mot ham da tri, ching toi
dé nghi c4c diéu kién di cho céc gia thiét ctia Theorem 3.3.

Ménh dé 3.5. Cho cdc khong gian 6 p6 E,F, D € #,(V), A: ExF=3Vvaf:ExF =V
la dnh xa don tri. Gid sit véi méi b = (x1,11) € E x F cdc diéu kién sau ddy dugc ndm gii

(i) dnhxa f(.,y1) la D-u.s.c va
(ii) dnh xa f(xy,.) la D-Ls.c.
Khi dé {a € X : gy(a,b) C D} la tdp dong, d day ® = f + A
Chuing minh. Ta cé
ga(a,0) = ®(x,y1) — ®(21,y) = gr(a,b) + gala,b) (3.15)

v6i moi a = (z,y) € E x F. Ta lay luéi bat ky {(z,,y,)} C {a € X : g4(a,b) C D} véi
(T, yu) — (T,7). Néu (7,7) ¢ ga(b), ton tai w € ®(T,y1) — (x1,7) v6i w € D. Vi (3.15), ton
tai e € ga(a,b) d€ chow = f(T,y1) — f(x1,§) +e € D.Bidtv = Jw € D, khidé w — v € D,
nghia la,

f@ ) = fla1,9) +e—veD. (3.16)
Diéu nay suy ra ring
Te%(by):={recE: flz,y1) — (f(21,9) —e+v) € D} (3.17)
va
ge v, ={yeF :—f(x1,y)+ (f(T,y1) +e—v) € D}. (3.18)

Vi f(.,y1) 1a D-u.s.c va f(xq,.) 1a D-1.s.c, Z (b,y) va ¥ (b,T) la 14n can cia T va 7y, t.i. Vi vdy,
ton tai p thoa (z,,,v,) € % (b,y) x ¥ (b,T), nghia 1,

f(@u,y1) — f(x1,9) +e—v e Dva — f(xy,y,) + f(T,y1) + e —v € D.
Do f(Z,y1) — f(x1,7) + € = 2v, chung ta biét dudc f(x,,v1) — f(z1,9,) + e € D. Vi vay,
(®(z,,y1) — ®(x1,y,)) N D # (. Diéu ndy mau thuln, nén (zZ,7) € {a € X : g4(a,b) C D}. Ta
kétludn {a € X : g4(a,b) C D} 1a déng trong X. O
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Cho @ 12 4nh xa don/da tri tit £ x F vao V, g dudc xdc dinh bdi (3.12) va D € Z (V). Ta viét
® € 7,(D) khi va chi khi

go(a,b) C{w €V : D°+w C D} véi (a,b) € X x X.

Ménhdé3.6. Cho f : ExF = Vva0¢ D e P(V),d: ExF =V dinhnghiabdi ® = f+ A
voi A E x F = V. Gid sit gy, xdc dinh bdi (3.12), thoa

gr(a,b) = ¥(a,b) (h(a) — h(b)) vdimoia € E x F,be E x F, (3.19)
ddiyh: ExF —VvaV:ExF — R,. Khidé, gp la (0,D°)-c.qmnéu D € (V) (t.4,
D € X#,(V), chi y rang #.(V) C 2(V))va A € F.(D).
Chiing minh. Trudc tién, v6i biu dién
0= h(ay) — h(az) + ... + h(ay) — h(a) € D Vm-vong thy ¥ (a1, ..., i) € Gm(X)
ta cé ¢ € G(o,pe) 6 d6, d(a,b) = h(a) — h(b). Vi vy, v6i bt ky (a1, ..., am1) € €n(X), tOn tai
i € {1,2,...,m} sao cho h(a;) — h(a;y1) € D°. Hon ntia, néu 0 ¢ D € (V) va ¥(a;,a;;1) €

R,, do A € Z.(D), nén dan dén go(a;,aiy1) = gr(a;,aiv1) + galai, air1) C D°. Vay, gs €
Co.oe) (X, V). O

Vi du 3.7. Cho E, F la céc khong gian t6 pd compact, C,D € Z2(V),A: Ex F = V va
f:ExF — V.Giastring A € .Z,(D). Ta xem xét su ton tai diém yén ngua ctia ham ® = f + A.
Cu thé: v6i V = R?, f(z,y) = (£(x),v(y)), 6day £ : E — Rlalscvay: F — Rlaus.c. Véi
C = Rg_,D = {d: (dl,dg) e R?: di + dy > O} véA(a,Q) =G C {(,ul,,ug) U1 e = 0} (G
la tap nao do) véi moi (a,b) € (E x F) x (E x F) (nhu thé ¢6 (G — G) + D C D°).

Rorangla D € 2(V),0 € D¢, D¢+ ga(a,b) C D° va C = R*\{0} C D. Véia = (z,y);b =
(z1,1) tacod

g(a,0) = (§(x),v(y1)) — (§(z1),7(v))
= (&(z), —(y)) — (&(x1), =v(11))

diéu nay 1a c6 dang (3.19) véi h(x,y) = (£(x), —y(y)) va ¥(a,b) = 1. Thém niia,
Lg(b) ={a € ExF:gg(a,b)+gala,b) C D}
={(z,y) € Ex F: (§(x) = &(x1), =y (y) +v(n)) + (G = G) C D}

Chd y rdng, néu ¢ = (c1,¢;) € G — G thic; + ¢ = 0. Vivdy, a = (z,y) € LE(b) néu va chi néu

§(x) = (1) —v(y) +7(y1) < 0,nghiala, LZ(b) = {a = (z,y) : {(x) — y(y) < &(x1) = v(y1)}-
Do ¢ 1a Ls.c va v la u.s.c, ta thay £ (b) 1a dong v6i moi b € E x F. Bdi Ménh dé 3.6 va Dinh ly
3.3, ta nhén dugc S(®,R3) # 0.

4. Két luan

Trong bai b4o nay ching tdi da chiing minh vai diéu kién di cho su ton tai diém yén ngua cla
4nh xa da tri nhan gia tri trong khong gian vecto tdng quét va khong yéu cau ciu tric td po ciing
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nhu céc gia thiét vé tinh chit 16i ctia tip sinh tién thif tu hay tinh chit 16i cia ham muc tiéu. Bai viét
ciing dua ra mot vai cong cu dé kiém tra diéu kién di nay va c6 vi du téng quét d€ minh hoa cho
két qua.
Loi cam on

Bai bdo nay dudc su hd tr¢ ctia Trudng dai hoc Thi Dau Mot thudce dé tai ma sé6 DT.21.1-015.
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