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Tom tat
Bai bao nay gidi thiéu ban logi diém can bang méi cho tro choi da muc tiéu va dwea ra mét
dieu kién dii cho su ton tai cac logi diém can bang nay. Cac khai niém va két qua duwoc thiét Igp
ma khéng ding ca cdu trdc tuyén tinh va cau tric topd trén cac tdp lién quan. Vai vi du ciing
dirgC cung cdp dé minh hoa cho cac khai niém va két qua.
Tur khoéa: C-can bang Henig-Nash, C-can bang Benson-Nash, C-can bang -Nash,
C-can bang Nash yéu, si ton tai, tro choi da muc tiéu

Abstract
THE EXISTENCE OF EQUILIBRIUM POINIS IN MULTI-OBJECTIVE GAMES

This paper introduces four kinds of equilibrium points of multi-objective games and
provides a sufficient condition for the existence of these equilibrium points. Concepts and results
are established without using both linear and topological structures on related sets. Several
examples are also provided to illustrate the concepts and results.

1 Giéi thigu

Ly thuyét tro choi la mot bo phan quan trong cua Toan kinh té va c6 nhiéu ap dung trong
cac linh vyc cua khoa hoc ky thuat, chiang han nhu ly thuyet mach, kinh té, tai chinh, cac nganh
khoa hoc xa hoi... Trong Ly thuyét tro choi, khai niém diém can biang dong mot vai tro nén tang.
J. Nash ([8]) 1a nguoi dau tién gigi thiéu khéi niém nay cho trd choi khdng ho tac véi n dau tha.
Vé sau, khai niém cua Nash duoc nhidu nha kinh té va toan hoc quan tdm nghién ctru va n6 duoc
dung dé md ta rat nhiéu tinh hudng trong cac nganh khoa hoc tw nhién ciing nhu khoa hoc xa hoi
[1,2,9,10, 11, 12, 13, 14]. Trong khoang vai chyuc nim qua, khai niém diém can bang da duoc
phét trién cho cac tro choi da muc tiéu [1,2,7, 11, 12]. Trong hau hét cac cong trinh da biét vé
tro choi da muc tiéu, co hai khai ni¢m diém can bang duoc xét, d6 1a diém can bang Nash va diém
can bang Nash yéu. Hon nita, cac khai niém diém can bang nay dugc xac dinh thdng qua mot ndn
16i vai phan trong khong rdng, va do d6 nhat thiét phai c6 ca Cau tric tuyén tinh cling nhu cau
trdc topod trong khdng gian anh caa cac ham payoff. Cac két qua tdn tai duoc thiét 1ap doi voi cac
gia thiét vé tinh 16i. Cac cong cu chii yéu dung dé ching minh cac két qua 1a dinh ly KKM-Fan,
cac dinh ly diém bat dong, hoac ding k§ thuat vo huéng hda. Gan day, mot sé tac gia da nghién
clru cac bai toan trong tdi wu hda, chang han bai ton tdi uu véc to, bai todn can bang véc toi..,
ma khong ding cau tric topd trong khong gian anh caa ham muc tiéu. Hon nita cac khai niém
nghiém dugc phat biéu dya trén céac thir tu tong quat, cac thir ty nay dugc xac dinh tir mot tap
téng quét thay vi mot nén 16i [3, 4, 6]. Bai vi diém can bang caa mot trd choi ¢ thé dugc chuyén
d6i nhu 1a nghiém caa mot bai toan t6i wu hodc nghiém cia mot bai toan can bing, viéc nghién
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ctru diém can bang cua trd choi da muc tiéu trong cach dat tong quat, khong ding ca cau tric 15i
va cau tric topd, I can thiét va cé ¥ nghia.

Muc dich chinh ctia bai bdo nay 1a nghién ciru bon loai diém cin bang cho tro choi da muc tiéu
va thiét 1ap mot dinh 1y ton tai cho cac loai diém nay. Ngoai hai khai niém diém can bang dugc mé
rong dén thur tu tong quét, chling tdi gidi thigu ¢ day hai loai diém can bang méi. Két qua ton tai ctia
ching t6i dugc phét biéu khéng dua vao ciu tric topd ciing nhu khong can gia thiét vé tinh 16i.

Bai b&o ¢ ciu triic nhu sau: Muyc 2 chung tdi gidi thiéu tro choi da muyc tiéu, dua ra cac
khéi niém diém can bang va thiét lap cAc mébi quan hé giira chiang; Muc 3, chiing t6i chimg minh
mét dinh Ii ton tai cho cé4c loai diém can bang ciing nhu dua ra vai vi du 4p dung nhim minh hoa
va thé hién sy hitu ich cua két qua mai nay.

2 Cac khai niém vé diém can bang cuia tro choi da muc tiéu

Trong toan bd bai bao, ta ki hiéu R 1a tap cic sb thue, B} = {x=(xp.x2,..0) el i=
1.2,....k}, :E?_ﬁ ={x=(x1,x2,...%) € Rk |xi = 0,i=1,2,...,n} lanén othant dudng cua RF. Goi
E < R¥ 1a mot tap khong réng. Nén sinh bi E, phin trong dai s6 ctia E va bao déng vecto cia E
fuong ting dude xdc dinh bai

conek == ;g AE,
coreE := {v e R* | v/ € R*, 31 > 0saochov+ [0, AV C E},
velE :={ve R} |3 e RF, VA > 0,31 € [0,A] sao cho v+ A"V € E}.

Ta di biét ring coreE C E C velE. Néu coneE = E (tuong tng, coreE # 0, coreE = E, velE =
E), E duge goi la mdt nén (tuong tng, tap ran, tip md dai s6, tap dong vecto). Ki hiéu intE va
clE 1a phén trong tdpd vi bao déng tdpd cua E. Ta dé dang chiing minh ring intE C coreE C E C
velE C clE, vaintE = coreE néu E 14 161 véi intE # 0. Bai viy, néu E 1a mé (tuong ng, dong) thi
né cling mé dai s6 (tuong tng, dong vectd).

Ta dat

H ={KcR¥| Klanén rin, K # RBF},

A ={K € # | K13i},
€ ={CcR¥|Crin,C£RF vaC+CcC},
€' = {Ce € | veleone(C)N(—C\ {0}) =0,
vir véi mdi € € RE,
HE ={De K. |C C coreD},
cl"; core __ {C C Ri_ | -}F/(fm.!, % ml
ViK+KcKchomoi K € ¥ . taco ¥, CE.

Tro chai khéng hop tdc. Mot tro choi 6 m diu thu, ki hiéu 14 %4, trong d6 méi dau thi khong
thé thuc hién cic cam két véi nhitng déu thi khic duge goi la mot TRO CHOI KHONG HOP TAC. Véi
tro choi 4, goi I := {1,2,....m} latap cic diu thi. Chién luge cta diu thi i, ki hiéu la x;, 1a mot ké
hoach hanh déng hoan chinh. Chién ludc x; chi dinh hanh déng ma diu thi  thuc hién trong tit ci
cic hanh dong ctia trd choi ma anh ta duge yéu ciu hiinh déng. Goi A; 12 tip tat ca tét ca cdc chién
lwge danh cho dau thu i, né dude goi la tip chién luge cua dau thi i. Pat A = A} x - - x Ay, Mdi
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X = (x1,...,5m) € A la mdt 16 hgp ciic chién luge clia cic diu thi trong trd choi. Véi (xy,....xm) € A,
2oi ci(x,....xn) € R 1 "phén thudng" (Payoff) ciia déu tha i khi anh ta chon chién luge x; va mdi
diu thii k chon chién ige x; (k # i) clia ho. "Phén thudng" ctia diu thi i thuong la Igi nhuan ma
anh ta dat dugc khi tro choi két thic. Him ¢; : A = R, x = (x1,...,%m) = ci(x1,....xm) dude goi la
ham payoff ctia diu thi i. Mot diém (¥, ....%5,) € A dudce goi la mot diém CAN BANG NASH cilia
% néu, véimoi v; € A;vai=1.2,--- .m,tacé

Cil X1y oo s K 12 K Kt Lo eeonm ) = Cil Yoo Kie 1y ViaKii 1y oo Xim )

Bai todn cin bang Nash la bai todn tim di€ém ¢én biing Nash ciia trd choi @

Tro choi ham payoff ciia ddu thi. Véi tro choi @ néi trén, trong nhiéu tinh hudng thuc tién,
"phin thudng" clia diu thii i khong nhit thiét phai mot loai phin thudng nio dé, mé c6 thé gém
nhiéu loai khic nhau (tién bac, chifc vu, danh tiéng,...). B&i viy, "phin thuéng" cua diu thii i ¢6 thé
duge xdc dinh nhu 1 vecto ma méi thanh phiin ciia vecto thé hién gid tri ctia mdt loai phan thudng.
Va nhu vay, ham payoff cia nguoi choi i la mét ham vecto ¢; : A = [TL | A — RE. Trong trudng
hop niy ta ndi % lamot o choi khong hap tac da muc tiéu hoac wro choi khong hop tac vai "payotf
vecta'”.

Tir déy tré di ta ding céc ki hiéu sau:

e Ta ki hiéu &4 = (A;.¢;)ics la trd chdi khong hop tic da muc tiéu vdi n diu thi, trong dé

I:={1,2,...,n} latip cic dau thii, A; 1 tap chién lugc ciia diu thi i va¢; : A = [T | A; — RF
la ham payoff vectd ctia dau thi i.

o Aii=[lesiAk

® X_j= (X[, Xi 1. Xji]..0nXm) 12 hinh chiu ctia x = (X}, ....x) trén A_j,
o (X Vi) = (X X 1 Vi X L e X )

Chiing t&i gidi thiéu cdc khdi niém diém cén biang sau diy cho tro choi ham payoff ctia diu thi.

Dinh nghia 2.1 Cho C c R*, Xét tro choi khong hop tic da muc tiéu v6i n dau thi & = (A;,¢})jer.
Mot diém X = (¥;)je; € A dude goi la:

(a) mot diém C-CAN BANG HENIG-NASH ctia & néu ton tai D € " sao cho véi mbii € 1,
(ei(x) —ci(x_j, A} + C) N (—coreD) = B
(b) mét diém C-CAN BANG BENSON-NASH ctia & néu véi mbii € I,
veleone(¢i(X) — ¢i(¥_;,A;) +C)N(—C\ {0}) = 0;
(c) mét diém C-CAN BANG NASH clia @ néu véi mdii € I,
(€i(¥) —ei(F_i,A;)) N (—=C\{0}) =&
(d) mét diém C-CAN BANG NASH YEU clia @ néu véi mbi i € I,

(€i(%) — ¢i(¥_i.Aj)) N (—coreC) = 0.
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Nhin xét ring, khi k = 1 vii C = [0, +e0), ci bon khdi niém diém cén biing trong Dinh nghia
2.1 tr&s thanh khai niém diém cin bang Nash.

Ta ki hiéu $7¢(%,C) (twong tng, $5(4,C), S(4,C), §*(4,C)) la tap cc diém C-can bing
Henig-Nash (tuong ting, tip cic diém C-cin bing Benson-Nash, tap cic diém C-cin bing Nash,
tap cic diém C-cin biang Nash yéu) ctia .

Ménh dé sau néu lén méi quan hé giia cdc loai di€m can bing trong Dinh nghia 2.1.
Ménh dé 2.1 Cho C C B*. Vi tré choi G = (Ai,€i)ict, ta co cdc quan hé sau.
(a) SHe(9.C) c §8¢(4,C).
(b) S(%.C)c §"(¥4.C).
(c) IfC+C=C, thi S"*(4,C) c $%(%4,C) c §(%4,C) C §"(%.C).
Chiing minh. (a) Néu ¥ € $7¢(%_C), thi tén tai D € £ sao cho vdi mdii € I,
(ei(X) — ci(X_;,Aj) +C) N (—coreD) = 0.
Diéu nay kéo theo ring
cone(¢; (¥) — ¢;(¥-,Ai) + C) N (—coreD) = 0.

Gia st ton tai u € velcone(ci () — ¢i(X_i, Aj) +C) N (—coreD). Thé thi, u € —coreD = —core(coreD)
khi D 14 16i. Do dé, véi moi v € RX tdén tai A, > 0 sao cho u+ [U.}h-]l’ < —corel). Han nua, khi
u € veleone(e;(¥) — ¢j(¥_i, A;) +C), ton tai v/ € R¥ sao cho u+ AV € cone(e; (%) —¢;(¥_i,A;) +C)
vii A, € [0, Ay] ndo d6. The thi, u+ A,V € cone(c;(X) — ¢j(¥_;,Aj) + C) N (—coreD), mau thuin.
Viy, veleone(e;(¥) — ¢;(¥_;,A;) +C) N (—coreD) = 0. Do dé, veleone(e;(X) — ¢;(¥_;,A;) +C) N
(=C\ {0}) =0, tiic 1a, ¥ € SB¢(4.C).

(b) Hién nhién.

(¢) Do cic phin (a) va (b), ta chi cin chiing t6 riing $5¢(94 C) c §(%4,C). Néu £ € §8¢(% .C),
thi veleone(ej(¥) —¢;(¥_;,A;) +C)N(—=C\ {0}) = 0 cho moi i € I. Diéu niy kéo theo rang (¢; () —
ci(X_;,Ai) +C)N(—C\ {0}) =0 chomoi i € I. Thé thi, véi moi i € I vay; € A;, ¢;(¥) — ¢;(¥_;,v; &
—C—C\ {0} > —C\ {0}. Do dé, ¥ € S(¥,C). 0

A 3 lﬂ" ~ ‘V
3 Su ton tai diem can bang
Két qua chinh clia bai bao 1a Dinh 1i 3.1 dudi day. Trong dinh 1i nay, khic vdi mdt sé két qua
di biét, cic tip chién luge khdng cén thiét phai li nhitng khéng gian t6p6. Hon nita, dinh 1i khong
diing bat ky gid thiét vé tinh 16i.
Dinh i 3.1 Xét tro choi 4 = (Ai.ci)icyvaC C Rk,
(a) Gid sit ring cdc diéu kién sau ddy dige thoa

(i) vdi barkix', ... € A vai X" = X!, 16n 1ai j€{l,...,m} sao cho
e - Gt
Z[c;{x”} —e¢i(xlx )] ¢ —C\ {0}
i=1
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(ii) tén tai mér tdp con hitu han M ciia A sao cho
U {xeA]| E ci(x) —ei(x_i,yi)| € =C\{0}} C U {xeA| E[cr(" ca’(—"—:’-_"‘};)} € —-C\ {0}
yeA weM
Thé thi, S(4.C) # 0.

(b) Gid sit rang cdc diéu kién sau déy dige théa

(i) vdi bat ki x',.... X" € Avdi X" = x| ton tai j€ {1,...,m} sao cho

i [ci'{-‘j} - fi(l{g-x‘!-‘-])] ¢ —coreC;

i=l

(i1) tén tai mot tdp con hitu han M ciia A sao cho

U{x EAEE{:,{J: —¢j(x_i.vi)] € —coreC} C U {xEA|i[c,-(.r}—c;{x_,-,}‘f]]e —coreC}.

_'l'l:i'l I\-'jEJw =]
Thé thi, S*(4,C) # 0.
(c) Gid sit rang C € € va cdc diéu kién sau ddy duoc théa

(1) vdi bdt ki x',.... X" € Avoi x" V= x! ton tai je {1, c.m} sao cho

i[ﬂftﬂ) ~ci( ) ec
i=1

(i) ton tai mot tdp con hitu han M ciia A sao cho

U{xe,ﬂZc, —ci(x_py)¢Chc | fx EAIZ[L‘: ) —ei(x_i,y))] € C}.

yed yieM
Thé thi, SH¢(4.C) # 0.
(d) Gid sit rang C € €' va cdc diéu kién (i)-(ii) trong (c) duege théa, thi, S%(4.C) # 0.
Chitng minh. Trudc hét ta chiing minh bd dé sau:
Bo dé 3.1 Cho E C RE. Vi tro choi 4 = (Aj, ¢;)icq, gid st ring

(1) vdi bdt ki x', ..., e Avdi ¥ =21 tén tai je{l,....m} sao cho

z e (x!) — c,a,(.v_f"_.:,.xj::*l )| ¢ —E,;

h=1

(IT) ton tai mot tap con hitu han M ciia A sao cho

U {-‘-‘ €A | i[ﬂi{-‘f} =) [:-'-'—FJ:}'.‘I)] £ _E} - U {-‘f €A | i[cﬂ{x} _CII'[-‘-'—JL-}?{}] € _E}~

yed h=1 vieM h=1
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Khi do, ton tai % € A sao cho ¥}_[en(¥) — ep(¥_p,yn)] € RE\ (—E) vdi moi y € A.

Thit vy, gid s trdi lai ring, véi méi x € A, tdn tai y € A sao cho

L]

E[ﬂj,(.r] —cp(x_p.yn)] € —E.
fi=1

hoiic tudng dudng,

A= U {xeA| Z cn(x) —en(x_p,yn)] € —E}.

h=1

Bai (I1), ton tai mot tip con hitu han M := {y'.....y""} ciia A sao cho

Mca= U freal Ylet) —eatoi)) € -E)

wieM h=1
Bai (1), ta lhﬁy ri'mg_
vigUl:={xeA| E[c,ﬁ, —cplx_p, };, )€ —E} chomoi j=1,....m.

Khi y! & U, khong mit tinh téng qut ta ¢6 thé gid st riing y! € U?, ic 1a

Y len(0®) —en(? )] € —E.

h=1
Thé thi, bdai (1),

n

ZI% } enl "’ —h* '*.‘r}] ﬁ ~E,

h=1
ticlay? ¢ U'. Vay, v» ¢ U' UU?. Khong miit tinh tdng quat, ta c6 thé gid st riing y» € U3. Thé thi,

Tie1len(?) =020l € —Eva L [en(y?) — ey ,07)] € —E.
Diéu nay va (I) kéo theo ring
Thoilen(?) — 02 i)l € —E va Xh_ [en0") = en(yly i) ¢ —E,
tic la, y* ¢ U2 vay' ¢ U'. Do dé, y* ¢ U' UU?UU?. Ci tiép tuc nhu vy ta suy ra ring
v U{:] U chomoi j=1,...,m
Dic biét, y" ¢ UL, U = A, méu thudin. Vay, phai ton tai ¥ € A sao cho
Yy len(®) = en(Z_p.yn)] € R¥\ (—E) véi moi y € A.

Bdy gio ta chiing minh Binh i 3.1.
(a) Ap dung B8 dé3.1cho E =C\ {0} ta suy ra ton tai ¥ € A sao cho

E[c.': _c!r ¥ _js J'.‘: ] @ _C\.{D} vii '“‘?i yeE A. “)
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Véi mbi i € I va véi moi y; € Aj, lay y = (¥_7,vi) € A. Thé thi, tif (1) ta suy ra

Ci(¥) — il ¥ i) = Z Ech{-f} - (ch(f—h-ﬂa)] ¢ —C\ {0}

h=1
Bai vy, véi méii € I,
(€i(¥) — €i(¥-i,Ai)) N (—C\ {0}) = 0.
Diéu nay chiing t6 rang ¥ € §(4.C).
(b) Ap dung B6 dé 3.1 cho E = coreC ta suy ra ton tai ¥ € A sao cho

3" [e4() = e4(F-s,yn)] ¢ —coreC vGi moi y € A. @)

Tuong tu nhu phan (a), vdi méi i € I va véi moi y; € A, trong (2) lay y = (¥_;,y;) €Atacéd
¢i(¥) —eilT_i i) Z[fh — (¢4 (¥_p, )] ¢ —coreC.

Do dé, véi mbii € I,
(ci(X) —¢i(¥—i,Aj)) N (—coreC) =0.
Diéu nay ¢6 nghia la ¥ € $Y(¥%, C).
(¢) va (d). Ap dung B& dé 3.1 cho E = —R¥\ C ta suy ra ton tai ¥ € A sao cho

n
z e (%) —e(X_p,yp)] € C voimoiy € A. (3)
li=1
Véi mbi i € 1 va vii moi y; € A, ldy y = (¥_j, ;) € A va thay vio (3) ta duge

¢i(X) — ¢i(X_i,yi) = Z[L';,[xj (en(F_p, )] €C.
h=1

Bdi vy, véi mdii € 1,
(ci(¥) = ci(x_;,A;)) C C. )
Véi phan (c), khi C € €, ton tai D € szf*’”“. Thé thi, béi (4),
(€;(¥) —¢;i(%_j,Aj)+ C) C C+coreD C coreD.
VicoreD M (—coreD) =0, tacd
(¢;(¥X) —¢i(X_;,A;) +C)N{—coreD) = 0.

Vay, ¥ € §7¢(9,C).
Véi phén (d), khi C € €V, béi (4), ta cé

(¢j(x) —ei(x_;,A)) +C) c C+C CC.
Do dé,
veleone(c; () — ¢i(¥-;.4;) +C) N (—=C\ {0}) € veleconeC N (—C\ {0}) = 0.
Vay, x € §%(4.C). O
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Nhién xét 3.1 Do Ménh dé 2.1, néu cic diéu kién trong phin (a) thoa thi (¥, C) # 0, va néu cic
diéu kién trong phin (c) thoa thi $5¢(%,C) # 0. Thém nita, néu C € € NE ™ va cic didu kién
trong phiin (¢) thoa, thi ¢a bon tip diém cin bing la khong rong.

Trong truing hgp cdc ham payoff ctlia trd chai la tiach bién, ta ¢6 hé qua sau.
Hé qua 3.1 € C R Vii tro choi 9 = (A, ¢i)icr, gid sit rang véi méi i € 1,
¢i(x) = hi(x;j)+ gi(x_;) cho moi x = (x|,x2,....,x,) €A,
dday hj:Ai =R vagi:A_;:—RK
(a) Gid sit ring C € € va ton tai mot tdp con hinu han M ciia A sao cho
U{rea] E(h xi) —hi(yi)) € =C\{0}} € [J {xeA| E(’I i) — hi(yi)) € —C\ {0} }.
yed i= weM
Thé thi, S(4,C) # 0.
(b) Gid st rang C € € va ton tai mét tdp con hitu han M ciia A sao cho
U{xEA | Z hi(x;) € —coreCtC |J {xeA| Z hi(x;) — hi(yi)) € —coreC}.
weM i=1

Thé thi, $"(%,C) # 0.

Chitng minh. Véi moi x = (xy,...,xp) € Avay=(y].....yn) € Atacod
1 I

Y lei(x) —eile—iyi)] = Y (hilxi) + gi(x—i) — hilyi) — gilx—i))

i=1 i=1

= Z{h.(t. — hi(¥i)).

(a) R6 rang gia thiét (i) cia phan (a) ctia Pinh 1i 3.1 théa. Ta chiing minh gia thiét (i) clia Pinh
li 3.1 ciing thoa. Vi C € €, ta dé kiém tra duge ring C\ {0} +C\ {0} € C\ {0}. Gia sl (i) clia
Dinh 1i 3.1 khéng thoa. Thé thi ton tai x!, ... 2" € A véi X" ;= x! sao cho véimoi j € {1,...,m}

Y lei() — ei(x? ol )] = ¥ i(ed) — i(x? 1)) € ~C\ (o),
=1 i=1

Suy ra
0= ):l)ifn ) e —C\ {0} —C\ {0} —---—C\ {0} € —C\ {0},
j=li=l

méu thufn.

(b) Véi diéu kién trong phan (b) ctia Hé qua 3.1 ta théy riing gid thiét (ii) ciia phan (b) cia Pinh
li 3.1 thoa. Ta kiém tra gia thiét (i) ctia phin (b) ctia Pinh 1i 3.1. Khi C € €', ta ¢6 coreC + coreC =
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coreC. Néu (i) ctia phin (b) ctia Dinh Ii 3.1 khong théa, thi ton tai x', ..

cho véimoi j € {1,....m}

XM e A vai X Fl.— x! sao

Z[c'(‘!} ei(x )] = Z x!) = hi(x/ ")) € —coreC.
i=1

i=l
Suy ra
m n
0= ): Z[h (x]) = hi(x) ™)) € —coreC —coreC — - - - — coreC = —coreC,
j=li=

méu thudn. O

Sau day la vai vi du minh hoa cho cic két qua trén.

Vi du 3.1 Xét tro choi khong hop tic da muc tiéu 4 = (Aj,¢i)ier voi [ = {1,2}, A} = A, = [0, 1],
¢i: A — R? duogc xdic dinh béi, cho moi x = (x1,x7) € A,

1 (x) = ((x)>+7n(x).a1),

e2(x) = ((x2)* +72(m1), @2),
ddiy . p:[0.1] - R
Véi C = R2, ta xét sy ton tai cac diém cin bing ctia 4.

Vai moi x,y € A, taco

2

¥ leitx) = eilxoiyi)] = () + (2)* = (1) = (32)%,0).

i=1

Liy batky x!, ... ¥ € A voi ¥ := ¥, Gid sif riing véi moi j & {1,...,m}

3

Lleile)) =il el ] = () + ()" = (477 = (17)%.0) € ~REN{(0.0)
Thé thi
00)—f(xfj ()2 = (") = (47)%,0) € ~RIN{(0,0) + -+ —RI\{(0.0)

c =R2\ {(0,0),

méu thudn. Viy p]lal ton j € {l .y} sao cho Y7 [ei(x/) — ¢i(x J .r'+|)] ¢ —R2\ {(0,0)}. Do
do, gia thiét (i) ciia phan (a) cua Dinh li 3.1 thoa.

V6i M = {(1,1)}. Ta cé:

U{xeA] ):[c; ) —ei(x_i,vi)] € ~R2\ {(0,0)}

¥ (=

= J{xeA| (x)? +(x2)* < (n)*+ ()%}

yed
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=UfreA| () +(x)? <2}

ved
= U {IEMZ[G;{I —¢i(x_i,¥])] € BRI\ {(0,0)}.
vieM i=1

Viy gid thiét (ii) ctia phin (a) ciia Pinh 1i 3.1 thoa. Do d6 S(4,R%) # 0.
Biy gio Liy bit ky x', ... 2" € A vai ! .= x!, Gia st riing véi moi h € {1,....m— 1}

2
Yleit") — et D] = (602 + (8) = ()P = (5%, 0) ¢ R
i=1

Thé thi
X2+ (od)? '(;'H '(]‘H “véimoi he {l,..,m—1}.
Diic biét,
()2 + (D)2 < ()2 + (.

Diéu nay kéo theo ring
2
L") — el ] = ()2 + () = (1)* — (x1)%,0) € RY.
=1

Viy, gid thiét (i) ctia phin (¢) ctia Pinh 1i 3.1 thoa.
Véi M = {(1,1)}. Ta cé:

UfreA] Z[ci ) —eilx_i,yi)] € Ri}

yeA

= J{reA] () +(x)? < () + (2)%}

yeA
=UfreA| () +(x) <2}
yeA
= |J {reA| Z ci(x HC;(.r_;.}{}] ¢R2}.
vieM

Viy gid thiét (ii) ctia phin (c) ctia Dinh 1i 3.1 théa. Vi B2 € €7 ta c6 SH(4, R2) # 0.

Vi du 3.2 Xét tro choi khong hop tic da muc tiéu % = (A;,¢i)ics véi ¢ : A — RY duge xdc dinh
bdi, cho moi x = (x;)icr € A,

¢i(x) = (@i (xi) + ¥ (i) ooy @ijilxi) + Wi (x—i) oo @i (xi) + Vi (x-i)),
dday yj: A — R, va @i : Aj = R thoa: véimoi j=1,2,...n,

@ij(xi) < @ij(x7) cho moi x; € A; va x] € A; nao do.
V6i C = R . ta xét suf tdn tai cic diém can biing ctia 9.
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Véi moi x,y € A, taco

n

Y lei(x) =il yi)] = (@100) = @1(3); -+, 95 (x) = 95 (1))s - P (%) — @i(¥))),

i=l
d day

Qi(x) =Y @ij(x).
i=1
Liy batky x', ..., 7" € A vai ¥ = x!. Gia sit rang véi moi h € {1,....m —1}
Y la(d) =l ] = (o) = o (1), 9 () = (M) i) — u(671)))
i=1
€ —coreR*,
Thé thi
@;(") = @;(x"*1)) <0chomoi he {1,....m—1}.
Suy ra
Pi(¥") —9;(x") 20,

tic la

E[c, 1) = ()] = (01 (0) = @1(61)), s 9 () = @1(x1)), s (™) — i)

¢ —coreR¥,
Viy, diéu kién (i) ctia phin (b) ctia Dinh i 3.1 thoa.
V6imoi j € {1,2,... k} tadatx” := (xj,....x;) €A, vaM = {x"}. Tac6: véi moi y € A,

J{xea] Z[c; — ¢i(x_i,yi)] € —coreR*}
A

yes

= J{xeA | @i(x) < @1(y)),-.. 0j(x) < 9j(¥): . e (x) < ()}

"':-4

C{xeA| @(x) < @1(x")), o @j(x) < @i(x")), e r(x) < @r(x™))}
U{IE‘”Z[‘:: —¢(x_i,y])] € —coreC}.

vieM
Viy gia thiét (i) ciia phan (b) ctia Dinh i 3.1 thoa. Do d6 §*(¢,C) # 0.
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