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Tom tat

Muc dich chinh trong bai viét nay 13, ching t6i siz dung mai lién hé giiza khai niém
tich phan Lebesgue va tich phin Bochner dé dira mét hé vo han cdc phiong dao ham véi
cde diéu kién ban dau vé mét phicong trinh. Chiing t6i chirng minh sw ton tai va duy nhat
cia nghiém ¢ dang tich phan Bochner cho phwong trinh trong khéng gian Banach tong
quéat. Thém maza, bai viét cung cdp mét sé minh hea cho viéc ap dung.

Tir Khoa: bai todn Cauchy, phirong trinh dao ham, tich phan Bochner
Abstract

CAUCHY PROBLEM IN GENERALIZED BANACH SPACE
WITH BOCHNER INTEGRAL

In this article, we leverage the connection between Lebesgue and Bochner integrals
to condense an infinite system of derivatives with initial conditions into a single equation.
We establish solution existence and uniqueness in a general Banach space, along with
illustrative examples.

1. Giéi thiéu

Bai todn Cauchy da c6 nhiéu ing dung trong nhiéu linh vuc khoa hoc va thuc tién, nghién ciu
vé bai todn nay luon dugc nhiéu su quan tAm ctda ban doc. Bai todn Cauchy da c6 nhiéu bién thé
va ¢6 nhiéu két qua phong phi. Mot 16p bai todn trong sé d6 ma chua dudc nghién ctiu nhiéu, d6
13, xét sy ton tai va duy nhat nghiém ctia hé vo han cdc phuong trinh vi phan c6 tré dang sau day:
Un = Un(t, ) thoa

du,,(t)
ot
ua(7y) =

Shi

Wty (un)e), te€(0,T], (1.1)

, ¥E[-r0,n=12,.. (1.2)

S |2
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trong d6 T > 0, 7 > 0, v6i u 1a ham s6 x4c dinh trén [—r,T], va t € [0, T}, va u, : C([-r,0],R)
dinh nghia béi z;(vy) = z(t + ), v6i vy € [, 0].

Bai todn Cauchy truyén thong véi diéu kién bién da dugc nhiéu nha todn hoc quan tim tli rat
sém v6i hé chi ¢6 mot hay hitu han phuong trinh. Gan dy, bai todn con dugc dé xuit xem xét
v6i cdc dao ham cip khong nguyén, nhu 12 dao ham Riemann-Liouville, Hadamard, Hadamard-
Caputo,... (chang han, [1,2,4]). Nghiém ctia mot phuong trinh trong hé di néu thudng c6 dang tich
phan Lebesgue. Tuong tu xdy dung tich phin Lebesgue ctia ham thuc do dudc, khdi niém tich phan
Bochner da dugc hinh thanh va ¢6 hau hét cdc tinh chit tuong t ctia tich phan Lebesgue. Khong
gian Banach tdng quat c6 su khdc biét ban chét vdi R 13, trén d6 chua c6 thi tu tuyén tinh nén viéc
s0 sdnh giita hai ham s6 nhan tri trong khong gian Banach téng quat khong dudc thuan 1gi nhu khi
nd nhan gia tri trong R. Ham f : Q — E kha tich Bochner khi va chi khi ham s — |f(s)|g la kha
tich Lebesgue, quan hé nay cho phép chung ta linh hoat lua chon khong gian ham phu hop thay vi
la cac ham ludn nhén gia tri trong R.

Xuét phat tlf nhiing suy nghi néu trén, trong bai viét nay, chiing toi dé xuit mot hudng gidi quyét
bing cich chon khong gian ham thich hop, nhd méi lién hé giita tich phan Lebesgue véi tich phan
Bochner dé dua hé v6 han phuong trinh vé bai toin Cauchy truyén thong.

Trudc tién, ching toi thiét 1ap su ton tai nghiém dudi dang tich phan Bochner cho dang tdng
quét. Dic biét, trong trudng hgp ham ngudn c6 thda diéu kién Lipschitz ching toi thiét 1ap tinh duy
nhét nghiém. Cu thé, ching toi xem xét bai ton c6 tré dudc mo ta dudi day.

Cho E 1a khong gian Banach véi chudn |.|, va J 1a khodng déng bi chin cia R. Ta ky hiéu
C(J,E) 1a khong gian cdc ham lién tuc trén .J va nhan gia tri trong E va dugc xem xét v6i chuan
]| = sup,e; |(t)]. Ky higu € = C([—r, 0], E) xét v6i chuan ||z, = sup,¢|_,.q |(s)], véi z € C.

GidsipeCvaf:(0,00) = E. Tatimu € C([-r,T],E) thoa

ag(tt) = f(t,u), t € (0,T], (1.3)
uli_p0) = ¥, (1.4)

G 6 ul[_,o 12 han ché ctia u 1én [—r, 0]. Ching t0i xem x€t bai todn dudi mot vai gid thiét dudi day:
(H1): f : (0,00) x C — E la ham L'-Caratheodory, nghia la,

(i) v6i mdi x € C, hamt — f(t, x) 1a do dugc;

(ii) v6i hau hét t € (0,T), ham 2 — f(¢,z) 1a lién tyc.

(iii) v6i m6i T > 0, ton tai b € L'((0, T), R, ) dé

|f(t,v)] < b(t) v6i hau hét t € (0, 7).
(H2): f 1a ham thda diéu kién Lipschitz déu theo bién thif hai, nghia 12 ton tai s6 L > 0 thoa
|f(t,v) = f(t,w)| < L|lv —wl|, v6imoiu,veC,tel0,T]

Tiép theo, chiing toi thiét 1ap su thiét 1ap khong gian ham cu thé d€ bai todn (1.1)-(1.2) hoan toan
c6 thé gia quyét bang bai todn (1.3)-(1.4). St dung két qua dat dudc, chiing toi chiing minh su ton
tai nghiém ctia hé phuong trinh (1.1)-(1.2). Cudi ciing chiing t6i minh hoa bdi vi du cu thé.

Déng g6p khoa hoc ctia bai viét ctia ching toi 13, dé nghi cdch chon lua khong gian ham thich
hop dé c6 thé 1am don gian hon bai todn véi cic diéu kién ban dau.

Phén tiép theo, trong Muc 2 chiing t6i néu mot s6 dinh nghia va nhic lai mot s két qua sé dudc
st dung sau d6. Két qua chinh sé dudgc trinh bay trong Muc 3 va cudi ciing 13 mot sd vi du minh
hoa.
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2. Chuén bi

Trong muc ny ching tdi nhic lai mot s két qua dudc ding trong cdc phén tiép sau.

Bo dé 2.1. [3,6, Banach fixed point theorem] Cho V la tdp con dong ciia khong gian Banach E
va day {q,} vdi g, — 0. Gid sit dnhxa A:V — V thoa

A" (u) — A™(v)||E < gnllu — v||g vdi moin € N.

Khi dé, A cé duy nhdt diém bdt dong ©, € V, nghia la, Av, = x,. Thém nita, ©,, — ., trong do
Tnt1 = Az, ©o € V.

B dé 2.2. [5, Schauder fixed point theorem]. Cho X la khong gian Banach va B la tdp con i
dong bi chén ciia X. Néu A : B — X la dnh xa lién tuc théa A(B) C B va A(B) la compact tuong
doi, khi do A co diém bdt dong trong B.

3. Két qua chinh

Ta bt du muc may bang dinh nghia nghiém dang tich phan ctia phuong trinh (1.3)-(1.4). Tiép
theo 1a thiét 1ap su ton tai va ton tai duy nhat nghiém cho bai todn (1.3)-(1.4) va mdi lién hé giita
hai bai todn nay va cudi ciing 1 minh hoa béi hai vi du cu thé cho viéc dp dung.

3.1. Su ton tai nghiém toan cuc ctia bai toan tong quat

Pinh nghia 3.1. Mot ham « : [0, T] — E dugc goi 1a nghiém dang tich phén cia phudng trinh
(1.3) véi diéu kién dau (1.4) néu:

(i) u lién tyc tuyét dbi trén [0, T,
(i) ulj—no =,
(iii) u thoa phuong trinh (1.3).

Meénh dé 3.2. Gid sit gid thiét (HI) dugc théa. Ham w € C([—r,T)) la nghiém tich phdn ciia
(1.3)-(1.4) néu va chi néu u théa cdc diéu kién sau ddy

u(t) = p(t) vdimoi t € [—r,0], (3.5)

u(t) = p(0) + / f(s,un)ds vdit € (0,T). (3.6)
0

Chitng minh. (i) Chiéu thun: Gid st u 12 nghiém ctia (1.3)-(1.4). Khi d6, vi u lién tuc tuyét dbi
trén [0, T] nén ton tai ham ¢ kha tich Bochner g d€ u(t) = u(a) + fot g(s)ds. Khi o, u'(t) = g(t).
Do u 1a nghiém cua (1.3) nén ¢(t) = f(t, u;). Vay u thda (3.5)-(3.6).

(i) Chiéu ddo: Gié st u thda (3.5)-(3.6). Ta thiy ngay u(0) = ¢(0). Vi véi gid thiét (H1) thi
|f| € LY((0,T),R") vado d6 f kha tich Bochner. Suy ra u lién tuc tuyét doi trén [0, T]. Ta thiy
ngay u thoa (1.3)-(1.4). Ta két thic chiing minh. O
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Pinh ly 3.3. Gid sit ¢o gid thiét (H1). Khi do vdi bdt ¢ € C([—r,0],E). Khi dé phiong trinh
(1.3)-(1.4) cd nghiém xdc dinh trén (0, T| va nghiém dugc trinh bay bdi

t
) =0) + [ (s,)ds.
0
Chitng minh. Ta dinh nghia toan tG 7 : C([—r,T|,E) — C([-r, T], E) nhu sau:
p(t) te[-r0];

Ta kiém tra 7 dudc dinh nghia tot, ta chi con viéc kiém tra tinh lién tuc ctia n6 tai 0. Thiy ngay

rang 7 (u) lién tuc tai bat ky to € [, 0].
t
/ f(s,us)ds
0

o Truong hop ¢ty = 0. Ta co
t
< [ 1fsulas
0

< Ibllz oy ryyt = 0, khit — 07,

7)) = T(0) =

e Truong hgp ¢, € (0, T].
t Néut < to, ta phan tich

to t to
[ teuis= [ foudas+ [ )
JO JO Jt
va do do
|Tu(t) — Tulto)| < A(t, o),
56
to
Alt o) = / 1 (s, u)lds < [Bllzaommn(t — fo) = 0, Khit — ;.
t

t Néu to < t, ta lap ludn tuong tu va c6 dugc |Tu(t) — Tu(te)| — 0khit — ;. Di dén két
luan 7w lién tuc tai to.

Tiép theo ta chiing t6 7 1a lién tuc va compact tit C([—r, 0], E) vao C([—r, 0], E). V6i sd R > 0,
ta dinh nghia M = {u € C([-r,T|,E) : |lu|| < R} Ta s€ chiing minh tdp 7 (M) la tdp compact
tuong dbi trong C([—r, T], E) bing cich kiém tra tip nay dong lién tuc va dong bi chin tiing diém.
Gid sit u™ € M, y™ = T (u™),

e Tinh dong bi chin ting diém cta M nhd vio dénh gid sau

ly™ 1l = sup [T (™))

te[—r,T)

< sup [T(u™)(®)|+ sup [T(ul)()
te[—r,0] te(0,T)

< llgll- + 1Bllz omyzat, V6t € [, T).
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e Tich dong lién tuc dudc 14p luan tuong tu phan kiém tra tinh dinh nghia t6t ctia 7~ véi chd y danh
gia

to
A(t.to) = / |f(8, (u("))s)|ds S ”b”L‘((O.T),}R‘)(t = to) —* O khit — t(;
t

1a khong phu thudc vao u™.
Véi h > 0. Ta ky hiéu

t%h — {U € C(['—T: T]vE) : Ul[—r.O] =, Sup |U(b) - 90(0” < h}
s€[0,T]

Ta dinh nghia ham ) nhu sau:

w(s) - 99(8)1 s € [—‘I", O];
(0), s€o,T].

Ta thiy ¢ € %,. Tinh 16i ctia Z 1a dé dang kiém tra. Ta kiém tra tinh dong ctia %, gia st diy
{tntn=12.. C By véiu, = u.Tacd

sup |u(s) — (0)] < sup |u(s) — ua(s)| + sup [un(s) — ¢(0)]

s€[0,T] s€[0,T] s€[0,T]
< sup |u(s) — ¢(0)| +h
s€[—n,T]

< ||up —ul| +h = h.

Diéu nay cho u € %,. Viy %, 1a mot tap 16i va déng cia C([—r, T], E).
Bay gid ta chon h d€ c6 duge T (4),) C %, Véi u € %), td rang T u|(—r0)=, va c6 ddnh gia

/Ot f(s,uy)ds

< ‘/OL |f (s, us)lds

< 1l 10,1 ) T-

Tu(s) — (0)] =

Nhu vy ta c6 thé h > [|b]| 1ok, )T- Khi d6 T(%,) C %,. Ap dung dinh 1y diém bat dong
Schauder ta c6 diéu phai chiing minh. O

Pinh ly 3.4. Gid f théa diéu kién (i) ciia gid thiét (H1) cing vdi gid thiét (H2). Khi do bai todn
(1.3)-(1.4) c6 nghiém duy nhdt.
Chiing minh. Ta st dung lai cdc tdp %), va toan ti 7 nhu dinh nghia trong chiing minh ctia Dinh
ly 3.3. VGi h > 0 thoa h > ”bHLl((O:T)’RJr)T ta co dlIQC T(@h) C B, Ta dmh nghia Gl (anh
xadongnhat) vaT" = T o T 1 véin = 2,3, ....

Vi t € (0,77, bang quy nap theo n ta chiing minh ménh dé sau:

(Lt)"

n!

[T 2(t) — T"y(t)| < Iz = yll, Y,y € By 3.1
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That viy, dé dang thiy (3.1) diing véi n = 1. Gia sit khang dinh diing cho n = k. Trudc hét ta nhan
xét |Tz(s)—Ty(s)| =0neus € [—r,0] vaTz(s) —Ty(s) = f(f(f(g, ze)— f (&, ye))dE neu t > 0.
Do do

[Tz(s) — Ty(s)l < |1 Tz — Tylleqo,s5 Vs >0 va
lzs — all» < llz — ylleqo,a.5)-

V6i s < t cling véi gia thiét quy nap, ta danh gid

1(T*2)s = (T*y)sll- = sup [T x(s +6) — T*y(s +6)|

ge[—r,0]
— sup [T*2(0) ~ Ty(0)
0€[s—r,s]
Lk .
< Zylle -yt (3.2)

Bay gid, chiing minh (3.1) ding v6i n = k + 1. That vay, véi bét déang thic (3.2) ta c6

T a() = Ty(0)] < [ 156, (Th0)) = ()| ds

;
2 5 / 1(T*2)s — (T*).llnds
JO

(Lt)k+l

<
- k!

Nhu vay (3.1) ding v6i moi ¢ € (0, T] va nd cing c6

|77z — T"y|| < ynllz — yl| v6i moi z,y € B,

& day v, = T2 5 0 (vi chudi 3 7, hoi tu). Theo dinh Iy diém bt dong Banach ta két thic chiing

n!

minh dinh ly. O

3.2. Su ton tai nghiém ctia hé phuong trinh

Trong muc nay, ta sé cho thiy bai todn (1.1)-(1.2) hoan tda c6 thé giai quyét bdi md hinh (1.3)-
(1.4).
Taky hiéu E = {€ = {&; }jen : lim; o0 & = 0}. E la khong gian Banach véi chuin

‘gl == Sup|'€n|7 f € E
neN

Véij €N, x = (21,29,...,), V6i z; € C([—r, T|,R), ta dinh nghia x(s) = (x(s), z2(s), ...), nhu

vay x € C([-r,T],E) va x, € C([-r,0,E) v6i x,(0) = (z1(t +0), x2(t + 6),...) v6i 6 € [—r,0].
Ta dinh nghia f; : (0,00) x C([-7,0],R) = R, v6i j =1,2,...va

f(t’xt) = (fl(t= ($1)t)=f2(t: (IQ)t)! ) ) (LX) € [—T, T] X C([_T* T]‘»]E)'
Khi d6 bai toan (1.3)-(1.3) tuong duong véi bai todn (1.3)-(1.4).
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3.3. Minh hoa
Vidu3.5. Chor > 0vaT > 0. Xét hé sau

’ 20y
Fny =Tl e omzen, (33)
ot nts

(7, ) = % ye[-r0,zeQn=12.. (3.4)

Ta dinh nghia [, 0] — E, vdi o(y) = (3, %,...),

falt,v) = Uz(—_lr) v € C([-r,0],R).

nt3
Khi d6, dé thdy diéu kién (i), (i) ctia gia thiét (H1) dugc thoa. Vi T > 0, w € C([-r,0],E),
w = (wy, wy,...) Véi ||w]|, < T tacod

|w;(=r)| < sup [wn(6)]

n>1
< sup (sup I'wn(9)|>
o[—r,0] \n=>1
= sup |wi(6)|
0e[—r,0]
=|wl, <T véimgij=12,.. (3.5)
Suy ra
|f(t,w)| < sup [f;(¢,wy)|
j21
T2
<+ =b(h). (3.6)
t3

Vay diéu kién (iii) ciia (H1) dudc thda. Vay ta c6 gia thiét (H1) va hé (3.3)-(3.4) c6 nghiém theo
Pinh 1y 3.3.

Vidu3.6. Chor >0, T > 0va®: R — R 1a ham thda diéu kién Lipschitz vdi hé s6 L. Xét hé
sau . phuong trinh

dus .\ D(uylt—7))

e e o AR P (1 | 3.7)

(7, 7) = E/ y € [-1,00,5 =1,2,...,n. (3.8)

Ta dinh nghia céc khong gian E = {& = (&, ....,&,) € R" : max;<j<, |§;| < oo} véi chudn |¢| =
maXi<i<n |&5s € = C([-r;0];E), C; = C([—r,0],R). Gid sif x = (z1;...,Zn) € C([-r,T],E),

véi z; € C([-r, T, R), x(s) = (z1(8),...,Zn(s)). Ta dinh nghia ham f : (0,00) X C — E vdi
f=(f1,. fn), trong d6 f; : (0,00) x C; dinh béi

S(w(=r) .
L)y =———7m=, =1 .., .
it w) -8 v J=1.m (39
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Ta kiém tra diéu kién Lipschitz cia ham f. Gid skt v = (vy, ..., v,), W = (w1, ..., w,) € C. Tacé
: [P (v(=1)) — ®(w;(—7))|
| f3 (@t v5) — it wy)| = ’ 1+ jii/3 ’
< Liv;(—=r) —w;(=r)]
%5 Liv(—r) — %)
< Ll|lv—-w]|, véimoij=1,..n,t>0. (3.10)

Suyra |f(t,v) — f(t,w)| < L||v — w]||,. Vay gia thiét (H2) dudc thdéa. Hé phuong trinh (3.7)-(3.8)
¢6 nghiém duy nhét sit dung Pinh 1y 3.4.

4. Két luin

Su lua chon khong gian ham thich hop cho viéc giai quyét mot hé vo han cic phuong trinh 1am
cho bai todn tré nén don gian hon dudc quan tdm va gidi quyét trong bai viét ny. Chiing toi da st
dung mbi lién hé giita hai loai tich phan Lebesgue va Bochner dé thuc hién diéu nay, cic diéu kién
dat ra 1a phu hdp va c¢é trinh bay vi du minh hoa cho viéc ap dung. Ngoai ra, mo hinh bai toan con
c6 thé phit trién cho cdc dang phuong trinh tich phan c6 bic cao hon hay bac khong nguyén véi
diéu kién phi dia phuong.
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