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This paper applies the homotopy analysis method to study nonlinear
free vibrations. The paper has used the homotopy analysis method to
find analytical solutions of a nonlinear two-degree-of-freedom system.
Analytical results have found the natural oscillation frequencies, the
displacement formula of the system are approximately calculated at the
10th order. Research to find analytical solutions only receives positive
results when selecting the auxiliary parameter h is the deciding factor
in the values of the solution. Compared with the results calculated by
numerical methods, using calculations by homotopy analysis method is
an advantage to find solutions to the nonlinear vibration problem. From
calculating results, in case of auxiliary parameter A = —0.1, those
results are matched very well when analyzed by the numerical methods.
In additionally, to evaluate the reliability of the homotopy analysis
method, this paper has determined that when the time variable is in the
range t = [0 — 5.4m], the displacemental results are compared by
calculated by the homotopy method with the numerical method would
be confidence interval.
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Tan so tu nhién

Chuyén vi ngang

Bai bao nay ap dung phuong phép phan tich dong ludn dé nghién ctru
dao dong tu do phi tuyen Bai bao dung phuong phép phén tich dong
ludn dé tim nghiém giai tich cia h¢ hai bac tu do phi tuyén. Két qua giai
tich da tim duoc tn s dao dong riéng, coéng thirc chuyén vi cua hé
duogc xAp xi tinh toan & bac 10. Viéc nghién ctru im nghiém giai tich
chi nhan dugc Kkét qua kha quan khi lya chon tham sb phu A la yéu t
quuyét dinh dén gia tri ciia nghiém. So sanh v&i két qua tinh bing
phuong phép sb, sir dung tinh toan bing phuwong phap phan tich dong
ludn 13 mot lgi thé dé tim nghiém cua bai toan dao dong phi tuyén. Tir
Kkét qua tinh toan cua bai bao, khi tham sb phu A = —0.1 nhan duoc két
qua trang khép voi két qua giai bang phwong phap sb. Ngoai ra, dé
danh gia mirc do tin cdy trong phuong phap phéan tich dong luan, bai
béo di xac dinh dugc khi bién thoi gian trong khoang t = [0 - 5.4],
két qua so sanh vé& chuyén vi tinh bing phuong phap phén tich ddng
luén véi phuong phap s6 1a dang tin cay.
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1. Introduction

Nonlinear vibration problems cannot always be solved with analytical solutions, especially
problems with high nonlinearity. Research on solving nonlinear vibration problems using
analytical methods has been discussed by many authors [1] - [5]. The authors [1] — [3], [5] used
the perturbation method; the asymptotic method was used in [4]; the homotopy analysis method
(HAM) was used in [6] — [10] and the homotopy perturbation method was used in [9] — [13].
Solving the nonlinear vibration problem by analytical methods with perturbation direction and
asymptotic methods requires that a small parameter exists in the equation, from which the series
can be expanded according to that small parameter [1] - [5]. However, depending on small
parameters sometimes makes it difficult to find solutions to highly nonlinear differential
equations. Therefore, choosing an analytical method to solve highly nonlinear problems requires
something worth paying attention to when choosing a solution method.

With the introduction of the homotopy analysis method [6] - [10], it is one of the methods for
finding analytical solutions of the nonlinear vibration problem with certain advantages. The
outstanding advantage is that there is no need for small parameters in the equation, so it can be
applied to nonlinear problems in the most natural way. The characteristic of the homotopy
analysis method is to build a class of problems with the participation of the embedded parameter
q = [0,1], from which to build functions and variables in the form of power series expansions of
the embedded parameter q.

Applying the homotopy analysis method (HAM) to solving nonlinear problems sometimes
requires knowing how to flexibly select input factors appropriate to the problem to be solved, so
to get positive results requires a considerable experience and skills. The input requirements are
formula representing the rule of solution expression, choozing the initial approximation, building
the linear auxiliary operator, the auxiliary parameter f, and the auxiliary function. The received
results are also an expression containing the auxiliary parameter #, so to find a suitable solution
for the original nonlinear problem, it is necessary to see at what value of the auxiliary parameter
the received series will converge to get the required result.

In this paper, the homotopy analysis method has been applied to analyze the problem of
nonlinear free vibration for a two-degree-of-freedom system, thereby determining the solution
expression as two horizontal displacements u;(z) and u,(?), and at the same time received the
natural oscillation frequency ®. The results show that corresponding to the value A = —0.1,
results consistent with the original nonlinear problem are obtained. When the value of the
auxiliary parameter i = [—0.15 — 0.04], the series converges to the solution of the problem
corresponding to the 10th order solution.

By applying the homotopy method to find the solution of the nonlinear vibration problem, this
paper has obtained the solution expression of the problem by series expansion at the 10th order.
The paper have already compared the results of applying by HAM with the numeric method
results. The results were evaluated with the confidence interval of the homotopy analysis method.

The contents of this paper consist of sections: 1. Introduction; 2. The method of vibration
analysis; 3. Results and discussion; 4. Conclusions.

2. The method of vibration analysis

In the article [14], the author models a 2-storey house structure described by a two-degree-of-
freedom nonlinear vibration equation, with the unknowns being two horizontal displacements
uy (), u,(t). To solve the problem of undamped free oscillation, we get the following equation:

iy + xraus + 4y + 2ysuus =0

ily + xa2up + 4ysu3 = 0 (1)
with the boundary conditions:
u1(0) = ag; u;"(0) = 0; up(0) = —bg; u,'(0) =0 (2)
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In the equations (1) the parameters X11, X22, Y1, Y3,Ys are given values. In this article, we will
not survey the change of these parameters to the results of u, (t), u,(t) because we will receive
the solution expression containing those parameters. Our task now is to solve the nonlinear
differential equation (1) by using analytical methods, that is, to find two horizontal displacements
uy (1), uz (0.

Rewrite equations (1) as following:

2
_1/2!1 + Zith Ay +2y5u, =0;

3
i, 3 (3)
— T nl, +ayu, =0
Use transformations:
T = wt, uy (1) = u(t), u,(t) = sv(r),
¢ _ddr_ oa a5 d
E_dtdt_wdr’dtz_w dr?’ @
Equations (3) becomes:
2
w? d—I; + xpu + 4y ud + 2y36%uv? =0
dat (5)

w? % + X22u + 4ys6%v3 =0
The boundary conditions in equations (2) have been chosen ay=1, by=1I, then equations (2)
become:
u(0) =1,u'(0) =0,
v(0) =—-1,v'(0) =0, (6)
Thus, the original nonlinear equations (1) with two unknowns - two displacements u, (t) and
u, (t) have been replaced by solving equations (5) with two new displacements u(t), v(t) and
two unknown parameters w, §. The following section uses the homotopy analysis method (HAM)
to find approximate analytical solutions for equation (5) with boundary condition (6).
To apply the HAM to solve the system of nonlinear equations (5) with boundary conditions
(6), we choose the solution expression form as:
u(1) = up (1) + 272 [an cos(2n+ V1], v(7) = vy () + X752 [by cos(2n+ D] (7)
in which the initial approximation solution is chosen to satisfy the boundary condition (6):
uy(7) = cos(1),vy(r) = —cos(1), (®)
According to the HAM, choose the auxiliary linear operator as:

3.l )] = 725D + o(1; 9)], 3u[6: )] = [T
with the property:

9% @(T q)

+oma)| O

Ju[Cysint+ Cycost] =0 (10)
In order to solve equations (5) by the HAM, we define the nonlinear operator:

Ru[@(7;9),0(7;9),2(q) , A(q)] =
92 4>(T q)

= 0?(q) 2282 +x11<1>(r Q) + 4y1(D(50))® + 273(A(0)?P(1; 9) (0(; 9))? (11)
R, [@(1;9),0(T;9),02(q),A(Q)] =
= 2%() L2Z 1 y,,0(q) (13 @) + 4¥5(A(9))*(O(T: 9))° (12)

where (D(r,q),@(r,q) is a function of 7 and ¢, 0(q),4(q) is a function of embedding

parameter g (0<g<l). Let hq, h, are auxiliary parameters not equal to zero, then to construct the
zero-order deformation equations as following:

{(1 = D3u[P(T; @) — up (D] = R, [P(7; 9), 0(7; ), £2(q) , 4(q)]

(1= g)3,[0(7;9) = vo (D] = qh R, [P(7;9), 0(7;q), 2(q) , A(9)]
will match with initial boundary conditions:

(13)
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0o (7; q)
200) = ey 50| =0
0(0;q) = by, “570| =0 (14)
When g=0, from the zero-order deformation equations we get:
(73 0) = ug(7), 0(7; 0) = vo(7), (15)
When g=1, from the zero-order deformation equations we get:
o(; 1) =u(),0(r; ) =v(1),41) =601 =w (16)

By Taylor’s theorem, we expand ®(z;q),0(z;q),€(q),A(q) in a power series of the embedding

parameter g as following:
(75 q) = uo(T) + LnZ1Um (D™, 0(7; @) = vo(7) + L1 vm (D™ (17)

2(q) = wo + Ep21 0 (™, A(q) = 8o + XpZ1 S (D)™ (18)
when g=1, those series converge and then get:
u() = up() + XnZ1 U (1), v(7) = vo(v) + L2 v (7) 19)
W =W + X2 W (1), 8 = 8o + LinZ1 6 (7) (20)
In the equations (17), (18), denote the following quantities:
= LMo N CIC)]
wn( = 25| = @1)
_ 19™A@ _19ma@
Om = o aqm | ymg’ @™ = i aqm |y’ (22)

From the zero-order deformation equations (13), the m"-order derivative with respect to
embedding parameter ¢ we will get the m™-order deformation equation:

Su [um(f) - Amum—l(r)] = th#’L (ﬁm—l' ﬁm—lr am—lr 6m:1)

3o[Vm(®) = AnVm—1(©)] = aRY, (Um—1, Vim—1, Bm—1, Om—1) (23)
subject to the initial conditions:
Uy (0) = 0,u,,(0) = 0,v,,(0) = 0,v,,,(0) =0, (24)

where 1, = 0(m <= 1),4,,, = 1(m > 1), h4, h,- auxiliary parameters. When implemented
by the HAM, #4, ii, are meaningful to determine the convergence region of the series (17), (18).
The right-hand side of equation (23) is written as the m-/ order derivative with respect to g:

RE B By b 1) = d™ IR [ (1 9), 0(7;9), 2(q) , A(q)]
m\Ym-1 Ym-1, Wm-1,%m-1) = — 1
(m—-1)! dgqm =0
- o — 2 1 d™IR[@(59),0(1:9).2(q).4
R (s, Bnot, Bcs, Bne) = gy oy A (25)
. o

in equation (25) use symbols:
Uy = (Uo, Uy, Up), O = By By + -+ U ), By, = (B, By, -+, D), O = (80,61, --+, 61n)  (26)
From the assumption that the solution expression is written as equation (7), then the right side

of equation (25) is written as:
$(m)

R @im-1, -1, B, 1) = ) Cnin @, S_) cos[ @+ 1)1]

n=0

RbGlin—1, Bt Bt Sm-1) = T2 b (@m—1, Sm-1) cOS[ (2 + 1)17] 27)
From equations (23), the solution expression is written by:
¢o(m)

Bt B
Uy (T) = A1 (T) + A4 Z am‘n(((;ri :lz)m ) cos[ 2n+ 1)1]
n=2
bmn _)m— 'gm—
U (1) = Ao (¢) + hy By Praomtinas) cos[ (2 + 1] 28)

The mth-order approximation solution M, will get as:
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u(™) * Yn=o Um (), v(2) = Lo Vm(7) (29)
@ =~ Y=o Wm(7), 8 = oo 6 (7) (30)

Finally, we will get the displacements of the original equation (1):
u(t) = ug(wt) = o U (@), Uz (7) = Sv(wt) = Lo S Lm=o tm (wt) (31

3. Results and discussion

With the initial approximation solution u,(r) = cos(z),v,(r) = —cos(r), parametes wg, 8y can be
calculated by the following equations as:

2(X11—X22+3Y¥1) (2X11Y5—X22Y3+6Y1Y5)
Wy =1 [ 6, =+ 32
0= T 325 0 _\/ 3(2y5-v3) (32)

and also get the first-order approximation solution as:

u () = ZL—; 2y, + v368)(cos T — cos 31),v,(1) = — f;—2y56§ (cost —cos371), (33)
For higher order approximations we also get the same instinctive formula as above. But,
because expressing them is very long, to make it easier to see the higher order approximations,
here assigned the parameters in the original nonlinear equation systems (1) as values of y;; =
5.013226625, yo, = 2.466371557,y1 = 1,y3 =1,y5s =1, iy = —=0.1,h, = —0.1, thereby
obtaining approximate values for the first three orders as shown in Table 1.
Table 1. Calculated results by HAM with the first three orders

Order No w 8 u(t) v(1)
0 cos(1) —cos(1)
) —0.03561189611cos(1) 0.04622379222cos(t)
! 3682401 1922993 +0.03561189611cos(3t)  — 0.04622379222co0s(31)
0.01021447222cos(t) —0.01323657449cos(1)
2 -0.03434  -0.022523 —0.01164618673cos(31) + 0.01537321346c0s(31)
+0.001431714505c0s(51) —0.002136638969co0s(51)
—0.00347715794cos(1) 0.00437453843cos(t)
+ 0.00436112291cos(31) — 0.00569699132co0s(31)
3 0.009879  0.0074637  _ 0.000943726937cos(51) +0.001421216446co0s(51)
4+ 0.00005976196621cos(7t)  — 0.00009876355c0s(71)
0.9711254179cos(t) —0.9626382438cos(T)
2142 ) + 0.02832683229c0s(31) — 0.03654757008cos(31)
+ 3order 3657940 1.938033 + 0.000487987568cos(5t) —0.000715422523cos(51)

+ 0.00005976196621cos(7t) — 0.00009876355cos(71)

Table 1 shows that the results calculated by HAM are obtained as expression the values of the
variables according to the initial parameters and boundary conditions. Most of the methods for
solving nonlinear equations use other methods that cannot give expressions, but the HAM
method has shown the results of expressions, depending on the level of accuracy of the problem
we are trying to solve to what level. In this paper, we have calculated the results up to the 10th
order, and the results are expressed by solution expressions as in table 1. The obtained results, in
addition to depending on boundary conditions and model parameters y11, X22,V1,¥3, Vs, also
depend on the two auxiliary parameters #, i, shown in Table 2.

Figures 1 to 5 are the results on the graph calculated by the HAM and by numerical methods.
Figure 1 shows the numerical results for the original equation (1) with boundary conditions
u;(0)=1, uy(0)= 1.939975786, showing the horizontal axis as t = 0 = 2m, the vertical axis are
two displacements: CVI1num is the displacement u,(2) and CV2num is the displacement u;,(z).

Figure 2 is the displacement results by HAM of equation (5) with boundary conditions
u(0) = 1,v(0) = —1, displaying the horizontal axis as t = 0 — 2m, vertical axis are two
displacements: CV1 is the displacement u,(t) = u(wt) and CV2 is the displacement u,(t) =
Sv(wt), with the values 8, w and u(t), v(t) determined at the 10th iteration and assigned the
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value f; = —0.1, A, = —0.1. This result is equivalent to solving the original equation (1) by
numeric methods as shown in Figure 1. This is a harmonic oscillation with period T = 2/, with
o = Y7_,w; = 3.6555rad/s (approximate solution of the series (31) to the 10th order).

Table 2. Calculated results by HAM with the three orders without assigning a value of h,h,

No Calculated results completed at the first three orders for the following
u(™ = up( + u; (D) + up (0 + uz3 (M
cos(t) + 1.068356883cos(t)h, — 1.068356883h,cos(37) + 2 = (4.938743330h% —
0.3561064946h, h,)cos(t) + 2k, * (—((40.08554783h, — 2.279081565h,)cos(37))/8 —
cos(57) * (—1.726803639h, — 1.709311174h2)/24) +
1 (68.71576922h3 + (—4.464957666h, + 4.938743326)h? + (—4.732813039A3% —
0.3561064950h,)h,)cos(t) + Ay (—cos(31)(—31.08011189A2% — 2.279081568h, +
565.62410014% + 40.08554783h, — 28.42084837h,h,)/8 — cos(57)(—1.726803638h, —
1.709311174h, — 20.93975857h% — 48.05851198h2 — 22.37347221h, h,) /24 —
cos(71)(1.185162669h2% + 0.7293449527h2 + 0.9540667568%,h,) /48)
v(1) = vo(1) + v, (1) + v,(1) + v3(1)
—cos(t) — 1.386713767h,cos(t) + 1.386713767h,cos(31) + 2(—5.911877492h% —
0.03415917762h,f,)cos(t) + 2h,(—((—49.00433112h, — 0.2732734210%,)cos(37))/
8 — 0.2136638969%,c0s(51)) — 0.5235500099%,(144.6924053h% +
(1.516988494h, + 11.29190599)h, + (#, + 0.06524529983)7,)cos(r) +
fi,(—cos(37)(—4.188400080h2 — 0.2732734190h, — 49.00433114h, —
650.5428940h2 — 6.606389408%,h,)/8 — cos(57)(135.909961142 +
5.127933522h, + 0.7579040302%,h,)/24 + 0.09876355571cos(71)h2)
W= wy+ w +w,
3 1.704432363h% + (0.2226319517 + 0.04259761932h,)h, + 3.682401620 +
0.4641837982h, + 2.674983770h2
§=8,+6;+56,
4 —1.922993338 + 0.5925869646h, — 0.1421083551%,; — 1.087718637h2
+ 4.063416522h% + 0.02307102239h, A,

[\S}

\ VR 7 \ 7N\

N\ /
N 7\ / 0\ \
=N / \ / \ // \

- . o\
A /TN /. =, ) l s <\

[= - Chuyen vi ul paper = * Chuyen vi u2 paper|

Figure 2. Calculated by HAM with h; = —0.1, h, = —0.1
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Figure 3 shows two images in the Figures 1 and 2 drawn on the same coordinate axis for ease of
comparison when calculated by the two methods, thereby showing that using the HAM method and
the numerical method, the displacement value corresponds to t = 0 — 4t coincide closely.

SANAANAAN
\\ Z’ Z/\ \\ / // \\\ ,\\\

\ N
VAT

\

2r

\/ \\/
AR

= * ' Chuyen vi ul paper === * Chuyen vi u2 paper == * CVlnum === CV2num

Figure 3. Two images in Figure 1 and 2 combined into the same coordinates

Figure 4 shows the displacement results by using two methods HAM and the numerical
method. The range of t = 4w — 8w was considered, we have found that the displacement u; is
not accurate from the range t > 5.4m, but u; still matches closly (A; = —0.1, 2, = —0.1).

Figure 4. Values of displacements in the range of t = 4 - 8w

Figure 5 reveals that in cases of values #; = —0.13, /A, = —0.13 the results of u; are not
correct with the results calculated by HAM in the region t > 2 7T, however u;, is still correct.

Figure 6 is the results of two parameters § and w when changing the auxiliary parameters at
the range hy; = [—0.2 = 0.05], h, = [—0.2 = 0.05]. Notice that when in the range —0.15 <
hy < 0.04,—-0.15 < A, < 0.04, the § and w values change slowly, proving that the series
converge in that range; When outside the range hq, i, < —0.15 and hq, h, > 0.04 the values
change rapidly, proving that the series diverge within that range.
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ARARAAP
MYV Y }

0

[=—CVinum =— CV2num == Chuyen vi ul paper == Chuyen vi w paper|

Figure 5. Values of displacements when values of h, =—-0.13,h , =-0.13

Figure 6. 5(a) and w(b) values when changing hy, = [-0.2 = 0.05], A, = [-0.2 - 0.05]

4. Conclusions

Homotopy analysis method is a useful method when solving nonlinear differential equations.
The results obtained in this paper show a reliable displacement value when the auxiliary parameter
h = —0.1 and a confidence interval when the time variable t = 0 = 5.4m. By determining the
solution expression as the displacement functions u,(¢) and u,(?), and receiving the values of the
natural oscillation frequencies ®, we can easily analyze the important characteristics of non-linear
oscillation, and at the same time proactively survey and analyze the structural model parameters to
the quantities that need to be determined. The other methods of nonlinear analysis often depend on
a small parameter existing in the original equation, but the homotopy analysis method does not
contain any small parameters, so its application to nonlinear problems is very realistic. Analyzing
the convergence interval of the solution depending on the auxiliary parameters is a feature of the
homotopy analysis method that other methods do not have.
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