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The concept of topological complexity of topological space was
introduced by M.Faber in 2001. In 2010, by generalizing this concept,
Y.B. Rudyak introduced the concept of higher topological complexity.
In this paper, we calculate the higher topological complexity for the
complement of Braid arrangements in complex vector space. To do
this, we estimate the upper bound by construct a series of projections,
provide the relationship between the overall space with the projection
space and the grain of the projections and give the lower bound by
using the property of genered element of Orlik-Solomon algebra. By
application this results, we give the result about the higher topological
complexity of configuration space on real plane.
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Khéi niém d6 phuc tap t6 pd ciua khong gian té6 p6é dugc M.Faber dua ra
nam 2001. Nam 2010, tong quat hoa khai niém trén Y.B. Rudyak dua ra
khai niém d6 phirc tap t6 po bac cao cua mot khong gian t6 pb. Trong
bai b4o nay, chung t6i tinh do phuc tap t6 pd bac cao cho phan bu cac
sap xép Braid trong khong gian véc to phuc. Dé c6 duoc két qua nay
ching tdi lan luot dua ra chin trén bang viéc xay dung mot day céc
phép chiéu, dua ra mbi lién hé giira khong gian téng thé vai khong gian
chiéu va thd cua cac phép chiéu va dua ra chin duéi bang cach sir dung
tinh chat cua cac phan tir sinh cua dai sé Orlik-Solomon cua sip xép
trong ung. Ap dung két qua nay ching t6i tinh toan d6 phuc tap to pd
bac cao cho céc khdng gian ciu hinh trén mat phang.
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1. Giéi thigu
Cho X la mét khong gian t6 po lién thong duong, PX la khong gian cac duong lién tuc
trong X VGi to pd compact mo. Xét anh xa 7 : PX— Xx X, bién mdi dwong e PX

thanh cap diém dau va diém cudi cua » hay 7 (y) = (¥(0); 1(1)).
Pinh nghia 1. Do phuc tap t6 pd TC(X) ctia khong gian t6 pd X 1a sé m nhé nhat sao cho

ton tai mot phu mo {U,,...,U } cua X x X sao cho trén méi tap mé U. ton tai mot nhét cat
dia phuong s, : U, — PX cua 7, nghiala 7~ o s, =1d, .

Khéi niém nay duoc M. Farber dinh nghia trong [1] chinh 1a giéng Schwarz (xem [2]) cua T~

Tong quat khai nién trén, trong [3], Yu. Rudyak da md& rong khai niém nay thanh khai niém
do6 phuc tap t6 pd bac cao (hoiac xem [4]) nhu sau: V&i k& > 2, dat J . latich két cua k& doan don
vi [0:1], 4 =1,....k, véi 0, € [0;1]. dugc dong nht, X+ 1a khong gian tat ca cac ham lién tuc
ter J, vao X véi to pd compact mé. Xét phan the

ef c X x*
y o (1), r(1)

v6i 1. 1a phan tir 1 trong [0;1].. Pay chinh la mot cai thé phan thé cua anh xa duong chéo

d : X > X" (xem [3]).

it

Dinh nghia 2. Do phuc tap t6 pd bac cao 7'C (X) cua khong gian to p6 X las6 m nho
nhat sao cho ton tai mot pha mé {U,,...,U } cia X" boi m tap mé va véi mdi tap mé ton tai
mot nhét cit dia phuong jf :UZ. — X7 cua e, , nghiala elf of = id, .

Ciing nhu d¢ phirc tap t6 po thi do phic tap t6 pd bac cao ciing c6 cac tinh chét sau.

i) TC, lamot bit bién dong luan. Nghia 14 hai khong gian t6 p6 twong duong ddng luan thi
¢6 cung do phuc tap to pb bac cao.

i) Vi e}f la cai thé phan thé cua dnh xa d, : X — X" nén ta cd tinh chat sau: Néu m la
mot s6 nguyén duong sao cho ton tai m 16p dbi dong didu u, € H (X*) vé6i i =1,...,m thoa
man d, (u,) =0 va u..u #0eH (X").Khido TC,(X)>m+1.

Do phuc tap td pd bac cao di duogc tinh cho cac mat cau va tl'qh cia cac mat qéu bai |. Basabe,
J. Gonzélez, Y.B. Rudyak, and D. Tamaki trong [4], va mot so khdng gian cau hinh va bai J.
Gonzélez, B. Guti‘errez [5]. . o 7

Chung t6i quan tam dén d6 phuc tap t6 pb bac cao cua phan bu cac sap xép siéu phang. Trong
[6] va [7] ching t0i da tinh toan 7'C', cho phan bl ciia mot s6 16p céc sip xép siéu phang. Trong

bai béo nay ching t6i tinh 7'C’, cho phan bi cua mot sip xép Braid.
2. So Iwgc vé vén dé nghién ciru

Trudce hét chiing ta nhéc lai vé sap xép Braid.
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Pinh nghia 3. Sap xép Braid &L trong khong gian véc to phuc C" 1a mot sap xép co da thirc
xac dinh

Qs)= T[ (& —x).

1<i<j<n

Ta ki hiéu H, la siéu phang c6 phuong trinh xac dinh la ., —z,=0 hay T =, Voi
1<i<j<mn.Chiyrang £ chigom motsiéu phang (mit phang) phirc c6 phuong trinh xac
dinh z, —z, = 0.

 Dinh nghia 4. Mot sip xép tam A trong C"c6 hang 7 duoc goi Ia sap xép siéu giai dugc
néu dan L(.A) c6 mot ddy cuc dai cac phan tir modula.
C'=X <X <--<X =T, (1)

trong @6 T' latam cua A .

Voi mdi phan tr X € L(A) ta ki hiecu A, ={H e A|X CH}. Khi d6 néu
XYeL(A)vaX<YthA CA, . Giast A lasipxép siéu gidi duoc véi day cyc dai cac
phan tir modular nhu (1), tadat b, =| A, \ A, 1 | v6i i =1,...,7.Khido ddy {b,...,b } khong
phu thudc vao cac phan tir cua day modula} cuc déi va day nay goi la exponent cua sap xép A .

Tir sy xéc dinh cua & ta c6 thé dé dang suy ra & la mot sap xép siéu giai duoc, hang
n — 1 véi day cuc dai cac phan tir modular nhu sau

C'=X,<{zg,=nr}<{zg,=0,=2,} < <{y,=15,=-=z}=T, (2

vaexponentcua & la {1,2,...,n —1}.

n

Bay gio ta dat M(& ) =C" \UHGK H goi la phan bu cua &L . Khi d6 phép chiéu chinh

taic 7 : C" — C"', xéc dinh boi (0, ,m) = (T,
m: M(B) — M(B ).

Pé chimg minh cho trudng hop tong quat, ta s& lan luot dwa ra chin dudi va chan trén cho

TC (M(Z)). Bé dua ra duoc chin dudi, chiing toi st dung sw dang ciu cia dai s6 ddi dong

diéu cua M Vi dai s6 Orlik-Solomon, tir d6 tinh toan tryc tiép trén cc phan tir cua dai sb Orlik-

Solomon. B¢ dua ra chan trén, ching téi xay dung nhét cat cua phép chiéu 7 tir d6 dua ra moi

lién he gita TC (M(Z))) va TC (M(Z )). Cudi cing dua ra két luan vé két qua cua
TC (M(5)).

n

3. Két qua chinh
Pinhly. Véi n>2, TC (M(Z5))=(n—1)k.

n

) cam sinh ra phép chiéu

Chizng minh: Chirng minh cua dinh ly s& chia lam hai phan.
3.1. Chan dudsi

Taco H (M(Z);C) ding chu véi dai sé Orlik — Solomon A(&) ciia £ nhu cac dai sb
phan bac (xem [8]) va két hop vai viéc sir dung tinh chat chan dudi (ii) ta s& dwa ra chin dudi cua
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TC bing viéc st dung dai s Orlik-Solomon. Ta dong nhat cac phan tu sinh cua

H'(M(Z);C) vi céc phan tu sinh cia A(%Z). Vi A(Z) 1a dai sb thuong cua dai s6 ngoai

n n

E(& )véi cac phan ti sinh e, Ung véi cc siéu phing H,. Dovay, A(&,) sinh boi céc phan

n

tra, = ple,) Véi ¢ : E(8,) — A(L) lapheép chiéu chinh tac.

n

Xét cac phan tir a,, voi i =2,...,n vadit a = [ Ja, . Khidétaco a = 0. Xét cac phan
=2

twa, Véi j=3,..,nvadith=]]a, Khidotacingcob=0.
4 1

V6i méi phan tir a; ta dat
t

7, =1910..0101,0..01-4, ®10..01 ,vi t =2,...k
Xét phan tir

n n

= H (f[ C_lhlt )H 62,;;. )

=2 =3
Trong khai trién ciia w c6 s6 hang a ®...®a ®b bac (k—1)(n—1)+n —2 khong bi
triét tieu boi cac s hang khac. Do ddtacd w = 0.
Mat khac, d;@j =0 Vvéimoi 4,j=1....,n vat=2..k. Tiddtasuyra

TC (M(5)) = (k=1)(n—1) +(n—2) +1=(n— 1k (3)

n
3.2. Chan trén
Dé dua ra chan trén, trudc hét ta can mot s6 bd dé sau
Bo dé 1. Vi mdi n, tontai énhxa o : M(8,_) — M(L)) theamén woo =Id,, . .
Thatvay, xét o : M(&5 ) — M(&5) xac dinh boi

G(xv'“’xyH) = (xl,...,x7L71,¢(x1,...,$7L71)).

n—1 9 N X
Trong d6 é(z,...,7, )= /1—{—2‘%‘. Khi d6, de dang kiém tra duoc
i=1

ToOo = IdMUi,l)'
B6 dé 2. Cho X la mét khdng gian t pd bat ki, C' = {C,...C}yvaD={D,...,D} la
cac phi mo ciia X" théa man trén mi tap C. N D, ton tai mgt nhat cdr dia phuong ciia e, .

Khi do
TC (X)<p+q—1

Ching minh: Giasit C' = {C,,...,C } va D = {D,,...,D,} lacéc phimo cua X", khi do
ta ¢6 thé xay dung duoc mot phumo U = {U,,U,,...,U .} cia X" thoa man diéu kien mi

tapmo U, v6i 1 =1,2,...,p + ¢ — 1 lahop roi cua cac tap mo co dang C, N D, VGi bo chi s6
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i,j nao do (xem [2]). Do do, ton tai cc nhét cat cua e trénmdi U, i =1,2,...,p+q— 1.
Do d6
TC (X)<p+q—1
B6 dé 3. (Xem [7]) Ton tai mét ho cdc twong dong dong luan h, 7 (z) — X | phu
thugc lién tuc vao = € M(&_)), théamén h (o(z)) = P. Véi X _ latich két cua n—1

dwong tron S* tai P.
Ta quay lai chieng minh chan trén.
Giasit TC,(M(&,_,)) = p. Suy raton tai mot phumo U = {U,,...,U } cua (M(Z,_,))"
) trén mdi tap mé U.. bat
C, ={(A, A) € (M(B)) | (W(A),..,w(A)) €U }.
Déthay, C = {C,,...,C } lamét phums cua (M(Z5))".

Giasit TC, (X, ) = g. Khi d6 ton tai mot phumo V = {V,,...,V.} cua (X, )" thoa mén

A - A , [ , M
sao cho ton tai mot nhat cat cua e,

A X on . A . e L 5 X <
trén moi tap mé Vj ton tai nhat cat cua e bat

D, = {(4, 4) € M(B)) | (A)seonsh, (A)) €V}
Khido, D ={D,,...,D,} lamét phu ms cua (M(Z))".

M(5,)
k

j=1,...,q. Véihai diém A, B trong M(Z ), kihigu [A, B] 1a duong =, * v, * ~,, trong do

Ta s& xay dung mot nhat cit cua e trén moi tap mé co dang c N Dj, 1=1...,p,

- v, langhich anh cia dudng noi h,, o(A) véi P trong X | qua tuong duong dong luan by

- v, anh cua duong ndi m(A) véi m(B) trong M(&_|) qua o.

-y, 1a nghich anh cua duong néi P vei h, (B) trong X | qua tuong duong dong luan he s

Véibat ki (A, A,,...,A) € (M(Z))". St dung cich xay dung nhu trén, ta x4c dinh anh xa
[ boi f(ALA,...,A)=([A,AL[A, A],....,[A, A]) . Khi d6, han ché cia f trén cac tap
dang C. N Dj 14 lién tuc va ciing 14 nhat cét cua eﬁl(ﬁ").

ApdungBodé2tace TC (L)< p+q—1=TC/(& ) +TC (X, |
Bang quy nap theo 7 ta suy ra
TC(L)<TC (X )+ +TC(X,)+TC (L) (n—2).
Hon nita, (xem [3]) véi d>2 th  TC(X,)=Fk+1. Mat khac,
TC,(8)=TC,(C*) =k.
Do d6, TC,(M(5)) <(n—2)(k +1) +k—(n—2) = (n — k.

Viy dinh ly duogc chiing minh. )
Ap dung vao khéng gian cau hinh ta dugc két qua sau.

) 1.

Hé qua: Xét khdng gian cau hinh n diém trén mat phing thuc R? 14
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F(R*n) ={(z,...,z ) € (R*)" |z, = ;1= j}.

Khi do, TC,(F(R* n)) = (n — 1)k .

Ching minh. Xét ddng phdi h:R* — C bién mdi diém z = (a,b) thanh sé phuc
z=a+bi. Khi d6 anh xa h:F(R’n)— M(&L), xic dinh  boi
h(z,,....x,) = (Wz),.... M )) cing la  mot  dong  phoi. Do  do,
TC (F(R*n))=TC /(L) =(n—1k

4. Két luan

Trong bai bdo nay, chung t6i tinh duoc d6 phuc tap to pd bac cao cua phan bu mot sap Xép
Braid. Khi tim chén duéi Chung t6i str dung sy ding ciu cua ddi dong diéu cua phan bu véi dai s6
Orlik-Solomon cuia sap xép siéu phang do. Khi tim chan trén, bang viéc sir dung tinh chit cua

phép chiéu tir khong gian C” xubng C"' va tinh chat dac biét cua phan bu 16p sép xép Braid la
ton tai nhét cit cua phép chiéu nay trén phan bu, ching t6i dua ra chin trén cia TC, (M(5))

thong qua T'C' (M(Z _,)). Két qua nay chi ra rang do phuc tap to pd bac cao cua phan bi sap

xép Braid phu thugc to hop, cu thé chi phu thudc vao s6 chiéu khong gian va day exponend ciia
no. Cuodi cung, ching t6i dua ra mot &p dung cho khéng gian cau hinh trén mat phang thyc.
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