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bài báo là mới và một số nghiên cứu trong tương lai có thể được hoàn 

thiện bằng việc sử dụng kết quả trước đó của chúng tôi. 
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1. Introduction 

First, we remind some notations and definitions in Nevanlinna theory for meromorphic 

functions in several variables. Set 
2 2

1

| | | |
m

j

j

z z


 for all 1( ,..., ) ,m

mz z z 

( ) { :  | | }, m

mS r z z r  
1

( ) { :  | | }, , ( ),
4

 m c

mB r z z r d d


            

2 2 1 2log | | , log | | ( ), ( ) | | .c c m c

m m m mdd z d z z z dd z      
 
Let   be divisor 

in .m
 Set supp { : ( ) 0}.z z    We define the counting function of   by 

2 11

( )
( ) ,1 ,

r

m

n t
N r dt r

t
 

     where 
1

supp ( )
( )

m

m

m
B t

n t


 


  , for 2m  , and 

| |

( ) ,
z t

n t 


  

for 1.m   Let F  be a nonzero holomorphic function on 
m

. For a set 1( , , )m      of 

nonnegative integers, we set 1| |: m     and  
1

| |
| |

1

: .
m

m

D F
z z








 

 We define the 

zero divisor F  of F  by 
| |max{ : ( ) 0 for all :| | }.F p D F z p      Let   be a nonzero 

meromorphic function on .m
 For each 0

mz  , the zero divisor   of   is defined as follows: 

we choose nonzero holomorphic functions F  and G  on a neighborhood U  of 0z  such that  

F

G
   on U  and 

1 1dim( (0) (0)) 2F G m    , then we put .F   For each 
1( )a  

wih 
1( ) , ma   the couting function of a -point of   is  definied as following. We denote 

( )a  by the a -divisor of .  This means, if 0 1( : )    is a expression reducing of .  Then 

the a -divisor ( )a  is the divisor  associated with the holomorphic functions 1 0.a   Thus 

1 0
( ) ( ).

m

a

z

a z    



   We define 
1

supp ( ) ( )
( , ) ( )

m

m

m
a B r

n r a a


 


  


   outside a set analysis 

with codimension 2, i.e 
1 1

1 0 0dim(( ) (0) (0)) 2,a m        for all 1m   and 0,r   where 

supp ( )a  denotes the closure of the set { : ( )( ) 0}. mz a z   The counting function 

( , )N r a  (or 
1

( , ))N r
a


 

 of a -point of   is defined by 
2 11

( , )
( , ) .

r

m

n t a
N r a dt

t



 
   

For a positive integer M , we define 
( ( 1

supp ( ) ( )
( , ) ( )

m

M M m

m
a B r

n r a a


 


  


  outside a set 

analysis with codimension 2, i.e 
1 1

1 0 0dim(( ) (0) (0)) 2,a m        where 
( ( ) 0M a   if 

( )a M   and 
( ( ) 1M a   if ( ) .a M   The reduced counting function 

( ( , )MN r a  (or 

( 1
( , ))MN r

a


 
 of a -point of   with multiplicities not less than M  is defined by 

(

(

2 11

( , )
( , ) .

M
r

M

m

n t a
N r a dt

t



 
   Let k  be a positive integer and ,a  we set  
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(2 (1
( , ) ( , ) ( , ) ( , ).k

kN r N r a N r a N r a
a

  


  


 

The  proximity function of   is defined by  

( )

( )

1
log ( ),

| ( ) |( , ) .

log | ( ) | ( ),

 
m

m

m
S r

m
S r

z a
z am r a

z z a





 






   

  






 

The  characteristic function of   is defined by ( , ) ( , ) ( , ).T r m r N r       The order and 

hyperorder of   are respectively defined by 
log ( , )

( ) sup
l

i
o

l
g

m
r

T r

r


 



  and  

log log ( , )
( ) sup .

l g
lim

or

T r

r


 



  We also denote by  
1

( , ) ( , ) ( , ),T r m r a N r a
a

 


 


 where 

.a    Some time, we also denote ( , )T r a  by 
1

( , )T r
a 

, ( , )m r a  by 
1

( , )m r
a 

 and 

( , )N r   by ( , ).N r   First  Main Theorem gives that 
1

( , ) ( ) (1).T r T r O
a




 


  

The q -shift difference-partial differential polynomial of meromorphic function f  on 
m

 is 

defined by 

1

| |

,

1 0 1

( , ) ( ) ( ( )) ,( )
j

ij

j jm

IpN
S

i l l
i j m

f
P z f z T z

z z


 




 
  j jq c

 

where , ( ) ,j jT z z 
j jq c q c  (1 ,0 )ijS i N j p    , jtl , 1 t m   are nonnegative 

integers, ,M N are positive integers, 1( , , ) ,m

j j jmI l l     
1

0 | |
m

j jt

t

I l M


   ,  m

j c ,  

0, ,j p  , 1  ( , , ) {0,1}j j jm

mq q  q  means that {0,1}, 1, ,jiq i m   , and 

(1 )i i N    are small (with respect to f )  meromorphic functions. The degree ( )D P  of f  is 

defined by 1

0

( ) max { }.
p

i N ij

j

D P S 



   We also denote lower degree of P  by 

1

0

( ) min { }.
p

i N ij

j

d P S 



    

In complex plane, Yang and Laine [1], [2] established some Clunie-type results for difference 

or q -difference polynomial of meromorphic functions. In 2010, Huang and Chen [3] extended 

the result of Yang and Laine [1] for q-difference polynomial with many terms of maximal total 

degree. Cao and Xu [4] gave a difference analogue of Clunie-type lemma for meromorphic 

functions on 
m

 with hyperorder less than 1. In [5], Luong, Nguyen and Pham established a q-

difference analogue of the lemma on the logarithmic derivative and apply it to study the value 

distribution of holomorphic curves. Cao and Korhonen [6] prove a q -difference analogue  of the 

lemma on the logarithmic derivative and using that result, they obtained some q-difference 

counterpart of Clunie-type results. Hu and Yang [7] and Hao and Zhang [8] extended the 

Clunie’s lemma for meromorphic function in several variables. Motivated by that results, we first 

prove a Clunie-type result in 
m

 as follows: 
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Theorem 1. Let 
1: ( )mf   be a transcendental meromorphic with order zero such that  

(0) 0, .f    Assume that f  is solution in 
m

 of equation ( ) ( , ) ( , ),nf z P z f Q z f  where 

( , )P z f , ( , )Q z f  are q -shift difference-partial differential polynomial of meromorphic 

function ,f  and the degree ( )D Q  of ( , )Q z f  satisfying ( )D Q n , then we have the following 

estimate ( , ) ( , ) ( , ).P z fm r S r f   

Similarly Theorem 1, we have the result as follows. 

Theorem 2. Let 
1: ( )mf   be a transcendental meromorphic with order zero  such that  

(0) 0, .f    If f  is solution in 
m

 of equation ( ) ( , ),nf z P z f  where ( , )P z f  is q -

shift difference-partial differential polynomial of meromorphic function ,f  and the lower degree 

( )d P  of P   satisfying 0 ( )n d P  , then ( ,0) ( , ).fm r S r f  

In [9], Xu and Zhong study the value distributions of q-shift difference polynomial 

( ) ( )nf qz af z  of a meromorphic function f  in complex plane. We denote by 

1
1

1

( , , ) ,
m

k
k

m ll

m

f
D f z z

z z


 

 
  where 1( , , ) m

ml l   and 1 .ml l k   Motivate by the 

work of Xu and Zhong [9], we establish a result on value distribution of q -shift difference-

partial differential polynomial as follows: 

Theorem 3. Let f  be transcendental meromorphic function on 
m

 with order zero  such 

that (0) 0, ,f    and {0,1},mq  {0}.mc  Let ,n k be two positive integers with 

2 4n k  . Then  ( )( )( ) ( )n kf z D f z a z q c  has infinitely zeros, where ( ) 0a z   is a small 

function of .f  

Remark. If (1,...,1) ,m q  then our theorems still hold for meromorphic functions in 

several variables with hyperorder less than 1 via Lemma 3 and Lemma 4 which contained in [10].  

2. Preliminary  

Lemma 1 [5]. Let f  be a meromorphic function in 
m

 of zero order such that (0) 0,f    

and let 1( , , ) {0,1}. m

mq q  q  Then 
( )

( , ) ( ( , ))
( )

f z
m r o T r f

f z


q
 on a set with  

logarithmic density 1. 

Lemma 2 [5]. Let f  be a meromorphic function in 
m

 of zero order such that (0) 0, ,f    

and let  1( , , ) {0,1} m

mq q  q . Then ( , ( )) ( , ) ( , )T r f z T r f S r f q  a set with  

logarithmic density 1.Lemma 3 [10]. Let f  be a non-constant meromorphic function in 
m

 

such that (0) 0,f   , let .mc  If ( ) 1,f    then 
( )

( , ) ( , ),
( )

f z
m r S r f

f z




c
 for all 

0r   outside of a possible exceptional set  [1, )E    of finite logarithmic measure 

( ) .
E

dt
lm E

t
     
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Note that logarithmic densities of [1, )E    is defined by 
( )

logdense(E)=lim ,
logr

lm E

r
 

then any set with finite logarithmic measure has logarithmic densities zero, and its complement 

has logarithmic densities 1. 

Lemma 4 [10]. Let 
1: ( )mf   be a meromorphic function, let  .mc  If 

( ) 1,f    then ( , ( )) ( , ) ( ( , )),T r f z T r f o T r f  c  where r   outside of an 

exceptional set of finite logarithmic measure. 

Combine Lemma 1 - Lemma 3, we get the result as follows: 

Lemma 5. Let f  be a meromorphic function in 
m

 of zero order such that (0) 0,f    and 

let 1( , , ) {0,1}, .m m

mq q   q c  Then 
( )

( , ) ( ( , ))
( )

f z
m r o T r f

f z




q c
 on a set with  

logarithmic density 1, and ( , ( )) ( , ) ( ( , )),T r f z T r f o T r f  q c  where r   outside of an 

exceptional set of finite logarithmic measure. 

Lemma 6. Let f  be non-constant meromorphic function on 
m

 such that 0,kD f   then 

we have 

1

1 1
( , ) ( , ) ( , ) ( , );

1 1
( , ) ( , ) ( , ) ( , ).

k

kk

N r N r kN r f S r f
D f f

N r N r kN r f S r f
D f f



  

  

 

Proof. From Logarithmic Derivative lemma and First main theorem, we get  

1 1 1 1 1
( , ) ( , ) ( , ) ( , . ) ( , )

1 1 1 1
( , ) ( , ) ( , ) ( , ) ( , ) ( , )

1 1 1
( , ) ( , ) ( , ) ( , )

1 1
( , ) ( , ) ( , ) ( , ).

k

k

k

k k

k k

k

k

D f
T r m r N r m r N r

f f f f D f f

D f
m r m r N r m r N r S r f

f D f f D f f

T r N r N r S r f
D f D f f

T r D f N r N r S r f
D f f

   

    

   

   

 

From a result of Hu and Yang in [11], we have ( , ) ( 1) ( , ).kN r D f k N r f   This implies 

1 1
( , ) ( , ) ( , ) ( , ) ( , )

1
( , ) ( , ) ( , ) ( , ) ( , ).

k

k

k k

N r N r T r D f T r f S r f
D f f

m r D f N r D f T r f N r S r f
f

  

    

 

So  we have          
1 1

( , ) ( , ) ( , ) ( , ).                               (1)
k

N r N r kN r f S r f
D f f

   

From (1), get 

 (

2

1 1 1 1
( , ) ( , ) ( , ) ( , ) ( , ) ( , ).p

k k k
p

N r N r N r N r kN r f S r f
D f D f D f f





     

Therefore, we get 

 (

2

1 1 1
( , ) ( , ) ( ( , ) ( , )) ( , ).           (2)p

k k
p

N r kN r f N r N r S r f
D f f D f



    
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By the definition of 
( 1

( , )p

k
N r

D f
, we have (

1

2

1 1 1
( , ) ( , ) ( , ).p

kk
p

N r N r N r
f D f f



  

Combine (1) and (2), we have 
1

1 1
( , ) ( , ) ( , ) ( , ).kk

N r N r kN r f S r f
D f f

    

3. Proof of Theorems 

Proof of Theorem 1. We consider two set: 1 { ( ) :| ( ) | 1}mE z S r f z   , 2 1( ) .mE S r E  

Then we have 

1 2
( , ) ( , ) log | ( , ) | ( ) log | ( , ) | ( ).P z f m m

E E
m r P z f z P z f z       

We suppose that ( , )P z f  and ( , )Q z f  can be written as follows 

1

| |

,

1 0 1

( , ) ( ) ( ( )) ,( )
j

ij

j jm

IpN
S

i l l
i j m

f
P z f z T z

z z


 




 
  j jq c

 

where (1 ,0 )ijS i N j p    , jtl , 1 t m   are nonnegative integers, ,M N  are positive 

integers, 
1

0 | |
m

j jt

t

I l M


   , {0,1} m

j q ,  m

j c , 0, ,j p  , and (1 )i i N    

are small (with respect to f ) meromorphic functions and  

1

| |

,

1 0 1

( , ) ( ) ( ( )) ,( )
j

ij

j jm

JqK
T

k h h
k j m

f
Q z f z T z

z z


 




 
  j jq c

 

where (1 ,0 )ijT k K j q    , jth , 1 t m   are nonnegative integers, ,M K are positive 

integers, 
1

0 | |
m

j jt

t

J h M


   , and (1 )k i K    are small (with respect to f ) meromorphic 

functions. On 1E , we have 

 
1

| |

,
,1

1 0 ,

( ( ))
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Thus, from Logarithmic Derivative lemma for meromorphic function in several variables and 

Lemma 5, we have 
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On 2E , we have 
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| |
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1 0 1

1
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Thus, we obtain 
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This implies 
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Combining (3) and (4), we have 
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Proof of Theorem 2. We suppose that f  is a solution of  equation ( ) ( , ).nf z P z f  Since 
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It implies that 
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Proof of Theorem 3. We denote  , ( )T z z q c q c  and set ,( )( )( ( )).n kF f z D f T z q c  From a 

result of Hu and Yang in [11], we have , ,( ,( )( ( )) ( 1) ( , ( ( )).kN r D f T z k N r f T z 
q c q c

 

Therefore, using Lemma 5, we obtain 
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This implies  

( 1) ( , ) ( , ) ( , ).                                                                 (5)n k T r f T r F S r f   

     
Apply to Second main theorem for small function and Lemma 6, we obtain the inequality as 

follows 
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Combining above inequality with (5), we obtain 

                               
1

( 2 5) ( , ) ( , ) ( , ).n k T r f N r S r f
F a

   


 

From the condittion 2 6,n k   we get that ( )( )( ) ( )n kf z D f z a z q c  has infinitely zeros. 

4. Conclusion 

In this paper, we show a q -difference analogue for logarithmic derivative lemma. Apply this 

result, we study the proximity function of solutions to q -shift difference-partial differential 

equation and value distribution of difference-polynomials.  
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