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Recently, Nevanlinna theory applied to study difference-differential
equations, also value distribution of difference-differential
polynomials. This research direction has attracted the attention of many
mathematicians in the country as well as around the world. In this
paper, by using g-difference analogue of the lemma on the logarithmic
derivative and Nevanlinna theory for meromorphic functions in several
variables, we study the proximity function of solutions to qg-shift
difference-partial differential. Our results show that under some
suitable conditions of degree of equations, proximity function of
solutions is small function in comparing with characteristic functions.
In addition, we establish a new lemma on the counting function of
zeros of the partial derivative of meromorphic function in several
variables, and apply that result to study the value distribution of
difference-partial differential polynomials. In our best knowledge, our
results are new and some future works can be done by using our
previous results.
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TU KHOA

Ham phan hinh nhiéu bién

Ly thuyét Nevanlinna

Phuong trinh g-sai phan-dich
chuyén dao ham riéng

Phan bé gié tri cua da thuc sai
phéan

Ham nho

Thoi gian gan day, Ly thuyét Nevanlinna did dwoc ng dung trong
nghién ctru phuong trinh vi-sai phan, ciing nhu phan bé gia tri cia da
thirc dao ham-sai phan. Hudng nghién ciru nay da thu hiat dugc sy quan
tam cua nhiéu nha toan hoc trong va ngoai nudc. Trong bai béo nay, sir
dung B6 d& g-sai phan twong ty dao ham logarit va Ly thuyét
Nevanlinna cho ham phan hinh nhiéu bién, ching t6i nghién ctu ham
xap xi cho nghiém cua phwong trinh g-dich chuyén sai phan-dao ham
riéng. Két qua cua ching toi chi ra rang vai mot sé diéu kién vé bac cua
phuong trinh, ham x4p xi caa nghiém 1a nho so véi ham dic trung.
Ngoai ra, bang viéc thiét 1ap mot bé dé mai vé ham dém cac khong
diém cua dao ham riéng cia ham phan hinh nhiéu bién, ching toi tng
dung két qua d6 vao nghién ctru phan bé gia tri cia da thirc sai phan-
dao ham riéng. Theo hiéu biét tot nhat cua ching t6i, cac két qua trong
bai b&o la méi va mot sé nghién ctru trong tuong lai ¢6 thé duogc hoan
thién bang viéc st dung két qua trudc do cua ching ti.
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1. Introduction
First, we remind some notations and definitions in Nevanlinna theory for meromorphic

m
functions in several variables. Set |z[’=)|z,[for all z=(z,..,2,)eC",
j=1

S, (nN={ze C": |z|=r},B (r)={ze C": |z|<r},d =a+5,d°=4i(6—5),
T

o =dd°log|zf, o, =d°log|z[ A@m " (2),v, (2)=dd®|z[. Let v be divisor

in C". Set suppv ={z:v(z) = 0}. We define the counting function of v by

N, (r) :Lr tr;g)ldt,l< Ir <-+oo, where n(t)

vpt, for m>2, and n(t)=>v,

|z|<t
for m=1. Let F be a nonzero holomorphic function on C". For a set o =(c,...,,,) of

L 0! ,
nonnegative integers, we set | |=a, +...+a, and D“IF :=W. We define the
z,...0"17,

zero divisor v, of F by v, =max{p:D"F(z) =0 forall a:|a|< p}. Let ¢ be a nonzero

- J.suppvmﬁm t)

meromorphic function on C™. For each Z, € C™, the zero divisor vV, of ¢ is defined as follows:

we choose nonzero holomorphic functions F and G on a neighborhood U of z, such that
¢=g on U and dim(F™(0) nG™(0)) <m—2, then we put v, =v,. For each aeP'(C)

wih ¢(a) = C", the couting function of a-point of ¢ is definied as following. We denote
v,(a) by the a-divisor of ¢. This means, if ¢= (g, :¢) is a expression reducing of . Then

the a-divisor v,(a) is the divisor associated with the holomorphic functions ¢ —ag,. Thus

_ . _ m-1 . .
v,(a)= Z Vy o (2). We define n¢(r,a)—J‘Supm(a)ﬁgm(r)vqj(a)vm outside a set analysis

zeC"

with codimension 2, i.e dim((¢ —ad,)*(0) "¢, *(0)) <m—2, for all m>1 and r >0, where
suppv,(a) denotes the closure of the set {ze C":v,(a)(z) #0}. The counting function

1 - - ) r n¢(t,a)
N¢(r,a) (or NALE)) of a-point of ¢ is defined by N¢(r’a) :.[1 t

2m-1
t

For a positive integer M, we define ﬁé'\" (r,a)zj _
suppv, (a)nB, (r)

analysis with codimension 2, i.e dim((¢, —ag,)*(0) N¢;*(0)) <m—2, where v*(a)=0 if

v,(8)<M and V" (a)=1 if v,(a)>M. The reduced counting function N*(r,a) (or

v (@)vy outside a set

— 1 . . o . .
N;,M (r,¢—)) of a-point of ¢ with multiplicities not less than M is defined by
—-a

o (M (t,a) L
Ng" (r,a) :_[ tszt. Let k be a positive integer and a € C, we set

1
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Nk(r,%) =N,(r,a)+NZ(r,a)+...+ N(r,a).
—a
The proximity function of ¢ is defined by

.1
[. Jog' ——=—o,()axwx

| #(2) —a]
[s 010" 16D o (2).a =0
The characteristic function of ¢ is defined by T(r,#) =m,(r,o0)+ N,(r, ). The order and

m,(r,a)=

hyperorder of ¢ are respectively defined by p(¢)=|imsup—|Ong(r’¢) and
r—o 0
g(¢):Iimsupw. We also denote by T(r,%):m¢(r,a)+N¢(r,a), where
r—oo r _a

a#oo. Some time, we also denote T,(r,a) by T(r,%), m,(r,a) by m(r,%) and
—-a —-a

N, (r,o0) by N(r,¢). First Main Theorem gives that T(r,(/ﬁ—ia) =T,(r+0Q).

The q-shift difference-partial differential polynomial of meromorphic function f on C™ is
defined by

P
f
P(z, )= Za(z)H(m iz Tae @),
where qu’cj(z)ijz+cj, ij(1S|£N,OSJS p), Ijt, 1<t<m are nonnegative
integers, M, N are positive integers, Ij :(Ijl,...,ljm)eNm, o<1, |=Z:|Jt <M, C;e€ c™,
t=1

i=0,...,p, 9;=(p---0j,) € C"N\{0,} means that q; #{0,5},i=1...,m, and

o, (L<i1 < N) are small (with respect to f ) meromorphic functions. The degree D(P) of f is

defined by D(P)= maxLKN{ZS} We also denote lower degree of P by

j=0
p
d(P) = minKisN{Z Sij}'
j=0

In complex plane, Yang and Laine [1], [2] established some Clunie-type results for difference
or ( -difference polynomial of meromorphic functions. In 2010, Huang and Chen [3] extended
the result of Yang and Laine [1] for g-difference polynomial with many terms of maximal total
degree. Cao and Xu [4] gave a difference analogue of Clunie-type lemma for meromorphic

functions on C™ with hyperorder less than 1. In [5], Luong, Nguyen and Pham established a g-
difference analogue of the lemma on the logarithmic derivative and apply it to study the value
distribution of holomorphic curves. Cao and Korhonen [6] prove a  -difference analogue of the

lemma on the logarithmic derivative and using that result, they obtained some g-difference
counterpart of Clunie-type results. Hu and Yang [7] and Hao and Zhang [8] extended the
Clunie’s lemma for meromorphic function in several variables. Motivated by that results, we first

prove a Clunie-type resultin C™ as follows:
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Theorem 1. Let f :C" —>P1(C) be a transcendental meromorphic with order zero such that

f (0) = 0,00. Assume that f is solution in C™ of equation f"(z)P(z, f)=Q(z, f), where
P(z, f), Q(z, f) are q-shift difference-partial differential polynomial of meromorphic
function f, and the degree D(Q) of Q(z, f) satisfying D(Q) < n, then we have the following
estimate m,, (,(r,) =S(r, f).

Similarly Theorem 1, we have the result as follows.

Theorem 2. Let f : C" —)IP’l(C) be a transcendental meromorphic with order zero such that

f(0) #0,c0. If f issolution in C™ of equation f"(z)=P(z, f), where P(z, f) is q-
shift difference-partial differential polynomial of meromorphic function f, and the lower degree
d(P) of P satisfying 0<n<d(P), then m, (r,0) =S(r, f).

In [9], Xu and Zhong study the value distributions of g-shift difference polynomial
f(gz)—af"(z) of a meromorphic function f in complex plane. We denote by
o~ f
ovz,...0z,

work of Xu and Zhong [9], we establish a result on value distribution of q-shift difference-
partial differential polynomial as follows:

Theorem 3. Let f be transcendental meromorphic function on C™ with order zero such
that f(0)=0,0, and qe C" \ {0,1}, ceC"\ {0}. Let n,K be two positive integers with
n>2k+4.Then f"(z)(Df)(qz+c)—a(z) has infinitely zeros, where a(z)#0 is a small
function of f.

Df(z,....2,) = , where (I,...,1.)eN" and I, +...+1_ =k. Motivate by the

Remark. If q=(1,...,1) € C", then our theorems still hold for meromorphic functions in
several variables with hyperorder less than 1 via Lemma 3 and Lemma 4 which contained in [10].

2. Preliminary

Lemma 1 [5]. Let f be a meromorphic function in C™ of zero order such that f (0) 0,00

and let gq=(q,...,q,) e C"\{0,}. Then m(r,%):o(ﬂr,f)) on a set with

(2)

logarithmic density 1.
Lemma 2 [5]. Let f be a meromorphic function in C™ of zero order such that f (0) = 0, oo,

and let q=(q,...,q,)€ C"\{0,3}. Then T(r, f(qz))=T(r, f)+S(r,f) a set with

logarithmic density 1.Lemma 3 [10]. Let f be a non-constant meromorphic function in C"

f(z+c)
f(z)

r>0 outside of a possible exceptional set E —[1,+o) of finite logarithmic measure

Im(E):I%<oo.

such that f(0)=#0,00, let ceC™. If ¢(f)=¢<1, then m(r, )=S(r, ), for all
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Note that logarithmic densities of E —[1,+00) is defined by logdense(E)=lim I:n(E)
r—oo og

then any set with finite logarithmic measure has logarithmic densities zero, and its complement
has logarithmic densities 1.

Lemma 4 [10]. Let f:C"™ —>P'(C) be a meromorphic function, let ce C". If
c(f)=¢<1, then T(r,f(z+c))=T(r,f)+o(T(r,f)), where r—>oo outside of an

exceptional set of finite logarithmic measure.
Combine Lemma 1 - Lemma 3, we get the result as follows:

Lemma5. Let f be a meromorphic function in C™ of zero order such that f (0) = 0,00 and

let q=(..q,) e C"\{0,3,ceC". Then m(r, %)_ o(T(r, f)) On a set with

logarithmic density 1, and T(r, f (qz+c)) =T (r, f)+o(T (r, f)), where r — oo outside of an
exceptional set of finite logarithmic measure.

Lemma 6. Let f be non-constant meromorphic function on C™ such that D*f %0, then
we have

N(r, D:L'f)gN(r,%)+klﬁ(r,f)+8(r,f);
N(r,—— )< N, (r,=)+kN(r, f)+S(r, f).
’Dkf k+1 ,f 1 ’
Proof. From Logarithmic Derivative lemma and First main theorem, we get
1 1 1 D“f 1 1
T(r,—)=m(r,—=)+N((,—)=m(r,—.——) + N(r,—
(r, ) =m(r, )+ N(r,2) =m(r, ——. ) + N(r, )
D*f 1 1
<m(r, , ,—) = +N(r,=)+S(r, f
( D“ : =~ f) ( ) (r, )

—T(r ) N(r )+N(r,%)+8(r f)

—T(rD )~ N(r.— )+N(r 1)+S(r,f).
From a result of Hu and Yangln [11] we have N(r,D*f) <(k+1)N(r, f). This implies
N(r )<N(r —)+T(r Df)—T(r, f)+S(r, )

=m(r,D*f)+ N(r,D*f)-T(r, f)+N(r,T)+S(r, ).

So we have N(r,ﬁ)gN(r,%)Jrkl\_l(r, f)+S(r, f). (¢H)
From (1), get

I\_l(r )<N(r —)+kN(r f)+S(r, f).

p>2
Therefore, we get

N(r )<kN(r f)+ (N(r, —) ZN(p(r

p=>2

))+S(r, ). (%)
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1 1
o) SNk (r ).

p=2

k+1(r,?)+kN(r, f)+S(r, f).

3. Proof of Theorems

Proof of Theorem 1. We consider two set: E, ={zeS_(r):| f(z)|<L}, E,=S,(r)\ E.
Then we have

Moo iy (Fo0) = [_10g” | P(z, )| o, (2) + [_log” | P(z, )| 0, (D).
We suppose that P(z, f) and Q(z, f) can be written as follows

Il
P(z, )= Za(z)l—[(a”8 ;Jm Ty o (),

where 5;(1<i<N,0<j<p), I, 1<t<m are nonnegatlve integers, M, N are positive
integers, 01, |= let_M g, C"\{0.1}, ¢; e C", j=0,...,p, and o;(1<i<N)

are small (with respect to f ) meromorphic functions and

19,1
Qz. )= Zﬂk()H( ot

Tij
T, oz, (e @)
.. "
where T;(1<k <K,0< j<q), h, 1£t <m are nonnegative integers, M, K are positive

jtr

i <M, and B (1<i<K) are small (with respect to f) meromorphic

integers, 0<]J; |= Zh
t=1

functions. On E,, we have

o
(T, . (2)
N P Gljlzl...al’mzm b Si f(qu'Cj(Z)) Sij
|P(Z,f)|£izl:|ai(z)|xllj:!( Ty, @) e

Thus, from Logarithmic Derivative lemma for meromorphic function in several variables and
Lemma 5, we have

j log* | P(z, f)| o, (z)<Zm (r, °O)+%ljzp(;5uf log ;‘J#)(»lam(z)
. azallgzcr(z)) ©)
+;Jzosuj log*h, (2)o,,(2) = S(r, ), h,(2) | == f(qu]:(z»
On E, ., we have P(z, )= (2)h(2), b(2) = H(—a”"'fh T, . @)
f() Mz, O
Thus, we obtain | P(z, f) |< Zwk(z) l16(z) |, where |b(z) |=b,h,, where
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o't
—(F (2)
oMz, < B (Ta e, Dy
o AT B o AFTC @y |
This implies
[ 1og" IP(z, f)|(2) <> my, (r,0)
2 k=1
+L1 log*h,(2)o,,(2) +jE2 log*h,(2)o,,(2) 4)
=S(r, f).

Combining (3) and (4), we have My, (,(r, ) = L 10" [P(z, )] o, (1) =S(r, ).

Proof of Theorem 2. We suppose that f is a solution of equation f"(z)=P(z, f). Since

=l

ZS” >d(P), 1<i<N, thenforany z suchthat | f(z)|<1, we get

j=0

1 _ 1Pz )l _ (To,c; (Dys
O™ 110w Zl'“(z)'ln(h“ —t )l

It implies that
(d(P)—n)m(r,0) = (d(P) - n)f ———0on(2) < Zm (r,0)

0 I f( )|
+.§1:JZD(; 'JI log*h,(2)o,, (Z)+.21:,Z(;S”I log %l%(z):sa,f)_

Proof of Theorem 3. We denote T, (z)=qz+c andset F = f "(z)(D*f )(T,.(2)). Froma

result of Hu and Yang in [11], we have N(r, (D" f)(T,.(2) <(k +DN(r, f (Toc (2))-
Therefore, using Lemma 5, we obtain
nT(r, f)

=T(r, 1" (D" 1)(T,.(2))

) <T(r,F)+T(r, (D" f)(T,.(2))+0Q)

1
(D*f)(T,(2))
=T(r,F)+m(r,(D"f)(T,.(2))) + N(r,(D" f )(T, .(2)))
(D*f)(T,.(2))

(T, (2))
<T(r,F)+m(r, f(T,.(2))) + (k +N(r, f (T (2))) +S(r, ).
This implies
(n—k=)T(r, f)<T(r,F)+S(r, ). (5)

Apply to Second main theorem for small function and Lemma 6, we obtain the inequality as
follows

=T(r,F)+m(r, f (T (2))) + N(r, (D" £ )(T, . (2)))
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1
—a

T(r.F) < N(r,F)+ N‘(r,é)+ N(r =) +5(r,F)

< N(r, f)+ N(r, f(T,.(2) + I\_l(r,%)+ N(r )+ I\_l(r,FL_a) +S(r, f)

1
(D F)(T,.(2))
<3T(r, f)+ Nk+l(r,m) RN F (T, () + N
1

F-a
Combining above inequality with (5), we obtain

(n—2k =5)T(r, f) < N(r,

1y isr )
~a

< (K+A)T(r, f)+ N(r, )+ S(r, f).
1
F-a
From the condittion n> 2k +6, we get that f"(z)(D* f)(qz +c¢)—a(z) has infinitely zeros.

)+S(r, f).

4. Conclusion

In this paper, we show a ( -difference analogue for logarithmic derivative lemma. Apply this
result, we study the proximity function of solutions to q-shift difference-partial differential
equation and value distribution of difference-polynomials.
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