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This paper proposes an efficient algorithm for comparison reduction for
sorting X + Y. The proposed algorithm first sorts set X and set Y
individually, then repeatedly selects a pair of elements from X and Y
and adds the pair into X + Y in ascending order of sums of pairs. The
algorithm is designed with a technique able to limit the number of pairs
to be considered for each selection. The technique is able to limit the
number of elements of X to be considered and considers only one
element of Y to be paired with each element of X to select the pair with
the smallest sum among the pairs that haven’t been selected. A heap
data structure used to store and update pairs to be considered helps
operations in selecting a pair only need to run in O(log(n)) time, and
the total running time of the algorithm is O(n’log(n)). The experimental
results show that the number of comparisons and the running time of
the proposed algorithm are significantly less than those of a traditional
heapsort based approach.
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Cac cau trac dit lidu va thuat
toan

Céc thuat toan sip xép
Thuat toan sap xép vun déng
Sipxép X +Y

Phan tich thuat toan

Bai bdo nay d€ xuat mot thuét toan hiéu qua dé giam thiéu so luong
phép so sanh cho bai toan sap xép X + Y. Thuét toan dé xuat trude hét
Sap Xep riéng cac tap X va Y, sau do tién hanh chon tung cap phan to
tir tap X va tp Y va thém vao tap X + Y theo thur tu téng tang dan cua
cac c@p. Thuét toan dugc thiét ké v6i ky thuat c6 kha nang han ché So
cap phai xét trong mdi 1an chon. K¥ thuat c6 kha ning han ché sé
phan tir thudc X duoc xét va chi xét duy nhat mot phan tir thuoe Y dé
ghép cap véi mdi phan tar thuge X dé chon ra cip co téng nho nhat
trong céac cip chua duoc chon. Cau tric déng duoc sir dung dé luu trir
va cap nhat lai cac cdp duge xét gitp cac thao tac trong lya chon mot
cap phan tir chi can chay trong thoi gian O(log(n)) va tong thoi gian
chay cua thuat toan 1a O(n’log(n)). Két qua thuc nghi¢ém cho thiy sé
lugng phép so sanh va thoi gian chay cua thuat toan d& xuit nho hon
dang ke SO Vdi cac gia tri s6 nay cua cach tiép can dya trén thuat toan
sap xép vun déng truyén théng.
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1. Gioi thigu

Bai bao nay dé xuat thuat toan giai quyet bai toan sip xép X + Y. Bai toan c¢6 dau vao 1a 2 tap
X va Y ¢6 s6 phan tir nhu nhau va yéu cau dit ra 1a dua ra mot tap tat ca cac cap phan tor gom
mot phan tir thuoe X va mot phan tir thude Y; céc cip nay duoc sip xép theo thir tu tong ciia moi
cap tang dan [1] Vi du ta c6 hai tdp dau vao 1a X = {0, 3,4} va Y = {1, 5, 8} thi d4u ra 1a diy cac
cip duoc sip xép theo thi ti téng ting dan ctia mdi cap nhu sau:

{0, 1}, {3, 1}, {0, 5}, {4, 1}, {0, 8}, {3, 5}, {4, 5} {3, 8}, {4, 8}

bay la bai toan sap Xep co nhiéu wng dung. Bai toan nay c6 thé tng dung trong tim kiém
duong bay giita hai diém, c6 di qua mot diém trung gian sao cho tong chi phi 1a nho nhat [2].
Nhan hai da thirc ciia mot bién duy nhat ciing c6 thé sir dung sip xép X + Y [3]. Sap xép X + Y
¢6 thé tng dung trong thiét ké VLSI [4]. VLSI 1a quy trinh tao mang dién tich hop (IC) bang cach
két hop hang triéu hay hang ty bong ban dan vao mét chip. Trong mot thuat toan trong thiét ké
VLSI, sip xép X + Y 1a mot chuong trinh con tén kém nhat. Sap xép X + Y ciing dugc ap dung
dé giai bai toan 3SUM [5] hay ung dung trong linh vuc xu ly anh [6], [7]. Mot sb tng dung
khong nhét thiét phai Sap Xép tat ca cac phan tir trong X + Y, ma chi can chon ra k phan tir c6
tong cac phan tir nho nhat, do d6 ta con c6 bai toan gan giii voi sap xép X + Y 1a lya chon k phan
tir co tong cac phan tir nho nhat trong tap X + X, + ... + X [8], [9].

Céc tac gia trong [10] d4 tom tit cac nghién ctru tleu bleu glal quyét bai toan Sap Xep X+Y.
Vi tp X va Y ¢6 kich thudc bang n, X + Y ¢6 the sap xép bang thuét toan truyén thong nhu
thuat toan sap Xep vun dbng... véi @6 phuc tap 1a n?log(n). P& xuét cua Jean-Luc Lambert [11]
n6i rang c6 thé sap Xep X +Y véi O(n ) phép so sanh, nhung lai du'a vao kha nang sap xép R -R
tortap R + R da sap xép ma khong can phép so sanh nao. Viéc Sap xép R - R c6 thé thyc hién
bang thuat toan truyén thdng, trong dé viéc so sanh r - 1’ va s - s’ khong thuc hién ma thong qua
viéc xac dinh thir ty cia r +s” va s + 1 trong R + R. Viée xac dinh tha ty thuc hién thé nao néu
khéng can so sanh khong dugc trinh bay. Nhung tac gia két luan thu tuc sip xép R - R van c6 do
phtc tap 1a n’log(n). Kane [12] d chiing t6 rang X + Y c6 thé sap xép sir dung O(nlog®n) phép so
sanh, nhung cach cai dat thuat toan mot cach hiéu qua ciing khong dugc mé ta. Trong thyc té
khong c6 cach tiép can duoc biét nao nhanh hon cach tiép can dya trén thuat toan sap xép truyén
thdng voi do phuc tap la O(n’log(n’ ) = O(n log(n)) [8].

Bai bao nay dé xuét thuat toan dé Sap xep X+Y VG muc tiéu giam thleu s6 phép so sanh. Két
qua thuc nghiém cho thay thuat toan dé xuét co thé giam duoc dang ké s6 phép so sanh, so véi
cach tiép can dya trén thuat toan sap xép vun déng truyén thong.

NOi dung cua cac phan tiép theo nhu sau: Phan 2 trinh bay cach tiép can duya trén thuat toan
sap Xep vun dong va thuat toan dé& xut dé giai bai toan X + Y. Phan 3 1a thuc nghiém va danh
gia. Phan cudi cung dua ra cac két luan.

2. Cac thuat toan
~ Trong bai bao nay, chung t61 dé XUt mot thuét toan méi daé ‘Sép xép X + Y va so sanh véi cach

tiep can dya trén thudt toan sap xeép vun dong truyeén thong bang thuc nghiém. Ca hai cach tiep
can s¢ dugc trinh bay trong phan nay.
2.1. Thugt todn sdp xép vun dong va dp dung sdp xép X + Y

Phan nay trinh bay thuat toan sip Xép vun ddng va cach st dung dé sap xép X + Y.
2.1.1. Thudt todn sdp xép vun dong

Thuat toan sap xép vun ddng [13] co sb phép so sanh trong trudng hop xau nhat 1a O(nlog(n))
1a mot thuét toan manh trong nhom céc thuat toan truyén thong nhu sap xép nhanh hay hoa nhap

Vi sb phép so sanh trong truong hop Xau nhét 1an luot 13 O(n%) va O(nlog(n)). Thudt toan sap
xép vun dong cho mot danh sach cac phan tir thuc hién hai céng viéc. Trudc hét thuat toan tao
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dbng trén cung danh sach cac phan tir ban dau. Mdi quan hé gitra cac phan tir trong déng duoc
xéc dinh qua chi s6 cta n6. Trong mét danh sach cac phan tar dugc danh sé tir 0, phan tir thir i ¢6
cha & vi tri [(i — 1)/2], con trai & Vi tri 2 x i + 1 va con phai & Vi tri 2 x i + 2 néu c6. Gia trj cua
phan tir cha 16n hon hodc bang gia tri cua phan tir con. Phan tir ¢ vi tri dau tién ciia danh sach
khong 1a con cua phan tir ndo va c¢é gia tri 16n nhat. Tiép dé, thuat toan phan danh sach thanh hai
phan, phan cudi danh sach gdm cac phan tir da dwoc sip xép theo thir tu ting dan va phan dau
danh sach gdm cac phan tir chua duoc sap xép, nhung van duy tri cau trac dong. Thuat toan 1an
luot d6i chd phan tir & vi tri du tién va cudi cing cuia phan dau danh sach; sau dé phan tir cudi
cung cua phan dau duoc két nap vao phan sau. Phian du khi d6 c6 thé khong dam bao duoc trat
ty d6ng do phan tir trén dinh cua déng (& vi tri dau tién cta phan dau) nho hon cac phan tir con
cia né. Thuat toan s& d6i chd phan tir dau tién v6i phan tir con I6n hon cua nd cho dén khi dat
dugc trat tu cia ddng.

2.1.2. Ap dung sdp xép X + Y

Bai bao ap dung thuat toan sap xép vun dbng dé sap Xép X + Y nhu sau. Du tién thuit toan
dua tit ca n® bo (x, y) vao mot danh sach, trong do x 1a phan tir thuoe X va y 1a phan tu thuoc Y.
Sau do thyuc hién thuat toan sap xép vun dong trén danh sach cac bo (x, y) theo tong cua x va y.
Thuét toan c6 sé phép so sanh 1a O(n’log(n?)) = O(n’log(n)).

2.2. Thugt todn d@é xudt
Phan nay trinh bay thuét toan d& xuét va vi du minh hoa cho cac budc chay cua thuat toan.
2.2.1 Thudt todn

Thuat toan 1 1a thuat toan dé& xuat thé hién bang ma gia Python. Thuat toan c6 dau vao 1a hai
tap X vaYcoén phén tu, dugc luu trong hai danh sach va dugc danh s6 tir 0. Thuat toan can tao
ratap X + Y duoc luu trong danh sach XY ¢6 n x n phan tr, mdi phan tir gdm mét phan tir thuoc
X va mét phan tir thude Y. Cac phan tir trong danh sach XY dugc sap xép theo thir tu tong ting
dan cua hai phan tu trong moi phén tir. Thudt toan truéc hét sip xép riéng danh sach X va Y st
dung thuat toan sap Xép vun dong Thuat toan luu trit va cap nhét lai cac cap phan tir phai xét dé
chon ra cip co tong nho nhét trong cac cap chua dugc dua vao XY trong danh sach XYS. Mai
phan tir thuoc XYS gém 3 thudc tinh: xID 14 chi s6 mot phan tir thude X, yID 1a chi s6 mot phan
tir thude Y va s 1a téng cua hai phan tir. Tuy nhién, dé don gian trong trinh bay, thuat ngir cap chi
s6 cua hai phan tir hoac cip phan tir duoc dung thay thé cho b 3 thanh phan trong mot s6 noi
dung dudi day, vi tong ciia hai phan tir thuoe X va Y ¢o thé tinh dwoc tir cap chi s6. Danh sach
XYS c¢6 cdu trac dong nho nhét theo gia tri tong s cta hai phan tir. Danh sach XYS ban dau chi
c6 mot phan tu 1a (0, 0, X[0] + Y[0]) la phan tir c6 tong s nho nhat trong cac phan ta. Thuit toan
ciing Iuu chi s6 16n nhat cua phan tir thuge X trong XYS trong bién lastXID, ban dau 1a 0. Tiép
do6, thuat toan thuc hién vong lip for (dong 7) véi bién chay step trong n x n 1an. M&i budc lip
chon ra cip c6 téng nho nhat trong cac cip chua dugc chon dé cho vao XY. Thuat toan dua ra k§
thuat han ché sé cap phan tir phai xét trong mdi 1an chon. Mai phan tir x thugc X chi dugc xét
ghép cip véi ding mot phan tir thuge Y, 1a phan tir nhd nhét chua duge ghép cap véi x. Mdi lan
cap chi s6 xID, yID & gbc cua déng XYS duoc chon: néu yID < n - 1, thi cip nay duoc thay thé
bang cap xID, yID + 1 va dugc dua xudng cho téi khi dat duoc trat tu dong (cac cip ghép xID
Vvéi chi sé phan tir thugc Y nho hon yID khong dugc xét vi cap phan tir twong tng da duoc dua
vao XY, cac cap vai chi s6 phan tir thuoc Y 16n hon yID + 1 cling khong dugc xét vi tdng cac
phan tir tuong @ng I6n hon hodc bang X[xID] + Y[yID + 1]); néu yID = n - 1 thi cip (xID, yID)
bi loai khoi dong, xID s& khong con xuét hién lai trong XYS vi yID = n - 1 dong nghia véi tat ca
cac cap c6 xID da duoc chon. Ngoai ra néu xID 14 chi s6 16n nhét trong cac chi s6 phan tir thudc
X trong XYS (xID = lastXID) va lastXID < n — 1 thi ting lastXID 1én mot don vi va bd sung
thém cap chi s6 lastXID, 0 vao XYS. Danh sach cac cap phan tir duoc xét XY'S khong c6 cip nao
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¢6 xID > lastXID do tong cac phan tir tuong tng l6n hon hoac bang X[lastXID] + Y[0], tirc 1a
XYS chi chita cac xID < lastXID. Cac k¥ thuat nay giap han ché s6 phan tir thuoe X dugc xét
trong mdi lan chon.

Ngoai ra, cach luu trir cac cap phan tir duoc xét trong cau tric déng giup viéc chon ra cap nho
nhat dugc thuc hién trong thoi gian O(1). Cac thao tac thay thé cap phan tir ¢ goc x6a cap phan
tr & goc va thém mot cap phan tu, twong duong voi thoi gian dua mot cap phan tir xudng phia
dudi hay 1én phia trén cta ddng cho dén khi dat dugc trat ty cua dbng 1a O(log(n)) [13] Bang
nhirng k§ thuat nhu vay thuét toan da giap giam s6 phép so sanh va thoi gian tinh toan dé giai bai
toan sap xép X + .

Thuit toan 1. Thudt todn sap xép
Dau vao: Hai danh sich dau vao X va Y. Mdi danh sach c¢6 n phan tir véi chi s bat dau tir .
Dau ra: Mot danh sach dau ra XY duoc sap xép c¢6 n x n phan ta. Mdi phan tir chira mot phan tir
thuoc X va mot phan tir tnu(}c Y.
Khoi tao danh sach XY rong
Sap Xep X bang thuat toan sap Xep vun dong
Sép xép Y bang thuat toan sip xép vun déng i . 7
Khoi tao dbng XYS luu cac bo (xID, yID, X[xID] + Y[yID]) duoc xét dé chon ra cap phan tir co tong
nho nhat

A wN

5 Thémbd (0, 0, X[0] + Y[0]) 1a b ¢o tdng cac phan tir nhd nhit vao XYS

6 DitlastXID =0 # lastXID luu chi s6 16n nhat caa phan ta thudc X trong XYS

7 for step in range(0, n*n)

8 L4y phan tir X'YS[0] ¢ gbc ctia ddng XYS va dua cap phan tir (x, y) twong ang Véi cap chi sd
thuoc XYS[0] vao XY

9 Luu XYS[0].xID va XYS[0].yID vao bién xID va yID

10 if (yID<n-1):

11 Thay thé phan tar XYS[0] bang phan tir (xID, yID + 1, X[xID] + Y[yID + 1])

12 Pua (xID, yID + 1, X[xID] + Y[yID + 1]) xudng dudi cho dén khi dat dugc trat ty dong

nhoé nhat

13 else: #truong hopylD==n-1

14 | X6a XYS[0] & gbc khoi dong XYS

15 if (XID == lastXID and lastXID < n - 1):

16 lastXID +=1

17 Thém phan tir (lastXID, 0, X[lastXID] + Y[0]) vao ddng XYS

2.2.2. Vi du minh hoa

Sau dong 1énh 6, ta c6 danh sach XY rdng, danh sach X va Y da duoc sap xép, dong XYS co
mot phan tr 1a (0, 0, X[0] + Y[0]), chi sb 16n nhét ciia phan tir thudc X trong XYS luu trong bién
lastXID bang 0. D& minh hoa cho cac budc cua vong lip for (dong 7) voi bién chay step cua thuét
toan dé xut, chung toi sir dung dau vao X = {0, 3, 4} va Y = {1, 5, 8} da dé cap trong phan gigi
thiéu. Danh sach X va Y trong truong hop nay c6 kich thuée n = 3 va da dugc sap xép.

Bang 1. Bang minh hoa cdc buéc chay thudt todn dé xudt

step  lastXID XYS xID, yID, s XY, S
0 0 0,0,1) 0,0,1 0,1,1
1 1 (1,0,4)(0,1,5) 1,0,4 3,14
2 2 0,1,5)(1,1,8)(2,0,5) 0,1,5 0,55
3 2 (2,0,5)(1,1,8)0,2,8) 2,0,5 4,1,5
4 2 (1,1, 8)(2,1,9)(0, 2, 8) 1,18 3,58
5 2 0,2,8)(2,1,9)(1,2,11) 0,28 0,8,8
6 2 (2,1,9)(1,2,11) 2,1,9 4,5,9
7 2 (1,2,11)(2, 2, 12) 1,2,11 3,811
8 2 (2,2,12) 2,2,12 4,8,12
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Bang 1 thé hién gid tri cua cdc bién & dau mdi buse lap, trong do: cot “step” 1a gia tri cua bién
step (chinh 1a chi s budc 1ap), cot “lastXID” 1a chi s I6n nhat cua phan tar X trong XYS, cot
“XYS” 1a déng luu cac bd (XID, yID, X[xID] + Y[yID]) dugc xét dé chon cap co tong nho nhat
trong cac cap chua dugc chon dé dua vao danh sach duoc Sap Xep XY, cét “xID, yID, s” thé hién
b6 chi sb hai phan tir thuoe X va Y duoc chon dé dua vao XY va téng hai phan tir, cot “x, y, s”
thé hién bo gia tri cia hai phan tir thuge X va Y duoc chon dé dua vao XY va tong hai phan tir.

Vong lap for két thuc sau 3 x 3 =9 budc lap, ung véi cac gi tri step tir 0 dén 8. Ta c6 cac cap
d3 1an lugt dugc chon dé thém vao XY 1a {0, 1}, {3, 1}, {0, 5}, {4, 1}, {3, 5}, {0, 8}, {4, 5}, {3,
8}, {4, 8}. Cac cap nay da duoc sip xép theo thir tu téng ting dan.

Bang 2. So sdnh thudt todn dé Xudt va cach tiép can truyen thong

N Pé xuat Truyén thong Pé xuat/ Truyén thong

#Sosanh  Thoigian  #Sosamh  Thoigian  #Sosanh  Theoi gian
100 94.778 31 235.047 69 40,32% 44,93%
200 449.945 126 1.099.708 304 40,91% 41,45%
300 1.106.137 294 2.687.296 887 41,16% 33,15%
400  2.095.983 562 5.039.003 1.664 41,60% 33,77%
500 3.419.819 961 8.187.691 2.868 41,77% 33,51%
600 5.095.811 1.500 12.185.630 4.371 41,82% 34,32%
700  7.145.070 1.996 17.001.861 6.398 42,03% 31,20%
800 9.567.964 2.659 22.714.673 8.649 42,12% 30,74%

900 12.362.638 3.489 29.310.098 11.173 42,18% 31,23%
1000 15.530.542 4.426 36.747.976 14.480 42,26% 30,57%

3. Thuc nghiém va danh gia

Bai bao tién hanh thuc nghiém voi thuat toan “Dé xuat” va cach tiép can dua trén thuat toan
sap xép vun déng “Truyén théng” da mo ta & Phan 2. MJi thuat toan dugc chay véi cac tap dau
vao X va Y ¢6 cac kich thudc khac nhau n = 100, 200,..., 1000 sir dung may tinh xach tay c6 bd
xir 1y Intel(R) Core(TM) i3-1005G1 CPU @ 1.20GHz 1.19 GHz va RAM 4 GB. Véi mbi kich
thudc n, mdi thuat toan chay 20 lan vai 20 bo dit liéu ngau nhién cua cac tap X va Y. Gia tri cua
cac phan tir trong tap X va Y nam trong khoang tir 0 dén 50000. V&i mdi kich thudc n, sé phép
so sanh trung binh va thoi gian chay trung binh cia 20 1an chay dugc ghi nhan lai cho thuat toan
“Pé Xuat” va “Truyén thong”. Cac phép so sanh & ddy bao gom so sanh giira cac phan tir thuoc X
v6i nhau, gitra cac phan tir thuoc Y voi nhau va giira tong cac cap X + y véi nhau. Két qua thyuc
nghiém thé hién trong Bang 2, trong d6 cot “#So sanh” va “Thoi gian” 13 s6 phép so sanh trung
binh va thoi gian trung binh tinh bang ms (mili gidy) ctia 20 lan chay, cot “Dé xuat/Truyén
thong 1a ty 1& phan tram s6 phép so sanh trung binh va thoi gian chay trung binh cua thuat toan
dé xuat trén cac gla tri So d6 cua cach tlep can dya trén thuét toan sap Xep vun dong truyen thong

Bang 2 cho thay s6 phép so sanh trung binh va thoi gian chay trung binh cua thuét toan dé
XUt it hon déng ké so véi cac gia tri s6 d6 cua cach tiép can truyén thdng, chi bang chua dén
43% va chua dén 45% céc gia trj s6 d6 cua cach tiép can truyén théng Tinh trung binh thi s6
phép so sanh trung binh va thoi gian chay trung binh cua thuat toan dé xuét chi bang khoang 42%
va 34% cac gia tri s6 do6 clia cac tiép can truyen thong. Két qua nay ¢6 duoc la do thuét toan dé
Xuat da duoc thiét ké véi ki thuat han ché cac cip duoc xét trong mol 1an chon ra cip (x, y) co
téng bé nhat trong céc cdp con lai dé dua vao tap X + Y. Trong mdi lan chon, ky thuat c6 kha
nang han ché s6 phan tir thuoc X dugc xét va chi xét duy nhat mot phan tir thude Y dé ghép cap
Vai mol phan tir thugc X. Bén canh do, bang cach luu trir cac cap phan to dugc xét trong danh
sach t6 chue dudi dang céu trac ddng nho nhit theo tong cua cap phan tu, viéc chon cap phan tu
co tong nho nhat thyc hign trong thoi gian O(1) vi cdp nay ludn nam ¢ gdc cha déng, ciing chinh
1a & dau danh sach. Viéc thay thé phan tir va x6a phan tir sau khi dugc chon, va viéc thém phan tir
dugc xét vao ddng ciing thuc hién vai thoi gian O(log(n)). Nhu vay mdi budce lap dé chon ra mot
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cap phan tir va cap nhat lai dong cac cap phan tir dugc xét cho budc lap tiép theo chi thuc hién
vai thoi gian O(log(n)). Thuat toan thyc hién n x n budc lap véi thoi gian 1a O(n’log(n)). Trong
cac hoat dong tir dong 1 dén dong 6 cua Thuat toan 1, hoat dong ¢ dong 2 va 3 thyc hién sap Xep
riéng tdp X va Y bang thuat toan sap xép vun dong co6 do phuc tap cao nhat 1a O(nlog(n)). Thé
nén, do phirc tap chung cua ca Thuat toan 1 1a O(n’log(n)).

4. Két luan

Bai bao da dé xuat mot thuat toan hiéu qua dé sap xép X + Y dé giam thiéu sb phép so sanh.
Thyc nghiém cho thdy s phép so sanh va thoi gian chay cia thuat toan dé xuat it hon dang ké so
VGi cac gia tri s6 nay cua cach tlep can dya trén thut toan sap xép vun déng truyen thong. Két
qua nay c6 dugce la do thuét toan deé Xuat da duoc thiét ké voi ki thuat han ché cac cap duogc xét
trong mdi 1an chon ra cap (X, y) co tong bé nhét trong cac cip con lai dé dua vao tap X + Y. Cau
trac déng duoc su dung dé luu trix va cap nhat cac cap dugc xét dé chon ra cap nho nhat gitip cac
thao tac trong mdi budc chon chi can chay trong thoi gian O(log(n)) va ca thuat toan chay trong
thoi gian O(n’log(n)).
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