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This paper studies the two dimensional Navier Stokes equations driven
by random density, additive white noise and time dependent forces on
bounded domain. The result shows that when the noise is zero and the
random density is identical to one, the system becomes the classical
incompressible Navier Stokes equation system. In addition, for the
bounded domain, the Poincaré inequality is satisfied. By applying the
Ornstein Uhlenbeck process, the stochastic system is transformed into a
deterministic one with random parameters. Then, using the Faedo
Galerkin approximations method we obtain the existence and unique
weak solution for the system as well as the continuity of the solution
with respect to its initial data. Next, a continuous cocycle for the
equations is defined, the existence and unique pullback attractor of the
system is proven. Noteworthy, for bounded domains, the use of the
Sobolev embedding theorem helps to obtain the asymptotic
compactness of the solution.
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Hé Navier-Stokes ngiu nhién
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Bai bao nay nghién ctru hé phuong trinh Navier Stokes hai chiéu dugc
diéu khién boi mét do ngau nhién, nhiéu ngiu nhién cong tinh va ngoai
luc phu thudc thoi gian trong mién bi chan. Két qua cho thay rang khi
nhiéu bang khong va méat d6 ngau nhién dong nhat bang mot thi hé tro
thanh hé phuong trinh Navier Stokes khong nén duoc c¢b dién. Ngoai ra,
dbi v6i mién bi chan, bat déng thirc Poincaré dugc théa man. Bﬁng cach
ap dung qua trinh Ornstein Uhlenbeck, hé ngiu nhién dugc chuyén thanh
hé tt dinh véi cac tham s6 ngau nhién. Tir d6, s dung phuong phap xap
xi Faedo Galerkin ching t6i thu duoc sy ton tai va duy nhat nghiém ycu
cua hé cling nhu tinh lién tuc ctia nghiém dbi véi dit lidu ban dau cua no.
Tiép theo, mot d6i chu trinh lién tuc cho hé phuong trinh dugc dinh
nghia, sy ton tai va duy nhét tap hat lui cua hé dugc ching minh. Pang
cha y, d6i v6i mién bi chan, viée str dung dinh 1y nhing Sobolev giup thu
dugc tinh compact tiém can cua nghiém.
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1. Mé dau

Viéc nghién ciru sy ton tai tap hat cua cac 16p hé phuong trinh dao ham riéng noi chung trong
d6 c6 16p hé Navier Stokes 1a mot van dé rat quan trong va da duoc nhiéu nha khoa hoc quan tim
nghién ciru. Chang han, d01~V0’1 cac hé phuoqg trinh tit dinh ta co thé tham }(hao [1] - [6] va dbi
VO‘l cac he phuong trinh ngau nhién ta c6 thé tham khao [7] - [10]. Tiép noi hudng nghién ciru
gan day vé su ton tai va cac tinh chit cua tap hut ngiu nhién cho 16p hé Navier Stokes (xem [8],
[9]), bai bao nay xét hé NaVIer Stokes hai chiéu voi nhiu ngiu nhién cong tinh va mat do ngau
nhién, tir d6 chirng minh sy tdn tai va duy nhét tap hut Iui cia hé.

Cho Ec R* lamiénbichin, 7 € R, ¢t > 7. Xéthé phuong trinh

dW(t
2—1: —VAu + a(0,0)(uV)u+Vp = f(z,t) + Bg(z) %, T €&,
divu=0z€k& @)
u(x,t) =0,z € OF,

u(z,7) =u_(z), r € E.

Trong d6 u = w(z,t) = (u,u,) 1a ham van téc chua biét cua dong chat long, u_la diéu kién
dau, p = p(x,t) 1a ham 4p sut, v >0 1a hé sb nhét cua chat 1ong, a(fw) la mat do ngau
nhién, f(a:,t) la ham ngoai luc, W(t) 1a qua trinh Wiener thuc, S e R, g € D(4).

2. Phuong phap nghién ciru

Bing cach 4p dung phép doi bién thich hop, hé ngdu nhién dugc chuyén thanh hé tat dinh véi
céc tham sd ngau nhién. Sau d6 &p dung cac cong cu cua giai tich va cac phuong phap cia ly
thuyét hé dong luc tiéu hao vo6 han chiéu, bai bao chimg minh dugc su ton tai va duy nhat tap hat
IUi cua hé.

3. Két qua va ban luin
3.1. Kién thirc chudn bi

Cho (Q,F,P) la khong gian xac suét, véi Q =C (R,R)={we C(R,R): a(0)=0}, F la
sigma dai s6 Borel, P 1a d6 do Wiener trén (Q,F), W(t,0) = a(t), {6 :t e R} ladich chuyén
Wiener trén (Q,F,P) cho béi: () = at +-) — a(t). Pat V ={u e[C(O)] : divu =0} va
xét céc khdng gian Hilbert [’ (Z)[", [H,(E)]’ vdi cac tich vo huéng tuong tmg:

(u,v) = i!ul/v dz , Vu,v e [L(E)],
0

2 Ov,
(o) = Y [ —do , Vuv e [HE],
iz 0L, 6x].
\ A 1/2 1/2 rer SHEr . =X
va cac chuan | u = (u,w)”?, || u ||= ((u,u))"*. Pdt H = V vav =Yy (trong d6 T la

ky hiéu bao dong cua I trong X), V' 1a khong gian d6i ngdu ciia V , (-,) 1a ky hiéu déi ngiu
gitta V' va V''. Dinh nghia toan tir Stokes A:V — V' xac dinh boi
(Au,v) = ((u,v), Yu,v eV, D(A) =[HE)] NV.
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. 2 ov,
Xét dang ba tuyen tinh b cho bdi b(u, v, w) = Z J u, —w,dz, Yu,v,w € V. Dinh nghia toan
:Ei

tt B:VxV —=>V", (B(u,v),w) = b(u,v,w). Khi d6 h¢ (1) dugc viét lai duéi dang phuong trinh
toan tuo

=1z

du u U, u) = aw)
0 +vAu+ a(0w)B(u,u) = f + Bg o 2

Pinh nghia 3.1. Gia st feL (RH),7eR, weQ va u eH. Anh xa
u(,7,,u_) : [7,+0) = H dugc goi la nghiém yéu ctia phuong trinh (2) néu véi mdi 7' > 0 thi
u(-,7,0,u_) € C([z,+0); H) N\ [ ([z,7 + T} V),
dW(t)

fl_i: +vAu+ a(0w)B(u,u) = f + ﬂgT trong V''.

B6 dé 3.2. (xem [10]) Vi C la mét hang s6 dwong ta c6

(i) b(u,v,w) = =b(u,w,v), blu,v,v)=0, Vu,v,w eV,
1 1 1 1

(ii) [b(w, v, 0) [ CluPllulPll vl w Pl w?, Vu,0,weV,
1 1 1 1

i) | b(w, v,w) |< C|u |l w ||| v 1’| Av | w], Yu e V,ve D(A),we H.
Gia thiét: f e I’ (R, H),g va ham mat d ngau nhién théa man cac diéu kién sau

0 1/2
(A) V6ip>o0thi| f Il.,= {sup I e” | f(r+s)F dr] <+00,V7 e R

(A2) Ton tai k > 0 sao cho b(u,g,u) <k|u[,Vue H .
(A3) Him mat d6 ngau nhién a(-) : Q — R théa min
a(0w)
ot

Goi D ={D(r,): 7 € R,w € Q} 1a tap hai tham s trong H, D dugc goi 1a ting chdm toan
cuc néu véimoi 7 € R,w e Q7 > 0 thi

t = a(6w) lalién tyc, lim =0, E|lal'<+o véi p>1.
t—>to0

lim e sup | D(s —t, 9,,,59) =0,

t—>+00 s<r

trong d6 | D |= su}Jo | u| va goi @ la tap hop céc tap con trong H xac dinh boi
UEC‘D ={D ={D(r,0): 7 € R,w e Q}}, D ting chdm toan cyc.
3.2. Két qud chinh
Xét phuong trinh Ornstein Uhlenbeck: dz(6 @) + 2(6,w)dt = dW(t). Khi do ton tai tap 0, bat
bién QcQ sao cho P(Q)=1 dong thdi z(fw) lién tuc theo ¢ voi moi @eQ va

lim z(@ta))

t—+o0 t

=0.Ngoaira, E | z|'< +o0 vdimoi ¢ > 1. Do do, theo bat dang thirc Holder ta c6

1/p 1/q l 1:
Elazl<(E|al’) (E|2[) <, Vi 1.
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Tur gio trd di ta gia thiét rang hang s6 S théa man: f < B, = vA , voi A la
16k(1+ F | az )
hang s duong trong bét dang thirc Poincar¢. C' la hang s6 duong nao d6 va né c6 thé khac nhau
trong moi lan xuat hién. Ta dua vao phép doi bién
ut,7,0,0,) = u(t, 7, 0u,) - BgA0,0), v, =u, - L9x0,0). ©)

Két hop (2) va (3), ta nhan dugc phuong trinh

% +vAv+a(0w)B(v+ Bgz) = [ + B9z(0,0) —vBAgx0 ). (4)

Do (4) 14 phuong trinh tat dinh voi cac tham s6 ngau nhién nén bang phuong phap xap xi
Faedo Galerkin (xem [11]), ta thu dugc két qua sau.

B6 dé 3.3. Gia sit f L (RH),7eR, weQ va v e H. Phuong trinh (4) c6 duy nhat
nghiém yéu v € O([r,+0); H) N L’ ([z,+x);V) sao cho v =u_— 920 w). Ngodi ra, nghiém
u(t, 7, @,v_) lién tuc theo v_.

Tir B4 @& 3.1, ta dinh nghia d6i chu trinh @ : R* x Rx Qx H — H xéc dinh béi

Dt r,0u ) =ut+7,7,0 _ou)=ut+17,7,0 ou)+pg0w).

Sau day ta dua ra mot s6 woc lwong d6i v6i nghiém ctia phuong trinh (4).

B6 d& 3.4. Vi moi teRweQDe®, ton tai T =T(r,0,D) >0 sao cho véi moi
t>2T,s<zvau_ €D(s—t6, w0 th

sup | u(s,s —t,0_o,u_,) < C R(zr,w), (5)

S<tT
~r0
0 vAr+4k [ d, .
sup | e k[ K 0l | v(r + 5,516 o, ”s_/,> I dr < C,R(z, o), (6)

trong d6 C,,C, >0 Va R(r,0) = Q (7, ») + Q,(w)+ | 2(w) [,

0 vireaklpl[ b(0,0)a(8,0)dp
e 7

Q,(r, ) = sup | f(r+s) [ dr,

s<r T

0
QZ (a)) _ J-ic em+4kw\jr k(0,0)a(0,0)|dp ¢ ( 6’,ra)) dr,

,  4p°
§0.0) =5 11 g 120,00 F +2E-| g1 20,00 F
+4k[ B g Pl 2(6,0) [ a(6,0) .
Chitng minh. St dyng phuong trinh (4) cho v(r) = v(r,s —,0_w,v_,) ta nhan dugc

di Lo P +2v [[ v IP= —2a(0_w)b(v+ B0, o), v+ B0, w),v)
T

+2(f,v) +22(0,_ @) (Bg —vBAg,v).
Ta danh gia cac s6 hang trong vé phai cua (7). Ap dung bat dang thirc Young ta c6

()

v 43°
2| (0, )Py ~vPAg.0) [ v IF 44" 11 IF|2(6,_0)F +2L- g 20, )
Mit khac, boi B6 dé 3.1 va gia thiét (A,) ta c6 danh gia
2| a(0_w)b(v+ Bgx(0._w),v+ Bgx(0._w),v) |
<2| a(@r_sa))b(v + ﬁgz(@r_sa)), v+ ﬂgz(ﬁr_sa)), v) |
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=2[ Bl 20 _0)a(d,_ )| bv+ B0, ), g,v+ Bgx6,_ )|
<2k | B A0_w)a0,_o) || v+ pgx0_) [
<4k| B «0_o)e0_o) | (|v] +|g[|6_) ).
Thay cac danh gia trén vao (7) ta dugc
d 4
ol +a—ak| B 20 @)@ o)) |0 +Z vl <= |fF +£0, ). ®)
dr 4 vA

[ va-akiBl@, @)a(8,_ ))p

Tiép theo ta nhéan (6) véi e 10i lay tich phan trén [s —t, o] ta dugc

VA(r—o)+4k|f| j” k0, @)a(0,_o)ip

| v(o,5 1,0 w0, ) P+ ij‘:t e | v(r,s —t,0_wv_,) I dr

< eiVA(G—s+t)+4k|ﬂ‘I‘:iV(@;wa))a(9,;7‘,0))\119 | v, |2 +ijg e e kalj by )tp | f(r) |2 dr (9)
s—t VA vst
N J'Gr evi(r‘“)"‘ik‘ﬂ‘.l‘r IZ(€p7§w)a(0pfs(o)\dp§(er_sa))d?”,

Liy o = s trong (9) rdi thyc hién d6i bién trong tich phén, ta suy ra

| v(s,s — 1,6 v,

0 vAr+4k|p| 6 ® a(ﬁ o)ldp
) P +— J. ‘[ | v(r+s,5 1,6 wv_,) I dr

-m+4k\ﬁ\]’ )a(0,0)ldp
e

+ | f(r+s) [ dr (10)

v
0 ’ a Vi B
0 vAr+4k| w)a(0 o
N Le Ar+4kll[ (0,0)a(6,0)dp £(0 w)dr.
Str dung (3) va (10) ta nhan dugc
| U(S,S - ta 0_860, ’Us_t) |2S 2 | ’U(S,S - ta H_SCO, Us_t) ‘2 +2ﬂ2 | g |2| Z(C()) |2
—vaeaklBl[” b6 @)a(0,0)dp
< e (lu P +8 [ gF10.,0) F)

vAr+4k Uz o)a(b o) 11
p [ oo o g g "
vA

0 vAr+4k|p| 9 w)a (9 o)ldp
+ 2j [

’2 iJ-U evﬂ.r+4k|ﬂ\'[l Bpw)a(epw)\dp

§0.w)dr +28° | g['| A(@) [ .
Ap dung dinh 1y ergodic: tlim _t'[: (6, @)a(0,0) | dp = E | 2a |< +o0, didu nay cing voi

gia thiét (As) suy ra ton tai t, =t,(w) >0 sao cho véimoi ¢t > ¢ thi
VA

4k\/3|j (0, @) 9w)|dp<4k;ﬂj )a(0,0) | dp < 4kp,(1+ B za )t ===t (12)
Viu_, eD(s—t,60 w),DeDva(lo), tontai T = T(z,w, D) = t, sao cho véimei £ > T taco
“p efvmmmf,k(e‘,wma(apw)\dp u_ P p 6}? Dis— 1,0 @) ['< Q,(w). (13)

Béi (1§£)rta )
¢ LGN | o) ps e 20.,) [0, t - +o0. (14)

Tu (10, (11), (13), (14) ta suy ra (5) va (6). O
Két qua tiép theo chimg minh sy ton tai tip ©-hap thu lui trong H dbi voi ddi chu trinh @
lién két v6i nghiém cua bai toan (2).
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B6 dé 3.5. Béi chu trinh ® cé mét tap D -hap thu i K ={K(r,0): 7 € R, 0 € Q} trong
H cho boi
K(r,w)={ue H:|u['< CR(r,w)}, (15)
voi R(r,w) xdc dinh trong B6 dé 3.4.
Chirng minh. Véi 7 € R, w € Q ta c6 cac danh gia

3va Vl

var+4k|p|| |( (0,0)a(0,0)d,
Q@) =sup [ &L ") Fdrssf’ et g s) Fdr SIS,
0 vﬂ7+4k\ﬂ|j £(8,0)a(8,0)dp 5‘4’1
Q@) =] e 5(9mdr<j (0. w)dr < +o.

T cac danh gia trén ta suy ra R(7, ®) < +o0 . Mat khac voi D € D, boi (5) va (15) ta ¢o
O(t,7 1,0 ,0,D(r —1,0 ,0) =ur,7 1,60 0,Dr-t0 0)cKr o).
Tiep theo ta s€ chung minh I € ®. Goi y 1a so duong bat ky, tir (15) ta co
lim e sup | K(s—t,0 ,0)[= lim Ce™ sup | R(s—t,0 ,0)
= lim Ce7 suplQ,(s ~ 1.6.,0) + Q,(6,)]. (16)

Vit = Q(r,0) tingnén véi 7 € R,w € Q,t > 0 thi

Var+4k|p) J.:]}z(ﬁpirw)zx(ﬁpizw)\dp

TsupQ (s —t,0 ,w)=e"Q(t—t,0 )= supJ. | f(r+38) [ dr
s<T s<r—1
0 vAr+4k| B w)a(f o
=e”sup| e AreaA_ b6 mlate, e | f(r+38) [ dr
s<r—t ©°
0 vAr+4k - w)a(0 o
=e " sup e AreakA_ b6 mate wlcp | fr+8=t)[ dr
Sup JA_—f v/ir+4k\ﬁ\_[ LZ(H o)a(6 co)\dp ’ f(f[’ n §) |2 dr
it -t vlr+4k\ﬂ\f l2( H ,@)a( 6 ,0)|dp 7t 3‘%7“
<e’sup| e | f(r+38)[ dr<e supj et | fir+38)F dr (17)
Ngoai ra, voi t 2| 7 | thi
i 3va
e ( —t) ~ 2
supj | fr+8)[ dr—supf | fr+s—1t)[ dr
s Jvﬂ s 3vA (18)
< supJ. el | f(r+5— )| dr < su(]j)Lne ol f(r+3) | dr = f ||0M/4 .
Tu (17) va (18), véi ¢t 2| 7| tasuy ra
e’”sEle( -t,0 a))<e” ||f||OM/4—>O7 t — +oo. (19)
Béi (12) ta cling ¢
Q0 ,0) >0, t — . (20)

Két hop (16), (19) va (20) tasuyra K e ®. O
B6 d& 3.6. V6i moi teRweQDe®, ton tai T =T(r,0,D)>0 sao cho véi moi

t>T,s<zvau_ €D(s—t6 o) th
sup || u(s,s — 1,8 0,u_,) IS S(@)(L+ || 1,0 @1

s<t
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Chwng minh. Nhan phuong trinh (4) v6i Av, v(r) = v(r,s —1,0 o,v_,) ta dugc

—t

5 | vl* +2v | Av = —2a(6._o)b(v+ Bgz(6._o),v+ Bgz(6._ o), Av)

(22)
+2(f + B9x(0_w)-vBAgx0 _w), Av).
Ta danh gia cac s6 hang & vé phai cua (22)
1% 4
2 (f,Av)[< — | Av P +=| f [,
4 v
2| (Boe(6,_0) ~vBAG(8,_ @), Av) I 7| AuF 4| 2(6,_0) F,
2 a(0_wb(v+ fgx0_w),v+ g6 _ o), Av)|
v
< l4v F+C(|a(0_o)[' +]a(0_o)[|20_o) ) I v’ +C | a6,_o) |6, o) .
Thay cac danh gia trén vao (22) ta duoc
d 2 2 4 2 2
—Jv|P+v |Av[LC(|a@ o) +|af_o)|| 20 o v
SNl v AvP<C(la(6_0) ' + | al6_o) [ 2(6_a) ) I v )

+CA+|a(@_o)[)|20_w)f +C| [ .
Bo qua s hang thir hai trong vé trai ctia (23) sau d6 ap dung bat dang thirc Gronwall déu trén
[s-1,5] ta thu dugc

(s, 5= 4,0 @,v_,) IP< [L,(s)+ L, (s, 1) |, (24)
trong do
=C[" (+]a@_o) )| 20_o)[ dr+C[ [f(r) [ dr=L(s)+ (),
L(st)zr Il v(r,s —t,6_w,v_,) I dr,
=C[" (|a6_o)|' +|a(6_o) [| A0_) |)dr.
Ta c6 cac danh gia
sup ['(s) = Csup [ (1+] a6, o) )| (0,_0) drzOJ‘_Ol(lﬂa(&Tw) *)| 2(0.0) [ dr

’ < 5(w),
SI<1pL<12>() ngpj ) [ dr—C’j If(r +3s) dr<C’supj M fir+s) [ dr

- C ” f ”1-3,,/1/4— C || f ”71,1/47
tuong tu ta cling co sup L,(s) < 6(w).

supL(st—supI | v(r,s —t,0_ov_ )| dr—supj | o(r +s,s—t,0_w,v_,) | dr

S$<T s<r %9 $<T

< Csupjo vir 4Rl " (0,0)a(0,0)dp lor+ 55,0 w0 )| dr<CR(z, ).
Mét kha"C R(T7 a)) = Q1(2—7 a)) + QQ (a))+ | Z(a)) ‘2’ Ql (T’ a)) S” f ”jvﬂ/éﬂ nen
R(r,0) < 5@)(1+ 1 £ IF,,,)- (25)
Két hop cac danh gia trén cing voi (24) va (25) ta dugc
sup || o(s,s ~ 1,6 o,v_) < @)1+ || [ IF,,,)e". (26)

S<T
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Tir phép d6i bién (3) va (26) ta suy ra (21). o

Bay gid ta phat biéu két qua chinh ctia muc nay, d6 1a su ton tai va duy nhit tip ©-hut lui ddi
voi @ trong H .

Pinh 1y 3.7. Doi chu trinh ® ¢6 duy nhat mét tdp D -hiit liii ngdu nhién A trong H .

Chitng minh. Theo B d& 3.5, @ c6 mot tap ©-hdp thu i K trong H . Mit khac, theo B6
dé3.6,véimdi e RwoeQDe®, tontai T = T(zr,,D) > 0 sao cho véi moi ¢ > T thi

[ LJUCD ((t,s=,0,0,D(s = 1,0 ,0)) |'< S(@)(1+ || fIE,,,)e’” < +oo. @7)
t2T s<tr
Tur (27), cho s = 7 va st dung dinh 1y nhing compact Sobolev nhiing V' vao H,tacd @ la
D-compact tiém can Iui. Ap dung [10, Ménh d¢ 2.10], ta suy ra @ c6 duy nhat mét tap D -hit
Iti ngau nhién A trong H. o

4. Két luan

Trong nghién ctru ndy, sau khi dua ra két qua vé sy ton tai va duy nhit nghiém yéu cta hé
Navier-Stokes hai chiéu v6i nhiéu ngdu nhién cong tinh va mat d6 ngiu nhién, chung t6i da
ching minh dugc két qua chinh ciia nghién ctru d6 1a su ton tai va duy nhat cta tap hat Iui ngiu
nhién. Day 1a mot tinh chat quan trong ctia nghiém, ¢ nhiéu ¥ nghia trong viéc nghién ctru cac
16p phuong trinh dao ham riéng.
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