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Variational inequalities are an important topic in general nonlinear
analysis and in optimization theory in particular. Many practical
nonlinear analysis and optimization theory problems can be modelled
using variational inequalities. In present, the topic of variational
inequalities is receiving the attention of many scientists in the world. In
the country, there are only a few scientists studying monotone or
pseudo-monotone  variational inequalities. This paper studies
variational inequalities with pseudo-monotone (possibly non-Lipschitz)
mappings in real Hilbert spaces. We proposed a self-adaptive algorithm
to approximate solutions for the class of variational inequality problems
with monotone pseudo-valued mappings (possibly non-Lipschitz) in
real Hilbert spaces based on the line-search rule and the extragradient
algorithm. The weak convergence of this algorithm was established
based on some mild conditions on the control parameters. Therefore,
the algorithm proposed in this study can effectively apply to monotone
or pseudo-monotone variational inequalities in real Hilbert spaces. The
algorithm which was found in this study can also be applied to
variational inequality problems in other spaces.
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Bat dang thiic bién phan 1a mot chu dé quan trong trong giai tich phi
tuyén n6i chung va trong 1y thuyét tdi wu néi riéng. Nhiéu bai toan giai
tich phi tuyén va Iy thuyét ti wu trong thyc tién ¢ thé duoc mé hinh &
dang bat dang thirc bién phan. Hién nay, chu dé bat dang thic bién phan
dang nhan dugc Sy quan tam cua nhiéu nha khoa hoc trén thé gioi va
trong nu6c. Bai bao nay nghién ciru bit ding thirc bién phan véi anh xa
gia gia don diéu (c6 thé khong Lipschitz) trong khong gian Hilbert thyc.
Chung toi d& xuit mot thuat toan tu thich nghi dé xap xi nghiém cho 16p
bai toan nay dua trén thuat toan tim kiém theo tia va thuat toan chiéu
tang cudng. Su hoi tu yéu cua thuat toan nay duoc thiét 1ap dua trén
mot sb diéu kién nhe dat 1én cac tham sb diéu khién. Do d6, thuét toan
dugc dé xuat trong nghién ciru nay c6 thé ap dung hiéu qua cho cac bt
dang thic bién phan don diéu hoic gia don diéu trong khong gian
Hilbet thuc va trong cac khong gian khac.
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1. Gidi thiéu

Cho H 1a mot khong gian Hilbert thuc, C C H 1a mot tap con 16i, déng, khac réng va F : H — H
1a mot toan ti phi tuyén. Khi dé bt dang thiic bién phan tucng ng vdi toan ti gid F va tap rang
budc C' dudc phat biéu nhu sau:

Tim mot phan ti u* € Q := VI(C, F), (D

trong dO VI(C, F) ={ue C: (F(u),v —u) >0, Vv € C}.

Nhiéu bai toan trong nghién ctiu tic nghiép va vét Iy toan hoc c6 thé dudc viét dudi dang bat dang
thiic bién phéan [1]-[5]. Viéc giai cac bat dang thic nay 1a mot linh vuc dang phat trién manh mé
trong giai tich phi tuyén. Pén nay, nhiéu phuong phap da dudc dé xuat, dic biét 1a cic phuong phap
dang chiéu (st dung phép chiéu métric trén tp chip nhan dugc). Trong c4c bai todn tim diém yén
ngua hodc can biang Nash, d€ phuong phép chiéu don gian nhét (tuong tu nhu phuong phap chiéu
gradient) hoi tu, diéu kién don diéu manh phéi dudc thda man. Néu diéu kién nay khong thda man,
mot sb cach tiép can khac c6 thé dudc dp dung. Mot trong sb d6 1a diéu chinh bai todn gbc dé dat
dugc tinh chét yéu cau. Sy hdi tu ma khong can diéu chinh bai toan dudc cung cép trong cac phuong
phép gradient ting cudng lan dau tién dudc dé xuat bdi Korpelevich trong [6]-[9]. Mot nhugc diém
1o rang cua thudt toan, han ché viéc st dung rong rii clia nd, 1 hing sb Lipschitz ctia toan ti phai
dugc biét hoic c6 thé uée lugng mot cach don gian. Hon nita, trong nhiéu bai todn, cic todn ti c6
thé khong théa man diéu kién Lipschitz. Do d6, mot trong nhiing huéng nghién cifu gin day cho bét
déng thiic bién phan 1a xdy dung céc thuit toin mdi khong phu thudc vao gid tri Lipschitz ciia anh
xa gid hay tdng quat hon 13 khi cic 4nh xa gid khong thoa man diéu kién Lipschitz, da thu hit sy
quan tim ctia nhiéu nha toan hoc trong va ngoai nudc(xem [6]-[9]).

Trong bai bdo nay, ching toi d& xuAt mot bién thé cla thuat todn gradient ting cudng véi budc
didu chinh dong cho cic bai toan bit ding thiic bién phéan véi todn tii gid gia don diéu (c6 thé khong
Lipschitz). Chiing tdi chiing minh tinh hoi tu yéu ctia thuét todn dé xuét dua trén mot sb diéu kién
nhe dit 1én cac tham sd diéu khién.

2. Co s6 1y thuyét va cac bd dé nén tang

Ta stt dung céc ky hiéu (-,-), || - ||, = va — d€ ky hiéu tich vd hudng, chuén, sy hoi tu manh va hoi
tu yéu trén khong gian Hilbert thuc 7.
Ta biét ring v6i mbi v € H, ton tai duy nhit mdt phin ti w € C sao cho

— = mi — || 2
lu = wif = min [lu — v 2)

Nhu viy ta duge mot anh xa Proj. : H — C dude xdc dinh béi Proj.(u) = w. Anh xa Projq
dugc goi 12 phép chiéu métric tit H 1én C.
Pinh nghia 2.1. Mot toan ti F : ‘H — H dudc goi la

(i) gia don diéu néu
(F(v),u—v) > 0suyra(F(u),u—v) >0
v6i moi u,v € H;

(ii) lién tuc yéu theo day néu v6i moi day {u,} C H thda man u,, — w, thi ta cé
IC Y y C y

F(up) — F(u).

B& dé 2.2. (xem [10]). Ta c6 cdc khéng dinh duéi day:

(i) (u—Projou,v —Projou) <0, VueH,veCl;
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(i) |[Projou — v < |lu — v||? — |lu — Projoul|?, Vu € H,v € C;
B6 dé 2.3. (xem [11]). Cho u,v € H va s > t > 0, khi d6 bat dﬁng thiic sau ding

[ = Projc(u — sv)|| _ |lu = Proje(u — tv)]|
S - t '

B6 dé 24. (xem [12]) . Cho F la mdt toan tir gia don diéu, lién tuc trén H. Khi d6
u* € VI(C,F) khi va chi khi
(Fu,u—u*)y >0

v6i moi u € C.
Bé dé 2.5. (xem [13]). Gia st H va Ho 12 hai khong gian Hilbert thuc. Gia stt F' : Hy — Ho lién

tuc déu trén céc tap con bi chiin ctia #; va M 1a mot tp con bi chin cta H;. Khi d6, F(M) 1a bi
chan.

3. Két qua
Thuét toan 3.1. Khdi tao: Choy > 0,1 € (0,1),7 € (0,1). Dit u; € H la batky.
Cac budc lap: Véi u,, hién tai, tinh u,,1 nhu sau:
* Budc 1. Tinh:
U, = Projo(un — pnFuy,).

Néu u,, = v, hoic Fv, = 0, thi diing lai va v,, 1a mdt nghiém cta bai toan VI(C, F). Ngudc
lai, thuc hién Budéc 2.

* Budc 2. Tinh:
Uny1 = Projp (un — ppFon),

trong do
Ly ={u€ H | (un — ppFtin — vn,u — vy) < 0},

trong d6 p,, dudc xac dinh bdi p, = yI"™" véi m,, 1a s6 nguyén nhd nhit sao cho

A Fp — Fig, Un — Uns1) < g ([t — vl + [[vn — 1 ||?) - 3)

* Budc 3. it n := n + 1 va quay lai Budc 1.
Ménh dé 3.2. Cho {u,,} 1 ddy dudc sinh bdi Thuit toan 3.1 va p € VI(C, F). Khi d6,
ltns1 = pl* < llun = pl* = (1 =) (un = vall* + [funs1 = val|?)
véimoin > 1.
Chitng minh. Theo B& d& 2.2 va dinh nghia ctia u,,1, ta c6

[unt1 = plI* = || Projy,, (un — puFva) — pl?
< [lun — pnFvn — p”2 — lun — pnFvn — un+1H2
= llun = plI* + P3| Fvall? = 20n(un — p, Fon) = [lun — unta
- PZH]:UnHQ + 2pn(tn — Uny1, Fon)
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= |lun, _pH2 — [Jun — un+1”2 + 200 (P — Uny1, Fon)
= ||up —pH2 — ||un, — un+1||2 — 2pn (U, — p, Fop) + 2pp(Un — Unt1, Fon).

Do p € VI(C,F) nén (Fp,v — p) > 0,Yv € C. Do tinh gia don diéu cia F, ta c6
(Fv,v—p) >0,Yv € C. Viv, € C, nén ta thu dugc (Fuvy,, v, —p) > 0. Tu d6, suy ra

[unt1 — p||2 < flun — p||2 — flun — “n+1||2 + 2pp{vn — Unt1, Fon)
= [lun — p”2 = llun — vn +vn — un+1H2 + 2pp(vn — Un+1, Fop)
= llun = plI* = lun = vall* = vn = wns1?
— 2(up — Vn, U — Un11) + 2Pn(Vn — Unt1, Fop)
= llun = plI* = llun = vall* = llvn = wps1[* +2(vn — wp + ppFvn, tn — t41)
= [Jun — p”2 — flun — Un||2 — on — un+1H2 + 2(un — pnFUn — Un, Unt1 — Un)
+ 2pp (Fvp — Fin, Uy — Upy1)-
Do up41 € Ly, tacd
(Up, — prFUpn — Vp, Unt1 — Vp) <0,

diéu nay dan dén

[un+1 —p||2 < Jun, _pH2 — Jlun — UnH2 — |lon — un+1H2 + 200 (Fvn — Ftp, Uy — Un1)
< lun = pl* = lJun = vall? = o = wng1 |2 + 0lllun = vall® + [[on = wnsa]|’]
= Jlun = plI* = (L =n)l[un = val® = (1 = ) [[on — tps1|
= Jlun = plI* = (L= )([[un = val® + [funt1 — vall®).
Ménh dé dugc chiing minh. O
Dinh Iy 3.3. Day {u,, } xac dinh b&i Thuat toan 3.1 hdi tu yéu vé mot nghiém ctia Bai toan VI(C, F).
Chiing minh. Lay p € VI(C,F). Khi d6, tt Ménh dé 3.2, ta ¢6 {||u,, — p||} don diéu giam va bi
chin dudi bsi 0. Suy ra ton tai gidi han hitu han lim,, . ||u, — p||. Lai th Ménh dé 3.2, ta c6
(1 =) ([[un = val® + i1 = 0al?) < [lun = pl* = [[uns1 = ol = 0,
diéu nay dan dén
lim |lu, — v,|| =0, ()]

n—oo

lim |[up41 — vn|| = 0.
n—oo

Tu Ménh dé 3.2, suy ra diy {u,} bi chin va do d6 ton tai mot ddy con {u,, } hoi tu yéu vé mot
phan t u*. Tu (4), suy ra vy, hoi tu yéu vé u*. Vi {v,,} C C va C 1a tip dong yéu nén u* € C.
Tt vy, = Projo(un, — pnj,Fun, ), tacod

(Uny, — Py Fln, — Uny, U — U, ) <0, Vu € C,

diéu nay suy ra
1
p—(un,c — Upps U — Vpy) < (Flp,,u —vp,), Yu € C,
ny
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hodc tuong duong véi

1
—(Uny, — Uy, U — Uy )+ (Flny,, Un, — Ung) < (Flp,, u — Uy, ), Yu € C. Q)

pnk

Tiép theo, ta chi ra

lim inf (Fup, , u — up, ) > 0. 6)

k—o0

Chiing ta xét hai trudng hdp c6 thé xdy ra nhu sau:
Truong hop 1: Gia st lim infy o pp, > 0. Vi {u,, } 12 mot ddy bi chin va F lién tuc déu trén cédc
tap con bi chiin ctia {, nén theo B3 dé 2.4, suy ra {Fup, } bi chan. Trong (5) cho k — oo, ta nhan
dudc

lim inf (Fuy, , v — up, ) > 0.

k—oo
Truong hop 2: Gia st lim infy,_, o pp,, = 0. Dt
tn, = Projo(un, — pnkl_l}"unk).
Vi pp, [71 > pp, , theo BS dé 2.3, ta c6

1 .
[, — tn,ll < jH“nk — Up,. || = 0, khi k& — oo.

Do d6, t,, — u*. Ti d6 suy ra {t,, } 1a mot ddy bi chin. Luu y rang F 1a 4nh xa lién tyc déu trén
tap con bi chin ctia H, nén ta cé

| Ftn, — Ftn, || = 0, khi & — oo. (7)
T (3), tacd
pnkl_1 [(]:Projc(unk — pnkl_l}"unk) — Fup, , Projo(un, — pnkl_l]:unk) - unkﬂﬂ
> 7 [lltn,, = Projoun, = pud ™ Fun I + || Proje(un, = pryd ™ Futny) = wnyes|[*]
diéu nay suy ra

Pl F Projo (tn, — pngl Fun, ) — Fn, ||| Proje (n, — pnl™ ' Ftin,) — tn, 11|

> Ntny, = Proje(tng, — pugl ™ Fun, ||| Proje(uny, — puyd ™ Fun,) — tpy -
Vi vay ta thu dugc
Pl IF Projo(un, — pny ™ Fun,) = Fun, || > 0llun, — Projo(un, — pu, ™" Fu, ),
diéu nay suy ra

‘unk — Proj- (unk — pnkl_l}"unk) H

1
- HFPrOjC (Unk - pnklilfunk) - FunkH > ’ 1 . (8)
n Pyl
T (7) va (8), ta co
lim H“nk — Projeo (unk — pnklfl}"unk) H _0
k—o00 pnklfl -
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Mit khac, theo dinh nghia clia ¢,,, va dic trung ctia phép chiéu métric, ta c6
(tny = prpl ' Finy, — tngsu — tn, ) <0, Vu € C.

Suy ra

1
T (Uny — oy, U —tn, ) + (Ftn,, tn, — Un, ) < (Fln,,u — Up, ), Vu € C. 9)
n
Cho k — oo trong (9), ta co

lim inf (Fuy,, , u — uy,, ) > 0.
k—o0

Do d6, bat ding thiic (6) dudc thda man. Ta quan sat

(Fong,w—vp,) = (Fop, — Fln,, U — U, ) + (Ftn,, & — U, ) + (Fup,, Un, — Vp,). (10)

Do tinh lién tyc déu cta F trén H va limg o0 [|tn, — vn, || = 0, taco
lim || Fup, — Fuvp, || =0.
k—o0

Tt (6) va (10), ta co

likn_1>i£f (Fun,, u — vp,) > 0.

Tiép theo, ta chiing minh ring u* € VI(C, F). Thuc vay, ta chon mot day sb {e;} duong, gidm
dan vé 0. V6i mdi k, ky hiéu NN}, 1a s6 nguyén duong nhd nhat sao cho

<]—"vn].,u - UTLJ‘> + € > 07 v] > Nk
Hon ntta, véi moéi k, tit dinh nghia cta {vy, } ta cé Fuy, # 0. Dit

S vak
e [ Fow 12

Ta ¢6 (Fun,,wn,) = 1 v6i mdi k va
(Fun,,u+ egwn, — vn,,) > 0.
Do tinh gia don diéu cia F, ta suy ra
(F (u+ epwn, ), u+ egwn, —vn,) > 0,
dan dén
(Fu,u — vy, ) > (Fu— F (u+ epwn, ) , u + egwn, — On,) — € (Fu, wn, ) . (11
Tiép theo, ta chiing minh rﬁng limy,_, o0 exwn, = 0. Thuc vay, vi vy, — u* khi k& — oo va F
lién tyc yéu theo ddy trén C, nén ta suy ra {Fuvy, } hoi tu yéu vé Fu*. Ta c6 Fu* # 0. Do do, t
tinh ntia lién tuc dudi ctia chuén, ta c6

0 < ||Fu™|| < liminf [|[Fop,||.
k—ro00
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T {vn, } C {vn, } vaep = 0khi k — oo, taco

< €k >< lim supy,_, o, €k P

0 < limsup ||exwp, || = lim sup < — =
o e | [Fomll) = Tominfisoo [ Fon |

k—00
Suy ra limy_o €xwn, = 0. Cho k — oo, vé phai cta (11) tién vé 0 do F 1a lién tyc déu, {uy, },
{wn, } bi chan va limy_, exwy, = 0. Do d6, ta c6

liminf (Fu,u — vy, ) > 0.

k—oo

Do d6, véi moi u € C, ta co

(Fu,u —u*)y = lim (Fu,u — vy, ) = liminf(Fu,u — vy, ) > 0.
k—o0 k—o0
Tu B6 dé 2.4, tacé u* € VI(C, F).
Bay gio ta sé chi ra u* 1a diém tu yéu duy nhét cta day {u,} hay u, — ¢. That vay, gid st v*
cling 1a mot diém tu yéu ctia {u,,}. Khi do, ton tai mot ddy con {u,, } cta {u,} sao cho u,, — v*.
Lap luan tuong tu nhu trén, ta nhan duge v* € VI(C, F). Tu

2(un, u” = v*) = [|up — 0| = [lun = 0"[* = [Ju*|* = o]

suy ra ton tai giéi han hitu han limy, oo (un, u* —v*) = [. Do d6, khi thay {u,, } b&i {un, } va {un, },
ta nhan dugc

(U, u* — ") = (", u" —v").
Diéu nay tuong duong véi ||u* — v*||? = 0 hay u* = v*. Do viy, diy {u,} c6 duy nhit mot diém tu
yéu la v* va do d6 u,, — u*.
binh ly dudc ching minh. O

4. Két luan

Bai bdo nay d& xuét va nghién ctiu mot thuat toan dé x4p xi nghiém ciia bat déng thiic bién phan véi
4nh xa gid gia don diéu trong khong gian Hilbert thuc. Su hoi tu yéu clia thuat ton dugc thiét 1ap
trong Dinh 1y 3.3 dua trén mot sd diéu kién nhe clia cdc tham s6 diéu khién. Do tinh tu thich nghi,
nén thuit toan dé xuét c6 thé dp dung hiéu qué cho cic 16p bét diang thic bién phan don diéu hay
gia don diéu (c6 thé khong Lipschitz).
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