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Since its introduction in 1994, the split feasibility problem has found
numerous practical applications in various fields, such as digital
engineering and medicine. In this paper, we investigate and address the
split feasibility problem in real Hilbert spaces. We propose a novel
method that leverages the inertial technique combined with a relaxation
technique with a self- adaptive step size criterion to approximate the
solution of the problem. The proposed method achieves strong
convergence under some conditions on the control parameters and
without prior knowledge of the transformation operators and the
monotone and Lipschitz continuous constants of the involved operators.
Additionally, we apply our algorithm to image restoration problems,
comparing the effectiveness of the new method with the methods being
compared. The experimental results validate that the proposed method
not only ensures feasibility but also enhances efficiency in solving
image restoration problems. This confirms the wide applicability and
high practicality of the method we have developed.
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TU KHOA

Bai toan chip nhan tach
Khong gian Hilbert
Phuong phap quan tinh
Phuong phap nai long
Ty thich nghi

Tur khi dugc gigi thiéu vao nim 1994, bai toan chap nhan tach da co
nhitng wng dung dang ké trong cac linh vyc nhu k¥ thuat sé va y hoc.
Trong bai bao nay, chung t6i nghién ctru va giai quyét bai toan chip
nhan tach trong khong gian Hilbert thyc. Chung t6i d& xuat mot phuong
phap méi sir dung ky thuat quan tinh két hop voi k¥ thuat néi long véi
tiéu chi kich thudc budc tu thich nghi dé xap xi nghiém cua bai toan.
Phuong phéap dé xuit dat dwoc sy hoi tu manh dudi mot sé diéu kien vé
cac tham s6 diéu khién va khong yéu cau thong tin trudc Vé cac toan tir
chuyén ddi hoic cac hiang sé don diéu va lién tuc Lipschitz cta cac toan
tir lién quan. Thém vao do, ching t6i ap dung thuét toan ctia minh vao
cac bai toan khoi phuc anh, so sanh hiéu qua cua phuong phap méi véi
cac phuong phap dang duogc so sanh. Cac két qua thi nghiém xac nhan
rang phuong phap dé xuat khong chi dam bao tinh kha thi ma con nang
cao hiéu qua trong viéc giai quyét cac bai toan khoi phuc anh. Diéu nay
khing dinh tinh tng dung rong rai va tinh thyc tién cao cua phuong
phap ma chung t6i da phat trién.
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1. Introduction

Let H; and H, be real Hilbert spaces with inner product (.,.) and induced norm ||.||. Let C; C H,
and C; C H, be nonempty closed convex subsets, and let F; : H; — H> be a bounded linear mapping.
The split feasibility problem (SFP), proposed by Censor and Elfving [1] in 1994, is stated as follows:

Find x* € C; such that F>x* € Cs. (SFP)

Then, I' := {x* € C| | Fobx* € C;} is the solution set of the SFP. The SFP has garnered significant
scholarly interest due to its extensive practical applications, including image restoration, compressed
sensing, and intensity-modulated radiation therapy (see [2]- [4]).

To solve the SFP, Byrne [5] proposed the CQ algorithm for the first time infinite dimensional
spaces. The algorithm starts with an initial guess x” and generates x**! through iterative steps:

A = Pe, (1= AF5 (1 - Pe, ) P )", (CQ

where F;* denotes the transpose of F>. The weak convergence of the CQ method is guaranteed under
the assumption that A € (0, %) with L being the largest eigenvalue of the matrix F; F>.

The CQ method has been extended by several authors in order to solve the (SFP). For instance,
the improved method by Lépez et al. [6], Nesterov [7] and Wang [8]. To remove the constraint
requirement on A and achieve strong convergence, Nguyen et al. [9] proposed an inertial iterative
algorithm that combines the one-step inertial method with self-adaptive step size:

{ wk = xk+ 6, (xk—xkfl),

(D
K=o f (F) + (1 — o) [(1 =) I+ nPe,] I — weF5 (I — Pey) Fa] wh,

where f : H; — H) be a contraction mapping with 7 € [0,1) as the contraction coefficient, { o } is a
sequence of positive real numbers in (0, 1) satisfying limy .. 0 =0, Y77 ; o = o0, ) € (0,2), Y% is
kfl)

the self-adaptive step size and 6 (x* — x is the inertial iteration step with 6 such that:

| (I — Pc,) Fowk||?
|F5 (I —Pcy) ow*|* 4’

Y = Pk (%)

. M : k—1
6 — mln{ka_xk,,H,O}, if xk £ X1

0, otherwise,

(6k)

where 6 € (0,1) is a constant, {1} is a positive sequence such that limy_, e Z—’; =0, {pc} C (0,2)
and {ex} C (0,00).

In the present article, we develop a new method for approximating the solution of the (SFP)
in real Hilbert spaces by using the inertial technique combined with the relaxation technique with
a self-adaptive step size criterion. As a result, our method ensures the strong convergence of the
generated sequences, does not require the norm of operators, the monotone and Lipschitz continuous
coefficients of the involved operators and enhances convergence speed. An application of the SFP
in the image recovery problem is performed to compare our algorithm with the CQ algorithm of
Byrne [5] and the inertial iterative algorithm of Nguyen et al. [9], supporting these claims.
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2. Preliminaries

In this section, we introduce some mathematical symbols, definitions, and lemmas which can be
used in the proof of our main result.

Let H be a real Hilbert space with inner product (.) and norm ||.||, and C be a nonempty, closed
and convex subset of H. In what follows, we write xX* — x indicates that the sequence {x*} converges
weakly to x while x* — x indicates that the sequence {x*} converges strongly to x. For all x,y € H
and A € (0,1), we have

e +y117 = (122 +24x,y) + 1y[17 and [ Ax+ (1= 2A)y[|* = A[x]|* + (1= 2) [¥l]* = 2 (1= A)l|x = y||?

A mapping T : H — H is called to be ¢-Lipschitz continuous on H, if there exists a constant £ > 0
such that ||Tx—Ty|| < ¢||x—y||, Vx,y € H; Contraction with coefficient £ € (0,1); Nonexpansive
with ¢ = 1; Monotone, if (Tx—Ty,x —y) > 0, Vx,y € H; B-strongly monotone, if there exists a
constant 8 > 0 such that (Tx — Ty,x—y) > B|jx—y||?, Vx,y € H. For every point x € H, there exists
a unique nearest point in C, denoted by Pcx, which satisfies || x — Pex|| < ||x—y||, ¥y € C. Hence,
Fc : H — C is called the metric projection of H onto C.

Lemma 2.1 (see [10]). Let C C H be a nonempty closed convex subset. For allx € H and y € C,
then (1): (x — Pcx,y — Pcx) < 0 and (2): ||Pex —y||? < |jx—y||* — ||x — Pex]||%.

Lemma 2.2 (see [11]). Let H be a real Hilbert space. Suppose that A : H — H is ¢-Lipschitz and
n-strongly monotone over a closed and convex subset Q C H. Then x* € Q is a unique solution of
variational inequality problem (VIP(A,Q)): Find x* € Q such that (Ax*,x —x*) >0, Vx € Q.

Lemma 2.3 (see [12]). Suppose {a;} and {b;} are two non-negative real sequences such that
ag+1 <ax+biforallk > 1. If Y7 | by < +oo, then limy_,., ax exists.

Lemma 2.4 (see [13]). Assume that A : H — H is a continuous and monotone operator. Then x* is a
solution of VIP: Find x* € Q such that (Ax*,x —x*) > 0, Vx € Q, if and only if x* is a solution of
following problem: Find x* € Q such that (Ax,x —x*) >0, Vx € Q.

Lemma 2.5 (see [14]). Let {oy} be a sequence in (0, 1) with Y5 ; o = oo, {sx} be a sequence of
non-negative real numbers and {d;} be a sequence of real numbers. Assume that, for all k > 1,
Sip1 < (1 — o )sg + ogdy. If limsup, ., dy, < 0, for every subsequence {sy, } of {si} satisfying
liminfl_m(skIH — sk[) >0, then limy_,., s = 0.

3. Main results

3.1 Algorithm and convergence

In this section, let H; and H, be real Hilbert spaces, C; C H; and C; C H, be nonempty closed
convex subsets, the mapping A : H| — H; be 1n-strongly monotone and ¢-Lipschitz continuous,
F| : Hi — H; be the identity operator, and F, : H — H, be a bounded linear operator. We investigate
the (SFP) under the following conditions.

Assumption 3.1. For all j = 1,2, we have (C1): {ax} C (0,1), limge 0 =0, ¥ 7| 0 = o0, (C2):
{M} C (0,00) such that limg_e M/ = 0, (C3): {&} C [a,b] C (0,1), (C4): 0<b; <b; <2,
0<c;<T;<2,(C5): bji,¢jx>0and limg b =limy_eCjx =0,and (C6): 0 <d < B <d < 1.
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The algorithm is presented as follows.

Algorithm 3.1. Initialization. Given 8 € (0,1). Let x~' x°,x' € H; be arbitrary, {7}, {t} C R,
be bounded sequences. Set k := 1.

Step 1. Compute w* = (I — o A)x* + O (¥ — x*=1) + & (k=1 — xk=2), where

i n . .
0, = mm{mvfk}, if X% £ XK1

, (60
Tr, otherwise,
and
=1 _ e k=1 4 k=2
8k _ max { ka—l_;k—zn ’ .uk} , ifx %x ) (6]()
— Uy, otherwise.
Step 2. Compute y% = P, Fjw*.
Step 3. Compute V% = Fwh — .
Step 4. Compute 'j‘ =F jwk -B JF""?’ where
(byactby) (Fpk—yih)
o = /HVk‘IHZ — 5 if V]; 7é 07 )
Bj,k - J (ﬁ],k)
0, otherwise.
Step 5. Compute 7 = wk — By 1 Ff (Fiwk — i) — (1 — B) pouFy (Fawk — 1), where
(Cjate) |Ew—ib|? . " & k
= if ||F(Fiw* —u" 0,
'}’ch _ HF,' (F_/Wk_”];')Hz || J ( J ])H 7& (')/Jk)

0, otherwise.

Step 6. Compute x**! = (1 — & )wk + &7,

Set k := k-+ 1 and go to Step 1.
Remark 3.1. From Assumption 3.1 and (6y), (&), we get limy_,c. 2—’; [|x% —x*=1|| = 0 and limy_,. % X
[|[x*~1 — x¥=2|| = 0. Therefore, there exist M; > 0, M, > 0 and a positive integer ko € N such that
B |k — | < My, |t — 2 <M, k> Tand bty € (0,2), cjutcj € (0,2), V> ko,
j=12.

Lemma 3.1. Let {w*} and {z*} be sequences generated by Algorithm 3.1 under Assumption 3.1.
For every x € I, Vk > ko, the following inequality holds

12 = x> < [[wWF = x> = Br[l = (cra+en)] [ Frwk —uf]?
— (1= B)posll = (o +c2)l | Faw* —ub ||, 2
Proof. Since x €I', Fix € C;, j=1,2. From Lemma 2.1 and Step 3, we get

k k k k k -
:><Fjwk_ij,v’;-> > (Fjwk—ylj‘-,vlj‘)7 j=1,2. 3)

It follows from Step 4, Remark 3.1 and (3) that

k 2 k 2 1 R2 (1112 k k
o = Fyel|” = 1 Eyw™ = Fjel|” 4 B[V I~ = 2B e (Ejw” — Fje, vi)
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< | Fwh = Fix|| 4 BRiIVEIP = 2B 4 (Eyw* — ¥, V)
< ||Fpw* — Fjx||?, Vk > ko, j=1,2. (4)
Since the function ||.|| is convex, from Step 5, (4) and the property of adjoint operators, we obtain

2
2% I = || BIv = 1 7 (Fiok = ) = 2] + (1 = B) W — po i (Faw* — uh) — o

< Blw =1 aFy (Fow* — ) = x|+ (1= B) [ W* — o5 (Faw* —u) —x||?
< W x> = Brall = (v +en)l1Frw* —u [P — (1= B)yasll — (con+ o) [ Fow' — 5>,

Lemma 3.2. Let {x*} be the sequence generated by Algorithm 3.1 under Assumption 3.1, we have
that {x*} is a bounded sequence.

Proof. Fixing a point x € I', from Step 1 and Remark 3.1 we have
WK — x| = ||(I — ogA)x* — (I — ogA)x — o Ax + B (X — XK1Y 4+ G (61 —xF72)|
< H(I— (XkA>Xk - (I— OckA)xH + OtkHAXH +oyMs, M3 := M+ M,. 5)

From limy_,. 0 = 0, for any € > 0, there exists k; € N such that for all k > ki, o < €. Let
k. = max{ko,k; }, we have oy < €, Vk > k,. It follows from the convexity of the norm, the 7n-
strongly monotonicity end the ¢-Lipschitz continuity of A, for all k > k, we get

O O
(7= oA = (1= aa)xl] < (1= =) o =+ =) (& =) — e(a¥* — Av)|

< (1= 2) I =l + 2 /1 —e2n — ) | —a

_ (1_%) 5% —x||, Vk > ki, 6)

where p=1—+/1—¢(2n—€f?) € (0,1) and € € (0, 27?) From (5) and (6), we get

o
I# el < (1= B2 1t ]+ oullAx] + oM, Ve > k.. ©)
It follows from Step 6, Remark 3.1, (2) and the convexity of the norm that
e = < (1= G W — x| + &l — x| < W —xl]
o7 o E(J|A M g(||A M
< (1 _ fp) Ik — x| +z—:kp'(HXH+3) < max{ka—xH,(”xL)M}, Yk > k,

P

e(|Ax]| +M3)}
p

| gmax{ka*xH, Yk > k..

This implies that the sequence {x*} is bounded.

Lemma 3.3. Let {w*} and {z*} be two sequences generated by Algorithm 3.1 under Assumption
3.1 with subsequences {w*'} and {z%}, respectively. If {wk} converges strongly to a point £ € H|
and lim_,. [|[wh — 4| = 0, then £ € T.

Proof. Since lim;_,.. |[w — 24| = 0, it follows from (2) that

Briwll = (crp +en)llFwt —ul |P 4+ (1= B)pos 1 = (e, +e2)] | P! — |
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< — ]2 24— < [t — 242 20— 2l ]
tend to O as [ — oo. Therefore,
|Fwh — || = 0asl — o0, j=1,2
|F7 (Fwht — )| < |F I — o] = 0ast — oo, j=1,2. (8)

From Step 3, Step 4 and Remark 3.1, we get

1
Fowkt — M2 = (Fawkt — k-l,ka = |Fwf =y ||[|Fiwh —
I~ IR = (=) = (ot It = e =

1
Fawkl — f —0asl—oo, j=1,2. ©)]
J J

= [k — || = ————
I il (bjx +b))

Since wk — £ and F ' 1s a bounded linear operator for each j = 1,2, we have F jwk’ — F;jX. Thus, we
get y];’ — Fjx, j=1,2. Therefore, we obtain F; € C;. Thus £ € .

Proposition 3.1. Let {x} be the sequence generated by Algorithm 3.1 under Assumption 3.1. Then,
for any x € I', the following inequality holds

[0 —x]? < (1 = 04t | = x|* + ez, k> ke, (10)
where k. € N, 7 =21 —¢&(*> € (0,1) and {d,} is a sequence of real numbers.

Proof. Let x € T. From Step 1, (5), (6) and the convexity of the ||.||?, we get

[wE —x||* < (1 — o 7)||xF — x||* + aqetdy, k> ke, (11)

where T =21 —¢&l? € (0,1) and
1 6 _
die:= 2<x—xk7AX>+2OﬂkHAxk||HAXH+2gillxk—xk Il = | + oge | Axe]

Sl o ~ 62 ~
210 e e g gl + Bt
O O
ek‘5k| k —1 k—1 -2 6k2 —1 —-2112
2 o = AT = T PP k> ke (12)
(073 O
From Step 6, (2) and (11), we obtain
I —x||? < (1= &) [WF — x| + &l — x||* — & (1 — &) Wk =242
2
= W —x|]* = & (1 = &) Iw* =P = & Y vl — (cjac + )| | Fyw® — w52
j=1
< (1= og) | —x|* + oy, k > k.. (13)

Theorem 3.1. Let {x*} be a sequence generated by Algorithm 3.1 under Assumption 3.1. Then {x*}
converges strongly to the unique solution of the VIP(A,T).

Proof. Since I' # &, the VIP(A,T') has a unique solution, denoted by x*. In particular, x* € T,
ie., Fjx* € Cj, Vj=1,2. Then, from Proposition 3.1 we obtain

[ — )12 < (1 — oget) o — x> + ovtddy, (14)
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where

= 1|20 kA 2o AR A + 2 = =+ A
) 02
oot e+ E e
k Ol
0,9 52
B L o B S e S (15)
k k

Suppose that {|[x* — x*||} C {||x* —x*||} such that liminf; .o (|[x+! — x*|| — [|x —x*||) > 0. From
(11), (13) and lim;_,.. 0, = 0, we obtain

2
k
& (1= &) W =207+ & Y 8 Y [1 = (cjp +epIIEW =
j=1
< (=P = [ =) — o T =P+ o Ty >
tend to 0 as [ — . Thus
[wh — 4[| — 0 and [|[Fjwh —ul > = 0, Vj =1,2. (16)
From Step 1, Step 6 and by Remark 3.1, we have, as [ — oo,

3 =1 < A+ B o =6 4! =72 = 0
=2 =4 < (12 = |+ =] > 0
= ) < (1 ) =) & 2 =] > 0

#kalH —wle < kalH —xle + ka’ —wle — 0. a7n

Since {x*} is bounded, there exists a subsequence {x*} of {x*} such that x¥ — £, we get Wk — .
Thus, we obtain from Lemma 3.3 that £ € I

By the boundedness of {x*'}, there exists a subsequence {x*} of {x"'} that converges strongly
X € Hj such that limsup,_, . (Ax*, x* —x!) = lim,,_e0 (Ax*, x* — xkin ) = (Ax*,x* —X). Also, we obtain
from Lemma 3.3 that x € T". Since x* is the solution to the VIP(A,I"), we have (Ax*,x—x*) > 0. This
implies limsup,_,.. (Ax*,x* —x¥) < 0. By Remark 3.1, the boundedness of {x*'} and {Ax"'} we have
limsup,_,..d;, < 0. Consequently, by invoking Lemma 2.5 it follows from (10) that {ll% — x|}
converges strongly to 0 as required.

3.2. Application to image restoration problems

In this section, we present an application for image restoration problems using our main result.
We provide some comparisons to the CQ algorithm of Byrne [5] and the inertial iterative algorithm
of Nguyen et al. [9].

For a gray scale image of M pixels width and N pixels height, each pixel value ranges from O to
255. Let D = M x N, then the real space R is equipped with the Euclidean norm and C = [0,255]P.
To estimate the approximate value of the vector x, representing the original image, we consider the
convex minimization model min,ec ||Fx — y|| where y is the observed blurred image and F is the
blurring matrix. Choose Q = {y}, then this model becomes the (SFP). Therefore, we can apply our
algorithm to solve the image restoration problem.
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To determine the effectiveness of the algorithm, we need a measure of the image quality of the
restored images. We determine the peak signal-to-noise ratio (SNR) in decibels (dB) as follows

SNR = 20log;, T "l T (18)

where x* is the original image and x is the restored image. It can be seen that a higher SNR value
indicates a better-restored image.

The test images are the cameraman and coin images from MATLAB built-in demo images in
Figure 1 for the test case of a grayscale image with a Gaussian blur size of [9 x 9] and a standard
deviation of 4 in Figure 2.

Figure 1. Original images of a cameraman (256 x 256 pixels) and coins (246 x 300 pixels)

Figure 2. Images degraded by a Gaussian blur of size 9 x 9 and standard deviation 4

We aim to compare our Algorithm 3.1 to CQ algorithm of Byrne [5] and inertial iterative
algorithm of Nguyen et al. [9].To begin, set the initial point x| = x? = x! = (0,...,0) € RP. In our
test, we select the parameters as follows

* In our algorithm, we choose A(x) = 0.015x, o = kJ%l, W =
B=025b=by=155c1=c2=155biy=by;=
Vk > 1.

« In Algorithm of Byrne, we choose A = 1 € (0,%) where L being the largest eigenvalue of
F*F with the blur matrix F'.

e In Algorithm of Nguyen et al., we choose n=0.56=0.25, f(x) =tx=0.985xand p; = 1,

vk > 1.

Lo 09% _ 1
i %= E0.00T e = (k+1)101’

1 —
W’ Cl,k—CZ,k (5k+1 5961{ k+1’

Mk = m, e =10"%, oy = k+1’

The results are presented in Table 1 and Figure 3, we observe that our Algorithm has higher SNR

values. It shows that our algorithm has a better convergence behavior than the algorithm of Byrne

and the algorithm of Nguyen et al. for each case. Next, in Figure 4, we demonstrate the recovered

images by using Algorithms for the Gaussian blur of size 9 x 9 and the number of iterations is 1500.

From Figures 3, 4 and Tables 1, it shows the applicability and effciency of the proposed method for
solving the image restoration problems which is the application of the (SFP).
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Table 1. Numerical comparison for Algorithms of cameraman image and coins image

SNR(dB)
Iter. (k) Our Alg. Byrne’s Alg. Nguyen et al.’s Alg.

Cameraman 500 24.0620 20.6973 21.8555
image 1000 24.5660 21.4651 22.4774
1500 24.6434 21.9191 22.9092

Coins image 500 249113 22.5663 23.2941
1000 25.1662 23.2684 24.0323

1500 25.6406 23.6996 24.5049

. c image _ " Goins image
-t B e

Iter. (k) Iter. (k)

Our Alg. Byrne’s Alg. Nguyen et al.’s Alg.

Figure 4. Recovered images with the Gaussian blur of size 9 x 9

4. Conclusion

In this paper, we have described an algorithm for solving the (SFP) by combining the inertial
method with the relaxation method and self-adaptive step size. By effectively incorporating convex
combinations into the algorithm, we have demonstrated the strong convergence results of the
proposed method under the given assumptions. The combination of inertial and relaxation methods
has improved the convergence speed of our algorithm, outperforming the compared methods in a
practical application experiment for image restoration.
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