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1. Introduction

In this paper, we study the following generalized split feasibility model, referred to as the split
common solution problem with multiple output sets for monotone operator equations (SCSP-MOS,
for short). Let X and Yi, (i = 1, 2, . . . , N) be real Hilbert spaces.

Let F : X → X be a γ-inverse strongly monotone operator, and Fi : Yi → Yi be γi-inverse
strongly monotone operators (i = 1, 2, . . . , N) . Let Mi : X → Yi (i = 1, 2, . . . , N) be bounded
linear operators. Let h ∈ X and hi ∈ Yi (i = 1, 2, . . . , N) be given points. We denote

S0 = {x ∈ X : F (x) = h},
Si = {x ∈ X : Fi(Mix) = hi}, i = 1, 2, . . . , N,

and suppose that

S := S0 ∩

(
N⋂
i=1

Si

)
̸= ∅.

Then, the SCSP-MOS is to find an element x ∈ S.
The SCSP-MOS serves as a unified framework that encompasses various split problems, such

as the split common fixed point problem with multiple output sets, the split feasibility problem with
multiple output sets and the split common null point problem with multiple output sets. These
problems are generalized forms of the split feasibility problem, thus offering a wider range of
applications. For more details, see references [1]-[5], as well as other related literature.

The proximal point algorithm was first introduced by Martinet [6] and later extended by Alvarez
and Attouch [7] with inertial terms. Zhang et al.[8] proposed the multi-step inertial proximal con-
traction algorithm for monotone variational inclusion problems. Numerical results show that this
method outperforms the classical inertial proximal point algorithm.

In recent years, Ha et al. [9] and Reich et al. [10] have introduced inertial proximal point methods
for solving the SCSP-MOS.

From the above facts, in this paper, we introduce a new algorithms for solving the SCSP-MOS
using the multi-step inertial proximal algorithm.

2. Premiliars

Let X be a Hilbert space. We denote by ⟨·, ·⟩, ∥ · ∥, →, and ⇀ the inner product, the norm, the
strong convergence, and the weak convergence in X , respectively.

Definition 2.1. Let F : X → X be an operator. We call

(i) F is monotone if ⟨x− y, F (x)− F (y)⟩ ≥ 0, ∀x, y ∈ X .

(ii) F is α-inverse strongly monotone if there exists a positive constant α > 0 such that

⟨x− y, F (x)− F (y)⟩ ≥ α∥F (x)− F (y)∥2, ∀x, y ∈ X .

The following lemma is used in the proof of the main results of this paper.

Lemma 2.2. [8] Let {an} and {bn} be two nonnegative real sequences, and let c = (ci)m ∈ Rm

such that an+1 ≤
∑m

−
1

i=0 cian−i + bn, for all n ≥ m. Assume further that

0 ≤

m−1∑
i=0

ci < 1 and

∞∑
n=0

bn <∞.

Then the sequence {ak} is summable, that is
∑∞

k=0 ak <∞.
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3. Main results

In this section, we denote G(x) := F (x) +
∑N

i=1M
∗
i Fi(Mix). We begin with the following

observations.

Remark 3.1. By applying Lemma 2.3 in [10], we deduce that the operator I + G is a bijection.
Hence, we can define a mapping JG : X → X , by

JG(x) = (I +G)−1 (x), for all x ∈ X .

In oder to find a solution of the SCSP-MOS, we introduce the following algorithm.

Algorithm 3.2. Step 1. Choose real sequences {αj,n} ⊂ (−1, 1) for all j = 1, 2, . . . ,m. Select
arbitrary points x−m, x−(m−1), x−(m−2), . . . , x0 ∈ X and set n := 0.
Step 2. Compute

yn = xn +

m∑
j=1

αj,n(xn+1−j − xn−j). (1)

Step 3. Compute xn+1 as follows

xn+1 = JG(yn + h+

N∑
i=1

M∗
i hi). (2)

Step 4. Set n← n+ 1, and go to Step 2.

The following theorem confirms the convergence of Algorithm 3.2.

Theorem 3.3. Suppose that the sequence {αj,n} for all j = 1, 2, . . . ,m is chosen to satisfy the
following conditions:

(C1)
m∑
j=1

αj < 1, where αj = supn∈N |αj,n|, for all j = 1, 2, . . . ,m.

(C2)
∞∑
n=1

maxj=1,m |αj,n|
m∑
j=1
∥xn+1−j − xn−j∥2 <∞.

Then the sequence {xn} converges weakly to a solution of the SCSP-MOS.

Proof. Using Remark 3.1, we see that the sequence {xn} is well defined. Let s ∈ S, that is,
F (s) = h and Fi(Mis) = hi, for all i = 1, 2, . . . , N . From (1), we have

∥yn − s∥2 = ∥xn +

m∑
j=1

αj,n(xn+1−j − xn−j)− s∥2

= ∥xn−s∥2 + ∥
m∑
j=1

αj,n(xn+1−j−xn−j)∥2 + 2

m∑
j=1

αj,n⟨xn−s, xn+1−j−xn−j⟩, (3)

and

∥xn+1−yn∥2 = ∥xn+1−xn−
m∑
j=1

αj,n(xn+1−j−xn−j)∥2

= ∥xn+1−xn∥2 + ∥
m∑
j=1

αj,n(xn+1−j−xn−j)∥2−2
m∑
j=1

αj,n⟨xn+1−xn, xn+1−j−xn−j⟩. (4)
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Rewrite (2) in the following form

F (xn+1) +

N∑
i=1

M∗
i Fi(Mixn+1)− h−

N∑
i=1

M∗
i hi + xn+1 = yn. (5)

From (5), we have

⟨xn+1 − s, yn − s⟩ = ⟨xn+1 − s, F (xn+1) +

N∑
i=1

M∗
i Fi(Mixn+1)− h−

N∑
i=1

M∗
i hi + xn+1 − s⟩

= ⟨xn+1 − s, F (xn+1)− h⟩+
N∑
i=1

⟨xn+1 − s,M∗
i Fi(Mixn+1)−M∗

i hi⟩

+ ⟨xn+1 − s, xn+1−s⟩

= ⟨xn+1−s, F (xn+1)−F (s)⟩+
N∑
i=1

⟨Mixn+1−Mis, Fi(Mixn+1)−Fi(Mis)⟩

+ ∥xn+1−s∥2. (6)

Since F is a γ-inverse strongly monotone operator, Fi (i = 1, 2, . . . , N) are γi-inverse strongly
monotone operators, respectively, and from (6), we obtain

γ∥F (xn+1)− F (s)∥2 +
N∑
i=1

γi∥Fi(Mixn+1)− Fi(Mis)∥2 + ∥xn+1 − s∥2

≤ 1

2

(
∥xn+1 − s∥2 + ∥yn − s∥2 − ∥xn+1 − yn∥2

)
. (7)

We can rewrite (7) in the following form:

∥xn+1 − s∥2 ≤ ∥yn − s∥2 − ∥xn+1 − yn∥2 − 2Rn+1(s), (8)

where

Rn+1(s) = γ∥F (xn+1)− F (s)∥2 +
N∑
i=1

γi∥Fi(Mixn+1)− Fi(Mis)∥2.

Using (3) and (4) in (8), we have

∥xn+1 − s∥2 ≤ ∥xn − s∥2 − ∥xn+1 − xn∥2 − 2Rn+1(s)

+ 2

m∑
j=1

αj,n⟨xn+1 − s, xn+1−j − xn−j⟩. (9)

Beside, we have

⟨xn+1 − s, xn+1−j − xn−j⟩
= ⟨xn+1 − xn, xn+1−j − xn−j⟩+ ⟨xn − xn+1−j , xn+1−j − xn−j⟩
+ ⟨xn+1−j − s, xn+1−j − xn−j⟩

= ⟨xn+1 − xn, xn+1−j − xn−j⟩+
1

2

(
∥xn − xn−j∥2 − ∥xn − xn+1−j∥2

)
+

1

2

(
∥xn+1−j − s∥2 − ∥xn−j − s∥2

)
.
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From (9), we get

∥xn+1 − s∥2 ≤ ∥xn − s∥2 − ∥xn+1 − xn∥2 − 2Rn+1(s)

+ 2

m∑
j=1

αj,n⟨xn+1 − xn, xn+1−j − xn−j⟩

+

m∑
j=1

αj,n

(
∥xn − xn−j∥2 − ∥xn − xn+1−j∥2

)
+

m∑
j=1

αj,n

(
∥xn+1−j − s∥2 − ∥xn−j − s∥2

)
.

It follows that

∥xn+1 − s∥2 − ∥xn − s∥2 ≤
m∑
j=1

αj,n

(
∥xn+1−j − s∥2 − ∥xn−j − s∥2

)
− ∥xn+1 − xn −

m∑
j=1

αj,n(xn+1−j − xn−j)∥2

+

m∑
j=1

|αj,n|
(
∥xn − xn−j∥2 + ∥xn − xn+1−j∥2

)
+ ∥

m∑
j=1

αj,n(xn+1−j − xn−j)∥2 − 2Rn+1(s). (10)

Set

an := ∥xn − s∥2 − ∥xn−1 − s∥2,

ωn := xn+1 − xn −
m∑
j=1

αj,n(xn+1−j − xn−j),

bn :=

m∑
j=1

|αj,n|
(
∥xn − xn−j∥2 + ∥xn − xn+1−j∥2

)
+ ∥

m∑
j=1

αj,n(xn+1−j − xn−j)∥2.

It takes from (10), we get

an+1 ≤ −∥ωn∥2 +
m∑
j=1

αj,nan−j + bn − 2Rn+1(s). (11)

This implies the following inequality

[an+1]+ ≤
m∑
j=1

αj [an−j ]+ + bn,

where
[θ]+ := max{θ, 0},

αj = sup
n∈N
|αj,n| for all j = 1, 2, . . . ,m.
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We now proceed to show that the sequence bn is summable. Indeed, by applying the Cauchy–Schwarz
inequality, for any j ≤ m, we get

∥xn − xn−j∥2 ≤

(
j∑

k=1

∥xn+1−k − xn−k∥

)2

≤ j

j∑
k=1

∥xn+1−k − xn−k∥2 ≤ m

m∑
j=1

∥xn+1−j − xn−j∥2 . (12)

Using the definition of bn, the Cauchy–Schwarz inequality and (12) we obtain

bn ≤

 m∑
j=1

|αj,n| ∥xn+1−j − xn−j∥

2

+

m∑
j=1

|αj,n|
(
∥xn − xn−j∥2 + ∥xn − xn+1−j∥2

)

≤
m∑
j=1

|αj,n|
m∑
j=1

∥xn+1−j − xn−j∥2 + 2m

m∑
j=1

|αj,n|
m∑
j=1

∥xn+1−j − xn−j∥2

≤ (m+ 2m2)max
j
|αj,n|

m∑
j=1

∥xn+1−j − xn−j∥2 .

It follows from condition (C2) that
∑∞

n=1 bn <∞. Combining the above conclusion with condition
(C1), we see that the assumptions of Lemma 2.2 are fulfilled. Hence

∑∞
n=1[an]+ <∞.

Let zn := ∥xn − s∥2 −
∑n

k=1[ak]+. Since
∑∞

n=1[an]+ < ∞, we see that the sequence {zn} is
bouned from below. Moreover, using the definitions of an and [θ]+, it follows that

zn+1 = ∥xn+1 − s∥2 − [an+1]+ +

n∑
k=1

[ak]+ ≤ ∥xn+1 − s∥2 − an+1 +

n∑
k=1

[ak]+ = zn.

Hence, {zn} is a decreasing sequence. We deduce that the sequence {zn} is convergent and so is
{∥xn − s∥}. Thus, limn→∞ an = 0. From (11), we have

∥ωn∥2 + 2Rn+1(s) ≤ −an+1 +

m∑
j=1

αj,nan−j + bn.

Since {αj,n} is bounded, limn→∞ an = 0, and the sequence {bn} is summable, we get

lim
n→∞

[
∥ωn∥2 + 2Rn+1(s)

]
= 0.

This implies that

∥F (xn+1)− h∥ → 0, (13)
∥Fi(Mixn+1)− hi∥ → 0, (14)
∥ωn∥ → 0.

So the sequence {∥xn − s∥} is convergent that the sequence {xn} is bounded. There exists a
subsequence {xnk

} of {xn}, which converges weakly to s∗ ∈ X . We observe that

0 ≤ γ∥F (xnk
)− F (s∗)∥2 ≤ ⟨F (xnk

)− F (s∗), xnk
− s∗⟩

= ⟨F (xnk
)− h, xnk

− s∗⟩+ ⟨h− F (s∗), xnk
− s∗⟩
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≤ K∥F (xnk
)− h∥+ ⟨h− F (s∗), xnk

− s∗⟩, (15)

where K = supk ∥xnk
− s∗∥.

In (15), letting k → ∞ and using xnk
⇀ s∗, we obtain ∥F (xnk

) − F (s∗)∥ → 0. This, combined
with (13), gives F (s∗) = h. It means that s∗ ∈ S0.

Since each Mi is a bounded linear operator, the weak convergence xnk
⇀ s∗ implies that

Mixnk
⇀ Mis∗ for all i = 1, 2, . . . , N . Therefore, by applying a similar argument as above

together with (14), it follows that s∗ ∈ Si for every i = 1, 2, . . . , N . Consequently, we conclude
that s∗ ∈ S.

Now, suppose that there exists another subsequence {xnl
} of {xn} that converges weakly to

some point s† ∈ S. We aim to prove that s† = s∗. Following a similar line of reasoning as above,
we conclude that s† ∈ S. Since both s∗ and s† are elements of S, the limits limn→∞ ∥xn − s∗∥2
and limn→∞ ∥xn−s†∥2 exist and are finite. Therefore, the difference of these two limits also exists
and is given by

lim
n→∞

(
∥xn − s∗∥2 − ∥xn − s†∥2

)
= 2 lim

n→∞
⟨xn, s† − s∗⟩+ ∥s∗∥2 − ∥s†∥2.

This implies that the limit limn→∞⟨xn, s† − s∗⟩ exists.
Moreover, since xkn

⇀ s∗ and xln ⇀ s†, we obtain ⟨s∗, s† − s∗⟩ = ⟨s†, s† − s∗⟩. Subtracting
both sides, we deduce that ∥s∗ − s†∥2 = 0, and hence s∗ = s†. Therefore, the sequence {xn}
converges weakly to s∗.

This completes the proof.

Remark 3.4. To ensure that the conditions (C1) and (C2) in Theorem 3.3 are satisfied, one can
choose the sequence {αj,n} as following:

αj,n =
1

(n+ 1)1+δ
(∑m

j=1 ∥xn+1−j − xn−j∥2 + 1
) , for all j = 1, 2, . . . ,m, where δ > 0.

Remark 3.5. In the case m = 1, our new algorithm reduces to Algorithm 3.1 in [10] of Reich et al.

Remark 3.6. Let X and Yi (i = 1, 2, . . . , N) be Hilbert spaces.

(i) Assume that T : X → X and Ti : Yi → Yi are nonexpansive mappings, and let h = 0
and hi = 0 for all i = 1, 2, . . . , N . If in Algorithm 2, we choose F = I − T and Fi =
Ii − Ti, where I and Ii denote the identity operators on X and Yi, respectively, then we
obtain algorithms for solving the split common fixed point problem with multiple output sets:

Find p ∈ X such that T (p) = p and Ti(Tip) = Tip for all i = 1, 2, . . . , N.

In particular, if T = PC and Ti = PQi
, where C ⊂ X and Qi ⊂ Yi are nonempty closed

convex sets, we obtain algorithms for solving the split feasibility problem with multiple output
sets.

(ii) Let B : X → 2X and Bi : Yi → 2Yi be maximal monotone operators, and suppose that
h = 0 and hi = 0 for all i = 1, 2, . . . , N . If in Algorithm 2, we set F = I − JB

r and
Fi = Ii−JBi

ri , where JB
r = (I+rB)−1 and JBi

ri = (Ii+riBi)
−1 are the resolvent operators

of B and Bi, respectively, then we obtain algorithms for solving the split common null point
problem with multiple output sets:

Find p ∈ X such that B(p) ∋ 0 and Bi(Tip) ∋ 0 for all i = 1, 2, . . . , N.

Example 3.7. In this example, the algorithm is implemented in MATLAB R2014a running on
the LAPTOP DELL-PRECISION 5560, 11th Gen Intel(R) Core(TM) i7-11850H @ 2.50GHz(16
CPUs) and 16GB RAM.
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We consider the split minimum point problem with multiple output sets with the following data.
Let f , f1, f2 and f3 be convex functions on R4, R2, R3 and R4, respectively, which are defined as
follows

f(x) =
1

2
(x1 + x2 + 3x3 − 2x4 − 1)2 for all x = (x1, x2, x3, x4, x5, x6) ∈ R4,

f1(y) = 2y21 +
y22
2

+ 2y1y2 for all y = (y1, y2) ∈ R2,

f2(z) =
1

2
(z1 − 2z2 + z3 − 1)2 for all z = (z1, z2, z3) ∈ R3,

f3(t) =
1

2
(3t1 + 2t2 − t3 + t4 − 2)2 for all t = (t1, t2, t3, t4) ∈ R4.

The representing matrices of the transfer mappings M1 : R4 → R2, M2 : R4 → R3 and
M3 : R4 → R4 are

M1 =

(
1 2 0 −1
−2 −3 −2 6

)
,M2 =

3 −4 1 0
1 1 0 1
0 6 4 −4

 ,M3 =

 1 −1 1 2
2 1 0 1
1 −1 0 8
−4 2 3 −4

 ,

respectively.
The problem is to find an element x∗ ∈ R4 such that

x∗ ∈ arg min
x∈R4

f(x), M1x
∗ ∈ arg min

y∈R2
f1(y),

M2x
∗ ∈ arg min

z∈R3
f2(z), M3x

∗ ∈ argmin
t∈R4

f3(t), (16)

It is not difficult to check that x∗ ∈ Ω, where

Ω = {(1− 5a+ 6b, 2a− 4b, a, b) : a, b ∈ R},

and f, f1, f2, f3 are Fréchet differentiable convex functions, ∇f, ∇fi are Lipschitz continuous, 
Mj : R4 → Rj , j = 2, 3, 4, be bounded linear operators. It follows from Baillon–Haddad theorem 
that ∇f and ∇fi, i = 1, 2, 3, 4, are inverse strongly monotones. 

 Hence, we can apply Algorithm 3.2 to F = ∇f, Fi = ∇fi, h = h1 = h2 = h3 = 0 to solve 
Problem (16). We now illustrate the convergence of Algorithm 3.2 in the case where the iterative 
formula involves two inertial terms, that is m = 2. Now, we test the convergence of the iterative 
method (2) with the initial points set as x−2 = x−1 = x0 = (1, 2, 3, 4) and different choices of 
inertial parameters. Based on Remark 4.1 in [10], we use the condition ϵn := ∥xn − yn−1∥ < ε 
to stop the iterative process. Let σn = maxi{∥∇f (xn)∥, ∥∇fi(Tixn)∥}, i = 1, 2, 3, we obtain the  
numerical results as shown in Table 1.

 Table 1. Table of numerical results for Algorithm 3.2

ε α1,n = 0.1, α2,n = −0.005 α1,n = 0.1, α2,n = 0 α1,n = α2,n = 0

n Time (s) σn n Time (s) σn n Time (s) σn

10−5 7 0.0005 5.9482× 10−7 7 0.0011 5.9482× 10−7 8 0.0007 1.4260× 10−6

10−6 8 0.0005 4.0319× 10−8 8 0.0005 4.8026× 10−7 9 0.0008 1.8556× 10−7

10−7 8 0.0006 4.0319× 10−8 9 0.0005 1.6419× 10−8 10 0.0010 2.4255× 10−8

10−8 9 0.0006 4.2228× 10−9 10 0.0006 3.5875× 10−9 11 0.0011 3.1777× 10−9

Remark 3.8. The results in Table 1 indicate that Algorithm 3.2 with two inertial terms (α1,n = 0.1,
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α2,n = −0.005) converges more rapidly than both the single-inertial version (α1,n = 0.1, α2,n = 
0), corresponding to Algorithm 3.1 in [10], and the classical proximal point algorithm without 
inertia (α1,n = α2,n = 0). This demonstrates the advantage of employing both inertial parameters 
to accelerate convergence. 

4. Conclusion 

This paper investigates the SCSP-MOS problem, a generalized split feasibility problem, and pro- 
poses an iterative method with weak convergence to a solution, as established in Theorem 3.3 under 
suitable conditions. The numerical example shows that the algorithm achieves better convergence 
results with more inertial terms. The algorithm extends existing methodologies and provides a 
versatile tool for addressing complex models in applied mathematics and optimization. 
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