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The split feasibility problem plays an important role in various fields
such as optimization theory, signal processing, image reconstruction,
game theory, and several other areas. Based on the proximal point
method combined with a multi-step inertial term, the author proposes a
new algorithm to solve a generalized form of the split feasibility
problem. Specifically, this paper introduces a multi-step inertial
proximal point algorithm to solve the split common solution problem
for monotone operator equations with multiple out- put sets in real
Hilbert spaces. Under suitable conditions on the control parameters, the
sequence generated by the proposed algorithm converges weakly to a
solution of the problem. Additionally, the paper presents the
applicability of the proposed algorithm to related problems such as the
split common fixed point problem, the split feasibility problem, and the
split common null point problem with multiple output sets, thereby
demonstrating the effectiveness and potential extensibility of the
proposed algorithm.

THUAT TOAN PIEM GAN KE PA QUAN TINH CHO BAI TOAN
NGHIEM CHUNG TACH CUA LOP PHUONG TRINH TOAN TU PON DPIEU

Phan Thi Van Huyén

Truong Pai hoc Ky thudt Cong nghiép — PH Thai Nguyén

TOM TAT

THONG TIN BAI BAO
Ngay nhin bai:  20/4/2025
Ngay hoan thién:  09/5/2025
Ngay ding: 09/5/2025
TU KHOA
Khong gian Hilber

Toan tir don diéu
Diém gan ké
Quan tinh

Thuét toan

Bai toan chip nhan tach dong vai trd quan trong trong nhiéu linh vyuc
nhu 1y thuyét téi wu, xtr Iy tin hiéu, khoi phuc anh, 1y thuyét tro choi va
mot s6 linh vuc khac. Dya trén phuong phap diém gan ké két hop voi
thanh phan quan tinh nhiu budc tac gia & xuat mot thuat toan moi dé
giai mot dang bai toan tong quat cua Idp bai toan chap nhan tach. Cu
thé, bai bao nay dé xuat thuat toan diém gan ké da quan tinh dé giai bai
toan nghiém chung tach cia I6p phuong trinh toan tir don diéu voi da
tap dau ra trong khong gian Hilbert thuc. Duéi cac didu kién thich hop
dbi vai cac tham sé didu khién thi diy 1ap sinh ra tir thuat toan dé xuat
hoi tu yéu téi nghiém cia bai toan. Ngoai ra, bai bdo con trinh bay kha
nang (ng dung thuat toan trong cac bai toan lién quan nhu diém bét
dong chung tach, chip nhan tach, va khong diém chung tach véi da tap
dau ra, qua d6 khang dinh tinh hiéu qua va tiém ning m& rong cua thuat
toan dé xuat.
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1. Introduction

In this paper, we study the following generalized split feasibility model, referred to as the split
common solution problem with multiple output sets for monotone operator equations (SCSP-MOS,
for short). Let X and );, (¢ = 1,2,..., N) be real Hilbert spaces.

Let FF: X — X be a y-inverse strongly monotone operator, and F; : )V; — JY; be ~y;-inverse
strongly monotone operators (¢ = 1,2,...,N) . Let M; : X — Y; (i =1,2,...,N) be bounded
linear operators. Let h € X and h; € V; (i = 1,2,..., N) be given points. We denote

So={x € X: F(x)=h},
Si={reX:F(Mz)=h;}, i=12,...,N,

and suppose that

N
S:=8nN (ﬂ&) )
i=1
Then, the SCSP-MOS is to find an element x € S.

The SCSP-MOS serves as a unified framework that encompasses various split problems, such
as the split common fixed point problem with multiple output sets, the split feasibility problem with
multiple output sets and the split common null point problem with multiple output sets. These
problems are generalized forms of the split feasibility problem, thus offering a wider range of
applications. For more details, see references [1]-[5], as well as other related literature.

The proximal point algorithm was first introduced by Martinet [6] and later extended by Alvarez
and Attouch [7] with inertial terms. Zhang et al.[8] proposed the multi-step inertial proximal con-
traction algorithm for monotone variational inclusion problems. Numerical results show that this
method outperforms the classical inertial proximal point algorithm.

Inrecent years, Ha et al. [9] and Reich et al. [10] have introduced inertial proximal point methods
for solving the SCSP-MOS.

From the above facts, in this paper, we introduce a new algorithms for solving the SCSP-MOS
using the multi-step inertial proximal algorithm.

2. Premiliars

Let X’ be a Hilbert space. We denote by (-, -), || - ||, —, and — the inner product, the norm, the
strong convergence, and the weak convergence in X, respectively.

Definition 2.1. Let F': X — X be an operator. We call
(i) F'is monotone if (x — y, F(z) — F'(y)) > 0, Vz,ye€ X.
(ii) F'is a-inverse strongly monotone if there exists a positive constant o > 0 such that
(& —y,F(x) = F(y)) 2 a|F(z) = F(y)|*, Vz,yeX.
The following lemma is used in the proof of the main results of this paper.

Lemma 2.2. [8] Let {«a,} and {b,,} be two nonnegative real sequences, and let ¢ = (¢;),, € R™
such that a, 11 < Z;’;Ol CiGn_; + by, for all n > m. Assume further that

m—1 o)
0§20i<1 and an<oo.
i=0 n=0

Then the sequence {ay} is summable, that is >~ ;i < 00.
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3. Main results

In this section, we denote G(z) = F(z) + le\il M} F;(M;x). We begin with the following
observations.

Remark 3.1. By applying Lemma 2.3 in [10], we deduce that the operator I + G is a bijection.
Hence, we can define a mapping J¢ : X — X, by

JE(x) =+ @) (z),forallz € X.
In oder to find a solution of the SCSP-MOS, we introduce the following algorithm.
Algorithm 3.2. Step 1. Choose real sequences {a;,} C (—1,1) forall j = 1,2,...,m. Select

arbitrary points &, T_(;—1)s £ (m—2)s - - -» Lo € & and setn := 0.
Step 2. Compute

m
Yn = Tn + Z aj,n(anrlfj - xnfj)- (1
j=1
Step 3. Compute x,,+1 as follows
N
Tnpr =Ty +h+ Y Mihy). (2)
i=1

Step 4. Set n <— n + 1, and go to Step 2.
The following theorem confirms the convergence of Algorithm 3.2.

Theorem 3.3. Suppose that the sequence {a;} for all j = 1,2,...,m is chosen to satisfy the
following conditions:

m
(C1) > @ <1, where @j = sup,cy || forall j =1,2,...,m.
=1

J

o0 m
(C2) Zl max,;_15; |jn| 21 |Znt1—j — Tn—j]|? < .
n= Jj=

Then the sequence {x,} converges weakly to a solution of the SCSP-MOS.

Proof. Using Remark 3.1, we see that the sequence {xz,} is well defined. Let s € S, that is,
F(s) = hand F;(M;s) = h;, foralli = 1,2,..., N. From (1), we have

m

lyn — s1* = llzn + ) ajn(@ns1-j — 2nj) — sl
j=1
m m
= [lzn—s|* + ”Z:O‘J}?%(In-&-l—J'_ajn—j)H2 +2 Zaj,n<$n—8, Tnt1-j—Tn—j), (3)
=1 =1
and
m
||xn+1_ynH2 = Hxn+1_xn_zaj,n(xn+1—j_mn—j)”2
j=1

m m
= leni1—zal® + 1D an@nir =20 )P =2 @jnl@nis =T, Tnrj—an—j). @)
=1 i=1
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Rewrite (2) in the following form

N N
F(xpy1) + Z M Fy(Mixnq1) — h — Z M hi + Tnp1 = Yn- (5)
=1 i—1

From (5), we have

N N
(@41 — 8, Yn — 8) = (Tng1 — 8, F(@ns1) + Y M Fi(Mizni1) —h =Y M hi + Tpi1 — 5)
=1 =1
N
= (Tn41 — 5, F(zpy1) — h) + Z(xnﬂ — 8, M Fi(M;xn11) — M hy)
=1
+ <$n+1 — 8 Tn+1 _5>
N
= (Tnt1—5, F(xn+1)—F(8)>+Z<Mz‘9€n+1—Mi8, Fi(Mixyq1)—F;(M;s))
=1
+ |z =] (6)

Since F is a y-inverse strongly monotone operator, F; (i = 1,2, ..., N) are ~;-inverse strongly
monotone operators, respectively, and from (6), we obtain

N
YE (@n11) = F(s)I” + D il Fi(Miwni1) — Fi(Mys)||* + |[wns1 — s
=1

< = (lznsr = sl? + llyn — 512 = llzns1 — yall?) )

N |

We can rewrite (7) in the following form:

|Znt1 = 81> < lyn — sI* = |Znr1 — Ynl* — 2Rn4a(s), (8)

where

N
Ruti1(s) = Y| F(@ni1) = F(s)II + D il Fi(Mini1) — Fi(Mgs)||*.
i=1
Using (3) and (4) in (8), we have

241 = s> < 2w = 8] = lznr1 = 2l* = 2R 41(5)
m
+2 Z Qjn(Tnt1l — S, Tntl—j — Tn—j)- )
j=1
Beside, we have
(Tpg1 — 8, Tng1—j — Tn—j)

= (Tnt1 — Tn, Tnt1—j — Tn—j) + (Tn — Tnt1—j, Tnt1—j — Tn—j)
+{Tnt1—j — 8 Tnt1—j — Tn—j)

1
= (T4t = TnyTngi—j = Tng) + 5 (|20 = 20g|® = 2n = 2ns14])

1
t+ 5 (lnsay = sll* = lwny = sI%) -
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From (9), we get

|41 = slI* < llen = sI® = llzns1 — 2l = 2Rns1(5)

m
+2 E aj,n<xn+1 — Ty Tntl—j5 — xnfj>
Jj=1

m
+ > (In = 2ngll? = len — Ens1-41I%)

=1

m
+ " in (lonr1—j — s> = llzn—j — s[I?).
7=1

It follows that

m
lns = sl = llan = 51 < 3" o (lonsimg — sl = llzas — sI1?)
j=1
m
— |zt — xn — Z o (Tni1—j — Tnj)|®
j=1

m
+ Z |atjnl (Hxn - xn—sz + lzn — xn+1—j||2)
j=1

1D @jn(@nii—j — 2 y)|I> = 2Rnta(s). (10)
j=1
Set

an = ||zn = sl|* = zn-1 — 5%,

m

Wn = Tntl — Tn — 5 O‘j,n(xn—f—l—j - xn—j)a

j=1
m m
b= 3 [l (ln = 2? + 20 — 21 12) + 1S pn(@nsiy — wuy)|%
j=1 j=1
It takes from (10), we get
m
tni1 < —llwnl* + D jnan_j + by — 2Rny(s). (11)

J=1

This implies the following inequality

m
[an+1)+ < Y @lan—jl+ + bn,
j=1

where
[9]+ = max{@, 0}7

@ =sup|oj,|forall j=1,2,...,m.
neN
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We now proceed to show that the sequence b,, is summable. Indeed, by applying the Cauchy—Schwarz
inequality, for any j < m, we get

j 2
Hxn - xn—jH2 < (Z Hanrlfk - $nk”>
k=1

m

J
<J Z |ns1-k — xn—kHQ < mz |Znt1-5 — wn—j”2 . (12)
k=1 j=1

Using the definition of b,,, the Cauchy—Schwarz inequality and (12) we obtain

m 2 m
2 2
b < | S lagal lonsi—g = 2assll |+ 10l (20 = 2nsl® + lon = a1

j=1 J=1
m m m m
<Y il D lwnsg — 2l +2m Y " fajnl D lzngj — 2l
j=1 j=1 J=1 Jj=1
m
< (m o+ 2m?)max |agal 3 2015 = g
j=1

It follows from condition (C) that >~ >° | b, < co. Combining the above conclusion with condition
(Ch), we see that the assumptions of Lemma 2.2 are fulfilled. Hence ) 7, [a,]+ < oo.

Let 2, := ||zn, — s]|* = > p_lak)+. Since >0 [an]+ < oo, we see that the sequence {z,} is
bouned from below. Moreover, using the definitions of a,, and [6], it follows that

n n
Zni1 = o1 — sl = [anta)y + Z [ar] < l|lZng1 — sl — a1 + Z[ak]Jr = Zn-
k=1 k=1

Hence, {z,} is a decreasing sequence. We deduce that the sequence {z,} is convergent and so is
{||zn — s||}- Thus, lim,,_,~ a, = 0. From (11), we have

m

lwn® + 2Rn41(5) € —ani1+ Y @jnan_j + by

j=1

Since {a;,} is bounded, lim,, .o a, = 0, and the sequence {b,, } is summable, we get

Tim [[lwn | + 2Rp11(s)] = 0.

This implies that

|F(zn+1) — b — 0, (13)
| F5(Mixny1) — hil| = 0, (14)
|lwn|| = 0.

So the sequence {||z,, — s||} is convergent that the sequence {z,,} is bounded. There exists a
subsequence {z,, } of {x, }, which converges weakly to s. € X'. We observe that

0 <ANF(wn,) = F(s:)|I? < (F(wn,) = F(s54), Tn, — )
= (F(xn,) — hyxn, — S) + (h — F(8x), Tn, — S«)
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where K = supy, ||zn, — S«||-
In (15), letting £ — oo and using x,, — s, we obtain || F'(x,, ) — F'(s4)|| — 0. This, combined
with (13), gives F'(s.) = h. It means that s, € Sp.

Since each M; is a bounded linear operator, the weak convergence z,, — s. implies that
M;x,, — M;s, forall¢ = 1,2,..., N. Therefore, by applying a similar argument as above
together with (14), it follows that s, € S; for every ¢ = 1,2,..., N. Consequently, we conclude
that s, € S.

Now, suppose that there exists another subsequence {x,,} of {z,} that converges weakly to
some point s € S. We aim to prove that sT = s,.. Following a similar line of reasoning as above,
we conclude that s € S. Since both s, and s' are elements of S, the limits lim,, o, |z — 542
and lim,, s |2, — s'||? exist and are finite. Therefore, the difference of these two limits also exists
and is given by

tim ([l = 5.2 = flzn = 5T2) = 2 lim (@a, 5" = 5.) + ]2 = |7
n—oo n—oo
This implies that the limit lim,, oo (2, sT — S4) exists.

Moreover, since 3, — s, and z;, — s!, we obtain (s,, s — s,) = (s, sT — s.). Subtracting
both sides, we deduce that ||s, — sf[|> = 0, and hence s, = s'. Therefore, the sequence {z,}
converges weakly to s..

This completes the proof. 0

Remark 3.4. To ensure that the conditions (C1) and (C2) in Theorem 3.3 are satisfied, one can
choose the sequence {«; , } as following:

1
(n+ 1)1 (S zms1-5 = agll? +1)

Oy = , forallj=1,2,...,m, where § > 0.

Remark 3.5. In the case m = 1, our new algorithm reduces to Algorithm 3.1 in [10] of Reich et al.
Remark 3.6. Let X and Y; (i = 1,2, ..., N) be Hilbert spaces.

(i) Assume that 7' : X — X and T; : ); — ); are nonexpansive mappings, and let h = 0
and h; = O forall¢ = 1,2,..., N. If in Algorithm 2, we choose F' = I — T and F; =
I; — T;, where I and I; denote the identity operators on X and ), respectively, then we
obtain algorithms for solving the split common fixed point problem with multiple output sets:

Find p € X such that T'(p) = p and T;(T;p) = Typ foralli = 1,2,..., N.

In particular, if T' = Pc and T; = Pp,, where C C X and ); C Y; are nonempty closed
convex sets, we obtain algorithms for solving the split feasibility problem with multiple output
sets.

(i) Let B : X — 2% and B; : ); — 2% be maximal monotone operators, and suppose that
h=0and h; = 0foralli = 1,2,...,N. If in Algorithm 2, we set F' = I — Jf’? and
F,=1— in, where JP = (I+7B)~! and Jff’ = (I;+r;B;)~! are the resolvent operators
of B and B;, respectively, then we obtain algorithms for solving the split common null point
problem with multiple output sets:

Find p € X such that B(p) > 0 and B;(T;p) > 0foralli =1,2,..., N.

Example 3.7. In this example, the algorithm is implemented in MATLAB R2014a running on
the LAPTOP DELL-PRECISION 5560, 11th Gen Intel(R) Core(TM) i7-11850H @ 2.50GHz(16
CPUs) and 16GB RAM.
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We consider the split minimum point problem with multiple output sets with the following data.
Let f, f1, fo and f3 be convex functions on R*, R%, R? and R, respectively, which are defined as
follows

1
flz) = 5(:01 + 29 + 3x3 — 224 — 1)2 forall x = (z1, 22, x3, x4, x5, %6) € R,
2

fily) = 2% + %2 + 2y1y2 forall y = (y1,y2) € R?,

1
fa(z) = 5(731 — 229 + 23 — 1)2 forall z = (21, 29, 23) € R3,

1
f3(t) = 5(3751 + 2ty —t3 +tg — 2)? forall t = (t1,to,t3,4) € RL

The representing matrices of the transfer mappings M; : R* — R?, M, : R* — R3 and
M5 : R* — R* are

1 -1 1 2
3 -4 1 0
M1—120_1,M2:1101,M3:2101,
-2 -3 -2 6 0 6 4 —4 1 -1 0 8
-4 2 3 -4
respectively.
The problem is to find an element z* € R* such that
* . * .
S arg min f(x), Miz* € arg;g%@ fi(y),
Msx™ € arg min fo(z), Msx™ € argmin f3(t), (16)
z€R3 teR*

It is not difficult to check that x* € €2, where
Q={(1-5a+6b,2a —4b,a,b) : a,b e R},

and f, f1, fo, f3 are Fréchet differentiable convex functions, V f, V f; are Lipschitz continuous,
M; - R* — RJ, j = 2,3, 4, be bounded linear operators. It follows from Baillon-Haddad theorem
that V f and V f;, ¢ = 1, 2, 3, 4, are inverse strongly monotones.

Hence, we can apply Algorithm 3.2 to ' = Vf F; = Vf;,h = hy = hy = hs = 0 to solve
Problem (16). We now illustrate the convergence of Algorithm 3.2 in the case where the iterative
formula involves two inertial terms, that is m = 2. Now, we test the convergence of the iterative
method (2) with the initial points set as z_o = z_1 = z¢9 = (1,2,3,4) and different choices of
inertial parameters. Based on Remark 4.1 in [10], we use the condition €, := ||z, — yn—1|| < €
to stop the iterative process. Let o, = max;{||V f(zn)|], ||V fi(Tizn)||}, ¢ = 1,2, 3, we obtain the
numerical results as shown in Table 1.

Table 1. Table of numerical results for Algorithm 3.2

3 a1,n = 0.1, agn = —0.005 A1n = 0.1, agn = 0 Qa1p = Qon = 0
n  Time (s) On n  Time (s) On n  Time (s) On
107> 7 0.0005 5.9482x 1077 7 0.0011 5.9482x10"7 8  0.0007 1.4260 x 106
1076 8 0.0005 4.0319x1078% 8 0.0005 4.8026x 107 9  0.0008 1.8556 x 1077
10°7 8 0.0006 4.0319x10°% 9 0.0005 1.6419x10~% 10 0.0010 2.4255 x 108
1078 9 0.0006 4.2228 x107 10 0.0006 3.5875x 102 11  0.0011 3.1777 x 1079

Remark 3.8. The results in Table 1 indicate that Algorithm 3.2 with two inertial terms (a , = 0.1,
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o, = —0.005) converges more rapidly than both the single-inertial version (o1, = 0.1, g, =
0), corresponding to Algorithm 3.1 in [10], and the classical proximal point algorithm without
inertia (a1,, = a2, = 0). This demonstrates the advantage of employing both inertial parameters
to accelerate convergence.

4. Conclusion

This paper investigates the SCSP-MOS problem, a generalized split feasibility problem, and pro-
poses an iterative method with weak convergence to a solution, as established in Theorem 3.3 under
suitable conditions. The numerical example shows that the algorithm achieves better convergence
results with more inertial terms. The algorithm extends existing methodologies and provides a
versatile tool for addressing complex models in applied mathematics and optimization.
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