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The classical forms of Rolle’s Theorem and Lagrange's Mean Value
Theorem for a differentiable, single-valued real function, are
fundamental results in mathematical analysis, with many important
applications. A natural and interesting question is to extend these
theorems to the case of functions of several variables. In this paper, we
present a version of the Mean Value Theorem for functions of several
variables and provide an application of the classical Mean Value
Theorem in functional equations. When extending the mean value
theorem from the one-variable case to several variables, the function on
an interval is replaced by a function defined on the closure of a domain,
and the endpoint values are replaced by the values on the boundary of
that domain. To prove our mean value theorem for differentiable
functions of several real variables, we make use of a version of Rolle’s
Theorem due to Alberto Fiorenza and Renato Fiorenza (2024).
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Dinh 1y Rolle va Dinh ly gia tri trung binh cua Lagrance d6i véi ham
kha vi thyc mot bién 13 nhitng két qua nén tang trong giai tich va c6
nhiéu ung dung quan trong. Mot ciu hoi ty nhién va tha vi la mé rong
cac két qua nay cho trudng hop ham nhiéu bién. Trong bai bao nay,
chung t6i dua ra mot Sy mo rong cua Dinh 1y gia tri trung binh cho céc
ham nhiéu bién va mot tng dung cua Dinh li nay d6i voi phuong trinh
ham. Khi chuyén tir truong hop mot bién sang truong hop nhiéu bién,
ham s trén doan thang duoc thay thé boi ham s xéac dinh trén tap dong
ciia mot mién, va cac gia tri tai hai ddu mut duoc thay boi cac gia tri
trén bién ctia mién d6. Pé chirng minh Dinh 1y gia tri trung binh cho cac
ham kha vi nhiéu bién thyc, chiing t6i sir dung mot phién ban cua Dinh
1y Rolle do Alberto Fiorenza va Renato Fiorenza thiét lap (2024).
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1. Introduction

Rolle’s theorem captures a fundamental geometric intuition: if a smooth curve begins and
ends at the same height over a closed interval, then somewhere in between, it must “flatten
out”—its instantaneous rate of change vanishes. Formally, this means that a function continuous
on a closed interval and differentiable inside must attain a zero derivative at some interior point
when its values at the endpoints coincide.

An essential consequence of Rolle's theorem is the Mean Value Theorem, formulated by
Lagrange. It states that if a function is continuous on a closed interval [a,b] and differentiable on
the open interval (a,b), then there exists a point ¢ in (a,b) such that the derivative of the function
at ¢ equals the average rate of change of the function over the interval, i.e.,

M — g '(C)_
a-b

Alberto et al. [1] extended the classical Rolle's theorem to a broader setting, encompassing
real-valued functions defined on domains within locally convex, separated topological vector
spaces, including those of infinite dimension.

To present their result, we first recall the classical definition of the Gateaux derivative, which
serves as a generalization of the directional derivative in the context of differential calculus. Let
X be a topological separated vector space, D < X an open subset, and Ja real-valued

continuous function defined on D . For each point & € D), the function g is said to be Gateaux

differentiable at a if, for every direction he X, the following limit exists and is finite:
. a+Ah)—g(a
tim 3¢ )-9(@)
1—0 A
This defines the Gateaux derivative of the function J at @ in the direction h.

In [1], the authors obtained the following version of Rolle’s theorem.

Theorem A. Let X be a vector space endowed with a locally convex and separated topology.
Suppose D < X is a proper, closed subset whose interior is nonempty. Consider a real-valued
function g that is continuous on D and possesses a Gateaux derivative at every point within the

interior of D. Assume further that § takes a constant value along the boundary of D, and that
both the minimum and maximum of § exist on D (as is guaranteed, for example, when D is

compact). Then there must exist at least one interior point of D at which the Gateaux derivative
of g vanishes.

In this paper, using the results documented by [1] as mentioned above, we present a version of
the Mean Value Theorem for several variables. An application of the Mean Value Theorem in
differential equations is also provided. For additional results concerning Rolle’s Theorem and the
Mean Value Theorem, we refer readers to [1] —[7].

2. Methods

Techniques from real analysis—particularly the result by Alberto Fiorenza and Renato Fiorenza
([1], Theorem 1), together with the classical mean value theorem for single-variable functions and
fundamental properties of differentiable and continuous functions are employed in this study.

3. Results

The following is a version of the Mean Value Theorem for functions of several variables.
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Theorem 3.1. Let Q be a bounded domain in R" = R"™™ and let f be a real function

defined in Q , continuous in Q and differentiable in Q. Let Pr_. :R™ —» R" be the projection

n+1

defined by Pr, ., (X, ..., X;, Xy,1) = (X, X, ). Denote by T, the graph of f in R™
U ={(Xeen X0 F(X,0X)) 5 X = (X,.n0, X)) € O}
Assume that Ppr “*(@Q)NT, is a subset of a hyperplane ¢« defined by
X.,1 =&X +---+a X, +a. Then there exists C = (C,,...,C,) € {2 such that

of of
[& (C)”a_Xn(C)] = (a:L"“’ an)'

Proof.
Denote by h the function in Q defined by
h(x,...X,)=aX +---+aXx, — f(X,...X,)+a.
Then his continuous in Q and differentiable in Q. On the other hand h=0 on O
Therefore, by Theorem A, there exists (C,,...C,) € £ such that

[%h(c),...,aa—)zl(c)j =(O,...,O) and hence, (%(c),___,%(c)] =(a,....a,).

An application of the classical Mean Value Theorem to functional equations involving
functions of several variables is presented as follows.

Theorem 3.2. Let f :R" — R be a differentiable function and let a real number & € (0;1).

Assume that for each ie{l,...,n}, f(X,... X)) = f(xl,...,axi,...,xn)+(1—a)xigi(x)
X;

for all X=(X...X,) € R". Then the function f is linear, and can thus be represented as
f(X) =aXx, +---+a,X, +a, where the coefficients &,...&,,, 8 are real constants.

Proof. First, we prove that for each i e {1,...,n}, ﬂ(x) is continuous in the variable X;.
OX;

It finds
. of PO X X e, X ) = T (XX ot X e X
lim—(%, -, X_,t, X gyee, X, ) =1imM (% i1 il n) = 06Xy i+l )
t—0 axi X—0 (1_ a)t
of
:a_x(xl""xi—l’oiXi+1""’Xn)'
i
Therefore, i(x) is continuous in the variable X;at 0. It is obviously continuous in the
OX;
variable X; wherever X # 0, since it is the ratio of two continuous functions,
ﬂ(xl « X x X)) = F (XX X Xy X ) = T X X X X))
v A A Ny A .

OX.

Consider a fixed a point ¢ = (C,...,C,) € R".

d-a)x
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Casel. C; > 0.
Let M denote the set of all nonnegative constants t satisfying the following condition:

of of
—(c,...,t,..c.)=—(C,,...,C,...C.).
axi ( 1 n) axi ( 1 i n)

Clearly, M is non-empty and has a lower bound. Hence, the infimum t, of M exists.

of
Since — (X) is continuous in the variable X;, M is closed, and hence t, € M.
i
Assume that t. > 0. By the assumption, we have
f(c,...t,..c,)— f(c,...at;,..Cc
i(cl,...,ti,...cn)z ot €)= TGy 0 ”).
A-oal,

OX,;
By applying the Mean Value Theorem to the function f(C,...,t,...C,) with the variable t

@

over the interval [at,;t,], we can guarantee the existence of a value 5 € (at;;t;) such that
f(c,...t,..c,)— f(c,...at,..c)) of
G n ! ) = (e ). (2)

L-oa) OX;
From (1) and (2), we get that € M, and hence, B <t =min{t:te M};this is
impossible. Hence, t, = 0. This implies that

of of
—(c,,...,C,..c,)=—I(c,,...,0,...C.).
OX; OX;
Hence, i(x) is constant in the variable, for all | {l,...,n}. This implies that f is a linear
X,
function.
Case 2. C, <0.

Let M 'denote the set of all constants t < Osatisfying the following condition:

of of
—(c,...,t,...c.)=—(C,,...,C,...C.).
8X. ( 1 n) ax_ ( 1 i n)

Denote by ti* be the supremum of M.
Analogous to Case 1, it can be deduced that ti* €M, and by applying the Mean Value

Theorem on the interval [t"; at ], ti* = 0. Therefore,

of of
—(c,,...,Cc,...c.)=—(c,,...,0,...C.).
axi ( 1 1 n) aX. ( 1 n)

From both Case 1 and Case 2, it can be concluded that, i(%---'t'---cn) is constant in the
OX;

variable t,for all i € {1,...,n} and constants C,,...,C; ;,Ci,;,--,C,. Therefore,

of of
&i(cl,...,cn) :&I(O”O)
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forall c=(c,...,C,) €R".
This implies that f is a linear function.

4. Conclusion

This paper establishes a generalized version of the mean value theorem for functions of
several variables and presents an application of the classical mean value theorem to functional
equations involving multivariable functions. While the results contribute to the theoretical
understanding of mean value-type results in higher dimensions, the current work is limited to

functions defined on bounded subsets of R"and taking values in R, under relatively strong

smoothness assumptions.
A promising direction for future research is to develop a mean value theorem for

differentiable mappings from bounded subsets of R"into Rm, possibly under weaker regularity
conditions or more general geometric settings.
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