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This paper introduces an efficient analytical method for ad- dressing the
problem of exponential stability and stabilizability of a class of nonlinear
Guzman fractional systems. The proposed approach combines
mathematical transformations with concepts from fractional calculus,
providing a robust framework for the analysis of dynamic systems.
Initially, sufficient conditions for ensuring the exponential stability of the
system are derived using Lyapunov-based techniques and expressed in
terms of strict linear matrix inequalities, which are suitable for
computational implementation. Subsequently, a state-feedback control
law is designed to guarantee the exponential stabilizability of the closed-
loop system. Using linear matrix inequalities in both stability analysis
and controller design makes the method easier to apply and understand.
Finally, a numerical example is presented to illustrate the feasibility and
effectiveness of the proposed strategy, confirming that the theoretical
results are valid and can be applied in practice to stabilize complex non-
linear fractional-order systems.
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TU KHOA

Pao ham phan thtr Guzméan
Hé phuong trinh phén thir phi
tuyen

Bat dang thirc ma tran tuyén
tinh

On dinh mii

On dinh hoéa dwoc dang mii

Bai béo gioi thiéu mot phuong phép phan tich hiéu qua nham giai quyét
bai toan 6n dinh mii va bai toan 6n dinh héa dugc dang mii cho mét 16p
hé phuong trinh vi phan phéan thtr phi tuyén Guzman. Phwong phap
dugc dé xuét két hop cac phép bién ddi toan hoc véi cac khai niém cua
giai tich phan thir, qua d6 xay dung mot cach thac hiru hiéu cho viéc
phan tich cdc h¢ dong lyc phan thir. Trudc hét, diéu kién du dé dam bao
tinh 6n dinh md duoc thiét lap bang phuong phap ham Lyapunov va
dugc biéu dién dudi dang cac bat dang thic ma tran tuyen tinh chat,
thuan tién cho tinh toan. Sau d6, mét diéu khién phan hoi trang thai
dugc thiét ké nhim dam bao cho hé dong 6n dinh hoa duogc dang mil.
Viéc ap dung bét dang thirc ma tran tuyén tinh trong phan tich va thlet
ké nang cao tinh hiéu qua cia phuong phap. Cudi cung, mot vi du s6
dugc dua ra @& minh hoa cho phuong phap da dé xuét.
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1. Introduction

In recent years, fractional calculus and fractional-order differential equations have garnered sig-
nificant research interest owing to their strong modelling capabilities and wide-ranging applications
in diverse fields such as fluid mechanics, chemical processes, and engineering systems [1, 2, 3, 4].
In 2018, P.M. Guzman et al. [5] introduced, for the first time, a new definition of a fractional
derivative and conducted a comprehensive analysis of its properties. In recognition of their pio-
neering contribution, this derivative is referred to as the Guzman fractional derivative throughout
this study.

As is well known, stability and stabilizability are among the most fundamental qualitative prop-
erties of dynamical systems. The Lyapunov function method has proven to be a powerful and widely
adopted tool for analyzing the stability of both integer-order and fractional-order systems. In this
context, Y. Li et al. [6] were the first to introduce the Lyapunov-based approach for investigating
the stability of nonlinear fractional-order differential systems involving both Riemann-Liouville
and Caputo derivatives. Regarding Khalil-type fractional differential systems, the Lyapunov func-
tion method was investigated and first proposed by A. Souahi et al. [7] for the analysis of their
stability properties.

In 2024, N. Echi et al. [8] were the first to extend the Lyapunov function method to study
the stability of nonlinear fractional-order differential systems involving the Guzman derivative.
By employing the Gronwall inequality in conjunction with appropriate inequality-based estimates,
the authors established a criterion for the fractional exponential stability of this class of nonlinear
Guzman-type fractional differential systems.

In this work, we adopt the Lyapunov-based approach proposed by N. Echi et al. [8], in combi-
nation with linear matrix inequality (LMI) techniques, to investigate the exponential stability and
exponential stabilizability of nonlinear fractional-order Guzman-type systems. The class of systems
considered in our study encompasses more general nonlinear perturbations and includes, as a spe-
cial case, the subclass addressed in [8]. This generalization significantly broadens the applicability
and robustness of the stability analysis framework.

2. Problem formulation and preliminaries

We begin by introducing the fundamental definitions and essential properties of the Guzman
fractional integrals and fractional derivatives. These core concepts form the analytical foundation
of the study and serve as key tools for the subsequent developments presented in this paper.

Definition 2.1. [9] Given a positive scalar & € (0,1) and a function f : [tp,+00) — R. The
fractional Guzman derivative of order « of the function f(.) is defined by

l—a) _
Nfa)f(t) = lim it +et™) f(t), forall t > ty > 0.

e—0 IS

If f(.) is a-differentiable on an interval (0, a), and lim; .o+ Nl(a) f(t) exists, we define

N £(0) = lim N f(2).

Definition 2.2. [9] Given a positive scalar & € (0,1) and a function f : [tp,+00) — R. The
Guzman integral of order « for the function f(t) is defined by the expression

viefe = [ 1) g

to €

The following properties of fractional-order calculus are essential for establishing the main re-
sults.

Property 2.3. [5] Let a € (0, 1] and the functions f and g be «-differentiable at a point ¢ > 0.
Then
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(@) NY'(af +bg)(t) = aN{(f)(t) + bNT(g)().
(b) Ne(tP) = et “pth~!, peR.

) Ne(A) =0, XeR.

(d) NY(f9)(t) = FNT(9)(t) + gNT (f)(2).

@ Np (£) (t) = DOV 00

() If f is differentiable then N{(f) = et " f/(t).
(g) If f is differentiable and o = n integer then NT'(f)(t) = et " f'(t).

Property 2.4. [10] Let f be « -differentiable function in (¢y,00) with & € (0, 1]. Then for all
t > to we have

(a) If f is differentiable then nJi* (N7 f(t)) = f(t) — f(to).
(®) N (nJif (1) = f (D).
Consider the following Guzman fractional-order systems described by

(1

NYE(t) = [A+ AA®)E®) + [B + AB()]u(t) + f(t,€(1),t > 0,
£(0) = &o,

where o € (0, 1) is the fractional order of the system, £(¢) € R™ is the state vector, u(t) € R™
is the control input vector, xg is the initial condition. A € R™*™ B € R™ "™ are known constant
matrices. Matrices AA(t), AB(t) represent time-varying parameter uncertainties as follows:

AA(t) = MyTa(t)No, AB(t) = MyTy() Ny, @)

where M, N,, My, N, are known constant real matrices and matrices 7,(t), Tp(t) are unknown
real matrices satisfying

Td (OTa(t) < LT (OT(t) < I
The function f(¢,£(t)) satisfying the condition
FHEm)QF(1,6(1) < €T (HDRE(®),
where (), R are positive definite symmetric matrices.

Lemma 2.5. [11] (Cauchy inequality) Given x,y € R" and a symmetric positive definite matrix
S € R™" it holds that 22"y < T Sz + yT S~ 1y.

Consider the Guzman fractional-order system

Nilé-(t) = f(tvg(t))7 3)

where £(t) € R”, f : Ry xR — R™ and N{*{(t) is the fractional derivative of order 0 < o < 1.
It is assumed that f(¢,0) = O forall ¢ > ¢o > 0.

Lemma 2.6. [8] Assume that there exists an a-differentiable Lyapunov function V' : [0, 00) xR"™ —
R+ and positive constants A;, ¢ = 1, 2, 3 satisfying:

@) M@ < V(EE(E) < XallE@)]17,
(i) NPV (L, E(t) < —As[lE(@)].
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Then the origin of system (3) is fractionally exponentially stable.
The following result can be easily proved from the Property 2.3

Lemma 2.7. Let h : [a,00) — R such that N{*h(t) exists on (a,c0), and let P be a positive
definite symmetric matrix. Then N{*h” (t) Ph(t)) exists on (a, c0) and

NE(WT(t)Ph(t)) = 2h(t)T PNR(t), Yt > a > 0.

Proof. From the Property 2.3, we can compute the Guzman fractional derivative of the differen-
tiable function f(¢) as follows

o d
NYf(t) =€ " —f(t).
OEERSI0
Consider the homogeneous function

©(t) = h(t)T Ph(t).

We have
% (h(t)T Ph(t)) = 1K' ()T Ph(t) + h(t)T PR’ (t) = 2h(t)" P (t).
Hence,
NI PR)(t) =€ " - % (h(t)" Ph(t))
=" 2n(t)T PH (1)
= 2h(t)T PN{h(t).
As aresult

N&(RTPh)(t) = 2h(t)T PNPh(t).

O
3. Main results
3.1. Stability analysis
In the absence of control input vector, the system (1) becomes
NYE(t) = [A+ AA@)E®) + f(2,£(1)), 1 =0,
_ 4)
5(0) - 507

Theorem 3.1. Consider the nonlinear fractional-order systems (4). If there exist scalars § > 0, a
symmetric positive definite matrix X € R™*"™ such that the following condition hold

XA+ ATX +6NIN,+ R X XM,

* -Q@ 0 )
* * —(5.[

then the systems (4) is fractionally exponentially stable.

Proof. We construct the following Lyapunov function

V(tE(t) = €T (H)XE®),
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We can easily obtain

MED? < V(- E() < XallE()]1%, (6)

where )\1 = Amm(X), )\2 = Amax()()
By taking the fractional-order derivative of V'(¢,£(¢)) along the trajectory of system (4) and
applying Lemma 2.7, we obtain the following bounds.

NPV (¢, () = 267 (1) X NYE(t)
= 26T (1) X[(A+ AA(L)E(L) + F(L,€(1))s] (7
=T ()(XA+ ATX)E(t) + 267 () XAA)E(L) + 267 (1) X f(1,£(1).

For a positive scalar § > 0, from using Cauchy matrix inequality, we get the following estimation
26T (X AA(E(t) < 071N (1) X Mo My XE(t) + €7 (£) Ny Nak (1) ®)
Adding inequations (8) and ¢T'(t) RE(t) — fT(t,£(2))Qf(t,&(t)) > 0 into (7), we obtain

NV (t, €(t) < T () XA+ ATX + 5 ' XM, M X + NI N, + R)&(t)

9
+26T (X F(8,E(1) — f1 (L ED)QS (L. E()).
We can derived the following result
NPV (t,E(t) < 2" (t)0u(t) (10)

where

01 X
s = (€0 Feaw)] o= |00 ).
011 = XA+ ATX + 6 ' XM,MI'X + SNI'N, + R.

Applying the Schur complement together with inequality (5), the above inequality readily fol-
lows.
With A3 = —Apax© > 0, the following result can be easily proved

NPV (t,E(t) € AmaxOllz () |

< AmnaxO||€(1)]] (11)

= =3[ &)l
Combining (6) and (11), according to Lemma 2.7, we obtain the sysems (4) is exponentially
stable. This completes the proof. O

3.2. State fedback stabilisation

The main object of this subsection is to design the state feedback controller u(t) = K¢(t) such that
the following closed-loop system of the systems (1) is exponentially stable

{ NEE(t) = [A+ AA(t) + BK + AB(t)KIE(t) + f(t, €(t)),t > 0, 12

£(0) = &.

Theorem 3.2. Consider the nonlinear fractional-order closed-loop systems (12). If there exist
scalars 8 > 0,8 > 0, a symmetric positive definite matrix Y € R™", a matrix Z € R™" such
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that the following condition hold

Xn I YNI' Z'NI YR
x  —Q 0 0 0
* * -0 0 01, (13)
* * * —pI 0
* * * * —R

where
Y1 =AY +YAT + BZ + Z' BT + sM,MT + MM

Then the systems (12) is fractionally exponentially stable and the state feedback controller is given
by u(t) = ZY 7LE(1).

Proof. We construct the same Lyapunov function as Theorem 3.1

V(1 &(t) = T ()Y TIE(),

We can easily obtain

MIED? < V(5 ER) < Xl (14)

where A1 = Apin (Y1), A2 = Anax (Y1),
Evaluating the fractional derivative of V' (¢, £(¢)) along the solutions of system (12) and invoking
Lemma 2.7, we arrive at the following estimates.

NPV (t,€(t) = 267 ()Y I NPE(L)
=27 ()Y M [(A+ AA(t) + BK + AB(t)K)E(t) + f(t,£(1))]
=Y A+ ATY L+ Y IBK + KTBTY "he(t)

+26T (Y TTAAE() + 267 ()Y TTAB(EKE() + 267 ()Y T (2,€(2)).-
(15)

For § > 0,8 > 0, using Cauchy matrix inequality, we get the following estimations

26T ()Y TTAAR)E(E) < 66T ()Y T MGMTY () + 6T () N NGE(2), (16)

26T ()Y TTAB()KE(t) < BET ()Y T MM Y () + BTN (KT NG Ny KE(). (17

Adding inequations (16)-(17) and T (t) RE(t) — f1 (¢, £(t))Qf(,£(t)) > Ointo (15), we obtain

NOV(t, £(t) < €T(t) (Y—lA + ATY 1+ Yy I BK + KTBTY T 4 oy M MY !

45T INTN, + BY " MMTY ! +B_1KTNbTNbK+R>£(t) (18)
+ 26T ()Y T8, E() — FT (5, E(0)QS (£ €(1))-
We can derived the following result
NV (¢ E() < 2 (8)Wa(t) (19)

where

s = €70 Feaw)] v =" T,
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Uy =Y A+ ATY L+ Y ' BK + KTBTY ' + sy "M MY 4+ 67INTN,
+ BY MyMIY T + KT NI Ny K + R.
Letting K = ZY ~!. By pre- and post-multiplying ¥ with diag(Y, I) and its transpose matrix,
and making use of the Schur complement lemma, one can show that ¥ < 0 holds if and only if

condition (13) is satisfied.
With A3 = —ApaxW > 0, the following result can be easily proved

NPV (t,E(t) < Amax |z () |

< Amax V[|€(2)]] (20)

= —X[E@)]-
Combining (14) and (20), according to Lemma 2.7, we obtain the sysems (12) is exponentially
stable. This completes the proof. O

Remark 3.3. Compared to the results reported in [8], which focus on the exponential stability anal-
ysis of a simplified class of linear differential systems, the conditions proposed in this study extend
the scope to a more general class of fractional-order systems. Specifically, our results establish
new sufficient conditions for both exponential stability and exponential stabilizability in the pres-
ence of system uncertainties and nonlinear disturbances. These extensions significantly enhance
the theoretical depth and practical applicability of the proposed framework.

Example 3.4. Consider the following control system

{ NPE() = [A+ MTONJE®D) + (B + MTONJu(t) + f(1.60), 620,

£(0) = &o.

where £(t) = (£1(2), &()T € R2 u(t) € R2.

1 0 0.1
A= [3 2},Ma: [ ],Na: [0.1 0.3],7;(t):cost,

B= [—11 03] M, = {—0%3] Ny = [0.10.3], Ty(t) = cost, f(t,z(t)) = [:E%ggﬂ .

The closed-loop system with u(t) = Kx(t) of system (21) is described by

{ NPE(t) = [A+ M To(ONo + BE + MyT(ONoKIEW) + J(1E0). 020,

£(0) = &o-
It is not hard to check that f(¢,£(t)) satisfies with Q = I, R = I. By using LMI Control

Toolbox in MATLAB, the conditions in Theorem 3.2 are feasible with 8 = 1.8620, = 1.8620,
and

v — 0.4851 —0.0686 7 1.4698 0.0491
~ |—0.0686  0.5620 | >~ [0.8519 0.6545|°

According to Theorem 3.2, the closed-loop system (22) is exponentially stable under the state

feedback controller u(t) = E’ggig ?iggﬂ &(t), vt > 0.

4. Conclusion

This paper investigates the problem exponential stability and exponential stabilizability of a class of
nonlinear fractional systems of Guzman. By employing fundamental mathematical transformations

http:/jst.tnu.edu.vn 427 Email: jst@tnu.edu.vn



TNU Journal of Science and Technology 230(06): 421 - 428

and tools from fractional calculus, we propose new sufficient conditions for addressing the
problem of designing state feedback controllers, ensuring that the resulting closed-loop system is
exponentially stabilizable. An illustrative example is presented to verify the usefulness and
effectiveness of the obtained results.
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