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1. Introduction

In this paper, the existence of week solution to equation in R" is investigated

Zm:((—A)Spi U+, |u)*? u):nj {#* Hl(u)]hl(u)wygh2 (u), )

i=1

where H,(t)=|h,(t)dt, j=12, 2<p =p<...<p,<+o, 0<s<l, N=ps, O<u<N,

O —

(-A), (i=1...,m) is a fractional p; -Laplace operator which is defined along enough smooth
function (up to a normalization constant) by

() -2(9)" " (2()-0(y) ,

N+p;s y

(=8);, #(x)=2lim .
RN\B,(x) |X y|

for xeR", where goeCf(R”) and B, (x) is a ball with center X and radius & ;7,,7, >0
and 7, >0 are constants. We denote ® :={h :R" — R is continuous function} and verifies the

conditions as follows:
(h1) The nonlinear reaction h is continuous and h(t)=0 on (—,0]. For each g, > p,,, g, >1

and there are positive real numbers a, >0, a, >0 so that
h(t)<alt* +ady (al"" )i+,

where @, (y)=¢’ - )j— j,=min{jeN:j>p}and o, <a;, , where
0 )
. 2(Na )'T(p+1) & (N +k-1 1
s =N ( N Z k! ) p
k=0 : (N +2k)
bt
(h2) '"Jltpm =0.

(hs) There is O0>p, so that 2htt>htt>0AH t >0 for all t>0, where
t
Ht:thdT.
0

(hs) There exists ~y, >0 sufficiently large so that H t 271|t|9 on 0,00 ,where 8> p,_ isa
constant given in the condition (hs).

We assume that two nonlinear reactions h and h, belong to ©. Our work is motivated by
some works in recently. In 2024, Ambrosio [1] and Zhang et al. [2] studied the multiple
concentration solutions to problem

AU+ —A UtV ex "% uu["u :[—*F u(fu 2)

X

where f has subcritical growth. Using Variational method, Nehari manifold and Ljusternik-
Schnirelmann theory, they established the multiplicity and concentration of solution to (2). In 2024,
Liu and Perera [3] studied the existence of weak solution to double phases equation in R" as
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-2 -2 - . . .
follows —A u—A u=Ah x |u|r u+g X |u|p u, via concentration compactness principle of

Lions, where 1<qg< p<r < p"“. Some more results on double phases equation with Berestycki-
Lions type nonlinearity, and related equation we refer the readers to [4] - [9]. In addition, the
authors in [10] studied the existence of weak solution to fractional anisotropic equation in R,

For each >0, we use another normon W*>” R" by ||u||p 17||u||Lp, ot u” oo " . Here, for

any r>1, L' R" is Lebesgue Space of measurable functions in R" and |, .. _[ f |u|rdx] :

Denote 9 = Dlws’pi R" , then M1 is a Banach space with norms equivalent |u . :Z||u||pi

and |uf . = Z||u||p ,»where Ju| = fu]’, . +u . Therefore, the best constant A, >0
is well deflned.
u
U R L RPN [
Y1 usouews Vs BN ”u”L o
Furthermore, it holds |u], .. <A} [u], , forall uemt. ()

The energy functional 7,

Thatl2 s

. - — R of problem (1) which has the form

3 Hy (u(y))Hy (u(x)
Inymams () = _” ullpin, — n_szN S dedy—% Jan Hy(W)dx

[x—y|*

Z ||||p',,1 nzfgu X H, u x dx— 7;3fH udx  (4)

where G u x = f dy . Then, we find that the weak solution of (1) is a critical point

[x— yl"
of energy function in zm .Our main result is stated as follows:

Theorem 1. Assume that (h:) - (hs) hold, then problem (1) attains a nontrivial nonnegative weak
solution in 90T

2. Some preliminary results
To prove main result, we need the following lemma:

Lemma 1 [6]. Given r,t>1 and O<pu <N so that lJrﬁju%:z,feL' R" and
r

gel' R" .Thenthereisa sharp constant C r,N,u,t >0 independentof f and ¢ so that

ff Ly <C Nt [ £ o 0l

RV RN

In the application, we use r=t in Lemma 1, it means that %Jrﬁ: 2. Then if we choose

2N
N—,u'

—*H u
X

Hu=|u | it holds that f

]RN

H u dx is well-defined on L' R with t_2
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Due to the continuously embedded W*"* R" into L" R" , forall re

e+
—, + 00|, we need
S

gt>, then q >~ —ZN 1
S st

. Using fractional Trudinger Moser inequality [7] and C,;~ R"

is a density subspace of W*P R" , we know that 7, ,  is well defined on ot cw*""* R"

U]

Lemma 2. The functional 7, satisfies the following results:

u > py with Jul , RY =C..

24713

(a) There are ¢, p, >0 satisfying 7.

ThTl25713

(b) There is an element ve C;* R" with |v| , >(  sothat 7, v <0.
Proof. (a) By (hs), there are b, >0, b, >0 so that

h t <blt*" +b,®,, ol

N/ N—s |t|q27

' for each q, > pm>ﬂ>2N_u, 0, > P -
s

N/ N—s

Hence, we deduce [H; t|<b[t* +b,[t* @y, aplt] " ° forall teR, j=1.2.

Apply Lemma 1 and by arguments [8, Lemma 3], for some t>1, there are two positive
constants D and D, so that

fg u x H ux dx<D ||u|| e +D||u||2‘j§tclz for ||u||mm sufficiently small.
« RN RN

Similar, for any ¢ >0, there exists C ¢ >0 so that

h t <Cf™ " +C ¢ @y, ol

N/ N—s | |q2—1

®)
for some @, > p,, . Hence, using Trudinger Moser inequality for ||u||l ., Small enough, there
exists D(¢) > 0 such that we also have

fH u <l

LPm RN +D C ”U”qu RN ° (6)

Combine (5) and (6), for ||u|| small enough, we get

e Ul = DA, [l
j’/lv’lzv'la ny, 9N D A _2Ngy , u n, 9N DA 2Ntg, T 9N
2N —p 2N—p
L <A P M -D < A G2, 771 ” ||771 6 (7)
1-pn

Then if we choose ¢ > 0 small enough so that

—nA S >0, then with t>0 by

m

considering the function

R L ]tpm _m

- 773< pm ’/1

m

2q 2‘311 20, 20, | _ _ —P2 +042
DAqu DAZth t M DCAp,7t ,
1 ) 2:Th

2N—p ' 2N—p !

and computing as in [8, Lemma 3], there are (,p,>0 so that J,

1,00

(b) Choose u, € M so that u, >0 in R" . By the condition (hs), we get

u >p, with

12713
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/I1 7273 < Z_” O”pI m _n3t9f|u0|ﬁ dX — —
RN

as t—o0. Set e=tu, and t sufficiently large, we get 7, , e <O.

u, —cand J, u, —0 in M as n— oo,

ThaTl2713
then U, iscalled PS sequenceof 7, withlevel C anditisdenotedby PS ,where m’
is dual space of 9. From Lemma 2 and a version of Mountain Pass Theorem without the Palais-

Let ceR,and u, CIM sothat J, ,

121713

Smale condition, we obtain the PS sequence U, CI with level ¢, ., where
12,713 = [yrg.lt [2%‘7771#12:773 ry t and F_ ’7 EC 0 1 m fy 0 _O \7’11 712,713 fy 1 <0 '
Lemma 3. (i) Suppose that u, isa PS sequence forJ, . Then, there exists a

constant Csatisfying that ¢, <c, <C , where

N/ 6#s—N

m N NZLaj

=1

with p€C;* R" and a,b>0.

(i)  Suppose that u, is a PS | sequence for 7, =~ satisfying
Ilmsup||u ||N/N ) <[a—* YN (>1,thenu, —uin9Mand J, U =0.
Qg
Proof. Choose ¢ € 9t such that ¢ >0 in R". Then we have
Pi H
VA Z—||¢|| R 9)
i=1 |
el ; S
We denote a; =—=%, j=1...m, b=y, and gt =Zj:1ajtp’—bt“ on
J
0,400 . It holds
o axg t +maxg t. (20)

Thitl2sT3 — €04
We first consider that t< 0,1, then we get gt <h't =ZT t"'* —bt’ . By simple

computing, we get
maxg t <h ¢ =C_, (12)

te[0,1] B
\ Z m a s/ s—N N Z
L=t <1, if we choose 7, > ——12 .
fsb 0511 el 5o

Compute directly, we get

where 971 =

ot

N/ 6s—N

C,=he, :[Z ][1—0—5] o : (12)
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We see that lim_ 6. =0, then lim h 6, =0. Compute similarly as before, we

n—+o0 T 1 N —+00

deduce that for all t>1, gt <h t =Zrﬁlajtpm —bt’ and h,_ attains uniqueness local

Py 8,

6b

1/ 6—p,

maximum point at BM = on 0,+o0c . Now, if we take ~, >+,,, where

Py 18,

Vu = ; ,thenitholds 8, <1.Hence, we obtain max,.,g t <h, 1 :Z’j”:laj —b.
T "(’O”L” RN
m
Z ‘71aj
773 ”(p L rN

maxg t <O forall v, >~,.. (13)

t>1

Combine Lemma 2, (10), (11), (12) and (13), we have
NS a
¢.<c,,..<C [Za [1__] L

0sb
is small enough as +, is large enough.

s/ s—N

(14)

for v, > ... . Clearly, ¢

213
The following result is a version of Lions’s result:
Lemma4 [9]. If u, isabounded sequence in W*""* R" and

lim sup " dx=0

nN—oo E]RN

Br Y

for some R>0,then u, —0in L* R" forall ge

o)
_1+00 .
S

3. Proof of Theorem 1

Proof. By Lemma 2, there isa PS sequence u, of the functional J in N, it

T s? 7
[p— haT12:713

= C and J. u, —0 as n—oo. Furthermore, we have

means that ‘7711,7121713 u, T T2 1113
=infmax7, vt and

l2:ls - yer tef0,]

I'= 4€CO01,9M:y0 =07

ThaT2:73

71 <0.
By arguments as Lemma 3, we have

+0,1=J, u, =J,

ThTl2:713 Thtl2,13

u, ——<j u, ,u, >

7/1 12713 TaTl24713

_Z[___] > f[_*H u]OH, ux —2h uu dx

plh H
i=1 p] a ||

173f9H u—h, uudx>

———Jn ol 15)

It implies that there exists n, so that
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[___]” ”p m o r[l 72,713 +£ pl - p (16)
forall n>n,.
N/ N—s N/ N-s
A ¢, +¢ Qs
” n"p,,,1 = ﬁ < 1 1 <EU a7
o0 po0

for some [>1, choose near 1 and -, is sufficiently large. By using fractional Trudinger-Moser

inequality [7] and max 1,7 71/p||u||l ; §||u||WS,p o < min Ly 71/p||u||hp,we deduce
T, T,

sup f<I>N,S al|u" ™ dx < oo (18)

uews® RN Ju < min 1 " R

for all 0<a<a, <a,,. By arguments as Lemma 3.3 [10], we get J u=0.1Itis

25713
assumed that u=0, then it is a weak solution to (1). When u=0, we find solution of (1) in the
following way. We assume that

lim sup =0, (19)

n—oo yeRN

Br Yy
then from Lemma 4, we deduce u, — 0 in LY R" forall q> p:ﬁ. Using (17), (19) and
S

by arguments as [9] together with  Trudinger-Moser inequality, we get

i

*H, u, h u, udx—0 andfh u, u,dx—0 as n—oc.

1
X"
Therefore, it holds

ol <"7'11'Iz'13 U, Uy >= Z" f[ |,L*H1 u]hl u, UndX

—7;3fh2 u, u,dx+o, 1 :Zm:”un”Zjh 40,1 asn—oc.
N i=1

Hence u, — 0 in 2. Therefore, it is obtained as

i=1

|/L*H u, JH u, dX—7]3jN‘H2 u, dx—0

2
Ui 1
/I1 7273 n _z_” ||Elj,y,1 _?Z'ﬁ!’:[ X

as n—oo. Itisa contradiction with lim 7 u, = > 0. Hence (19) must hold.

712,713 n 711 24713
Denote by v, X =u, X+, ,itcomes from (19) that
f|v| dx>8/2>0 (20)
Bz 0

for some 6>0. By the translation invariance of J,
J vV, —¢C and J, u, —0 in M.

Ttz N ThaTI2:713 ThTl2:713

and J

MaTl2,73 !

we get

RUPRUE]
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Because |v,|| ~=|u,| ,forall j=1...,m,then v, isalsoboundedin 2t ,and then is
P P

vedM sothat v, —v in M, v, —vin LI R" forall qe

loc

N .
—,+oof, v, X =V x in
S

outside a set measure zero. From (20), we see that f |v|p dx>6/2>0 .S0 v=0.By the same
Bg O

arguments as Lemma 3.3 [10], we get j,'] v =0,v=0in 9.

hi712,73
4. Conclusion

In this paper, we study the existence of weak solution to a class of fractional anisotropic
equation with exponential growth in the sense of Trudinger-Moser. We consider mixed
nonlinearities with Choquard reaction. To prove main result, we use Lions’s result and Mountain
Pass Theorem. The main result of this research can be used to study the existence and
multiplicity of weak solutions for the autonomous problem.
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