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SU TON TAI DUY NHAT NGHIEM VA PHUONG PHAP LAP GIAI BAI TOAN
GIA TRI BIEN PHI TUYEN CAP BON DAY bU

Ngd Thi Kim Quy’, Nguyén Thj Thu Hudng
Truong Pai hoc Kinh té va Quan tri Kinh doanh — PH Thai Nguyén

TOM TAT
Trong bai bao nay, chung t6i nghién ctru bai toan gia tri bién phi tuyén cip bdn day du
u® (x) = f (x,u(x),u’(x),u"(x),u"(x)), 0<x<1, 1)
u(0)=u(1)=u"(1)=u"(1)=0. (2)

trong d6 f :[0,1]xR* — R 1a ham lién tuc.

Chung t6i dua bai toan ban dau vé phuong trinh toan tir d6i véi ham vé phai. Xét ham nay trong
mién b chan xac dinh, véi mot sb didu kién d& kiém tra chiing t6 rang toan tir nay co tinh chét co.
Diéu nay bao dam bai toan gdc co nghiém duy nhét va sy hoi tu cua phwong phap lip dé tim
nghiém gin dang. Chung t6i cling dua ra cac vi du minh hoa cho hiéu qua ciia phwong phép.

Tir khéa: Bdi todn gid tri bién, phi tuyén, cap bon day di, ton tai duy nhat nghiém, phiong phdp lap
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EXISTENCE AND UNIQUENESS OF A SOLUTION AND ITERATIVE
METHOD FOR SOLVING A FULLY FOURTH ORDER NONLINEAR
BOUNDARY VALUE PROBLEM
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University of Economics and Business Administration — TNU

ABSTRACT
In this paper we study the fully fourth order nonlinear boundary value problem
ut® (x) = f(xu(x),u'(x),u"(x),u"(x)), 0<x<1, (1)
u(0)=u(1)=u"(1)=u"(1)=0. 2

where f :[0,1]x[R* — R is continuous.

We reduce the problem to an operator equation for the right-hand side function. Under some easily
verified conditions on this function in a specified bounded domain, we prove the contraction of the
operator. This guarantees the existence and uniqueness of a solution of the problem and the
convergence of an iterative method for finding it. Some examples demonstrate the applicability of
the proposed approach and iterative method.
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GIOI THIEU

Nhiéu bai toan trong vat ly, co hoc va mot sb
linh vuc khac thong qua moé hinh toan hoc
dan dén viéc giai cac bai toan bién ddi voi
phuong trinh vi phan vé6i cac diéu kién bién
khac nhau. Bai toan gia trj bién phi tuyén cip
bbn gan diy dd dwgc mot sb tac gia nghién
ctru nhu Alve, Bai, Li, Ma, Feng, Minhos,...
Céc cong cu duge sir dung 1a 1y thuyét bac
Leray- Schauder [1], dinh 1y diém bét dong
Schauder trén co s¢ st dung phuong phéap
don di€u véi nghiém dudi va nghiém trén [2],
[3] hodc giai tich Fourier [4]. Tuy nhién,
trong cac bai bao do, cac diéu kién dua ra
phirc tap va kho kiém tra, trong d6 han ché vé
diéu kién Nagumo va diéu kién ting truong
tai vO cing ciia ham vé phai. Vi phuong
phap don diéu, gia thiét tim dugc nghiém
du6i va nghiém trén ludn ludn can thiét
nhung viéc tim chung néi chung khong dé
dang. Mat khac, mot s6 bai bao chua c6 vi du
minh hoa cho cic két qua Iy thuyét.

Khac voi cach tiép can cua cac tac gia do,
chung t6i dua bai toan ban dau vé phuong
trinh toan tir d6i v6i ham vé phai. Y tudng
nay da dugc chung t6i nghién clru thanh cong
dbi voi bai toan gia tri bién phi tuyén cap bbn
v6i diéu kién bién khac (2), xem [5].

Trong bai bao nay, chung t6i thiét lap dugc sy
ton tai va duy nhit nghiém cia bai toan (1),
(2) va sy hoi tu ciia phuong phap lap. Cac
diéu kién cua dinh 1y dua ra don gian va dé
kiém tra. Chiing t6i ciing dura ra cac vi du trong
truong hop biét trude nghiém chinh xac va
truong hop chua biét trude nghiém chinh xac dé
minh hoa cho hiéu qua cia phuong phap.

SU TON TAI DUY NHAT NGHIEM

Pé nghién cou bai toan (1), (2) voi
peC [O,l], ta xét phuong trinh toan tir

@ = Ap, )

trong d6 A 1a toan tu dugc xac dinh nhu sau

Ap(x)= 1 (0, (x)., ()., (x).2, (x)), (@)

vOi

O day v,
v"(p(x):go(x), 0<x<1, ©)
v (1)=v,(1)=0
u“w(x)sz(x), 0<x<1,
{%@=%m=a v

Ta c6 néu ¢(x) 1a nghiém cua (3), trong d6
A dugc xac dinh boi (4)-(7) thi u,(x) la
nghi€m cua bai toan (1), (2) va nguoc lai.

Vo6i M >0 ky hiéu

D, :{(x,u,y,v,z)|0<x<1,|u|sg/|—4, (8)

M M
|y|s?|v|s?|z|gm}

va B[O,M] 1a hinh cau déng tdm O véi ban
kinh M trong khong gian cic ham lién tuc
C[0,1] v6i chuan

o] = max

0<x<1

().

Ta c6 bd dé sau

Bo dé 2.1.

Gia str ton tai cdc s6 M,G,,C,,C,,C; >0 sao0
cho

|f (x,u,y,v,z)|£M, (9)

|f (X,Uy, ¥,,V5,2,)— f (x,ul,yl,vl,zl)|£ (10)

Co|u2 _U1|+C1|y2 - Y1|+ C, |V2 _V1|+03|Zz - Z1|

V&i moi

(XU, y,v,2), (XU, Y.V, ) € Dy (i =1,2).

Khi do, toan twr A dinh nghia boi (4), trong do

VU, la nghiém cua cdc bai toan (6), (7), la

anhxa tir B [O, M ] vao chinh né. Hon nita, néu
q:%+%+%+cg<l (11)

thi A la toan tir co trong B[O, M ]
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Chirng minh. Liy ham ¢ béat ky thudc
B[O,M]. Véi phép dat

p(x)= f(x,u

khi d6 bai toan (1), (2) tr& thanh

{u(“) =p(x), 0<x<1, (12)
u(0)=u(1)=u"(1)=u"(1)=0.

Bai toan nay c6 nghiém duy nhat biéu dién dang

u(x):iG(x,t)qo(t)dt, (13)

trong d6 ham G(x,t) c6 dang

3 2
(%_%}H%xz—lx?’,os x<t<1
G(x,t)=
3
_%(1_x), O<t<x<1
Tu (13) taco
1
u'(x) =[G, (x,t)e(t)dt, (14)
0
trong do
3 2
%—%HX—%X 0<x<t<1
G (xt)= o
-, 0<t<x<l.
6

Ta ¢, voi Xe[O 1]
j\G X,t) \dt< j\G X, t) \dt<— (15)
Tur (13)-(15) taco
< Zlel <ol @)
24" 8

DPé danh gia ||u||||u|| ta chil y nghiém cua
bai toan (6) c6 thé biéu dién dang

v(x)ziGz(x,t)(p(t)dt, (17)

trong d6 G, (x,t) 1a ham Green

G )= t—x, 0<x<t<l1
2 (%.0)= 0, 0<t<x<l.

() (x), 0" (x).u™ (x)), v =",

Taco

i‘Gz(x,t)‘dtS%, x €[0,1]. (18)
Do d6, theo (17) ta ¢6

Ve (19
Ta viét lai (17) dang

v(x)zi(t—x)go(t)dt. (20)
Tir dy ta c6

V'(x):—igo(t)dt, (21)
va do dé
Jul=Iv1 <[l (22)

Theo (5), (16), (19), (22) va @] <M tacé

Jol < =l Iv1 < Sl
) (23)
Il < el Iz < ol

Do do, (x,u,y,v,z)e Dy, voi x€[0,1]. Theo
(4) va diéu kién (9), ta co Ape B[O,M], tirc
Ia A la toan tir tu B[O, M] vao chinh né. Gia
st ¢, €B[0,M] va u,,u, 1a cac nghiém
cua bai toan (12) twong Umg voi ¢, ¢,. Taky

higu y,=u’,v;=u",z =V, (i=12). Khi

do, ta co (xUu,Y;,V;,z)eDy, (i=12) voi
X e [O,l]. Tur danh gid (23) ta co

1 1
lu, - < ﬂ"‘Pz ~oi [y =y < g"‘/’z -l (24)

vz —vill < %"% ~oil |22 -zl < e, - ol
Tu (4) va (10) ta cod
|A(P2 - A¢1|
=|f (X’uz’yzyvz'zz)_ f (X’ul’ Y1’V1121)|
< ColUp—Uy |+ |y o= Y| + €5 [V, vy |+ €522, -
Vi danh gia (24) ta duorc
| A, — A <

C,
+—+c3
24 8 2
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Do dé, A la toan tir co trong B[O,M] néu
diéu kién (11) dugc théa man. Bo dé duoc
ching minh.

Pinh 1y 2.1. Véi cic gia thiét ciia Bé dé 2.1,
bai todn (1), (2) cé nghiém duy nhdt u thoa
man danh gia

M M M
<— Ul €—,|lu"|<—,|[u™< M. (25

o< 24 o < M <X Jur)<m. 29)

Chirng minh. Ta c6 nghiém cua bai toan (1), (2)
la ham u(x) thu dugc tir cac bai toan (6), (7)
trong d6 ¢ 1a diém bét dong duy nhét ciia 4nh
xa A. Panh gia (25) thuc chat 1a danh gia (23).
PHUONG PHAP LAP

Ta xay dung phuong phép 1ap va dénh gia sai
s0 cua nghiém.

Xét qua trinh 1ap sau:

1. Cho ¢, (x)=f (X,0,0,0,0). (26)

ISRt

{v"kzgok(x), 0<x<1, @
v (1)=v' (1)=0,
{u"k(x)zvk(x), 0<x<1, 25)
u (0)=u,(1)=0,
3. Cap nhat
P = T (G UGUY GV V) (29)

k
bat p, = i—q"(pl - (po|| . Ta duoc két qua sau

Pinh 1y 3.1. Vi cdc gia thiét ciia B6 dé 2.1,
phuwong phap lap trén hoi tu voi toc do cap so
nhdn va thoa man cdc danh gia:
p 1 1 p
oo 2, o< B,
(30)

Wl P
< B o

||u||k_ u ||||| < pk,

trong do U la nghiém chinh xdac cua bai toan
1-@).

Chirng minh. Phuong phap 1ap trén chinh 1a
phuong phép xap xi lién tlep tim diém bat
dong cua toan tir A voi xap xi ban dau (26)

thugc B[O,M]. Do d6, n6 hoi tu véi toc do
cap sb nhan va co danh gia

k
lo=ol< Tl -l (31)

Két hop dénh gid nay véi danh gia (24) ta thu
duoc (30) Do d6, dinh ly dugc chirng minh.
Pé giai s6 theo phuong phép lip, ta sir dung

lugc dd sai phan v6i do chinh xac cdp bon
cho bai toan (27)-(28) trén ludi déu

@, ={x;=ih,i=0,1,..N;h =1/ N}, trong do
N 1a s6 diém Iudi. Ki hiéu error =|ju, —u,|
14 sai s6 giita nghiém xap xi ¢ budc lap thu k va
nghiém chinh xac, trong d6 Uy 1a nghiém chinh
xac cua bai toan. Phép 1ap thuc hién cho dén khi
sai sO gilta 2 nghiém xap xi lién tiep
e =[u, —u 4 <107 (32)
Sau day, ta xét mot s6 vi du minh hoa cho tinh
ung dung cua cac két qua ly thuyét thu duoc
trong ca truong hop biét trudc nghi€ém chinh
xac va chua biét trudc nghi€ém chinh xac.
ViDU
Vidu 1.
Xét bai toan
u® (x)= LY s+ (x
24 4
-3x* +x° +89/4, 0<x<l,

u(0)=u(1)=u"(1)=u"(1)=0.

- 4x3 + 6x% -3x)?

Nghiém chinh x4ac ctia bai toan la ham
u(x)=x*-4x>+6x*—3x.

Trong vi du nay

f(x,u,y,v,2) :%-%-UZMX +

(x* - 4x® + 6x? -3x)%- 3x? + x* + 89/4
Trong D,, taco

2
M+M+ M £<M
24 32 24 4

M =28 diam bao

|f(x,u,yv z)|

Do do6, ta chon
|f(x,u,y,v,z)|£M.
Khi d6, trong mién D,g, Vi

, o1
] \f\ ,|fv|so,|fz|sﬂ
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nén co6 thé¢ lay cac hé so Lipschitz

c —Z —1 c,=0.¢ —i

0T ATy TG Ty

Khi éq:&+&+&+c3z0.l7<l.
24 8 2

Tat ca cac diéu kién ctia Dinh 1y 2.1 déu thoa
mén. Do d6 bai toan c¢6 nghiém duy nhét va
phuong phap lap hoi tu.
Véi diéu kién dimg (32), N=100 thyc nghiém
cho thiy qua trinh lip thuc hién sau 3 budc.
Khi d6

e, =3.4088.10"°, error =3.5665.10

Su hoi ty cua phuong phap ldp trong Vi du 1
duogc cho trong Hinh 1.

1 12 14 1.6 1.8 2 22 24 26 2.8 3
count-axis

Hinh 1. 6 thi ciia e, trong Vidu I
Vidu 2.
Xét bai toan

@) ()= 24"
0=

u(0)=u(1)=u"(1)=u"(1)=0.

Trong vi du nay

2 u2

u'o.
—uu"+—+sinzx+1,0< x<1,

f(x,u,y,v,z) =;—Azl—u2v2 +%+sin7zx +1.

Tuong ty nhu vi du 1, ta c6 thé chon M =3,
khi d6 cac hé sé Lipschitz trong B6 dé 2.1 1a

9 3 1 .
¢C,=—,¢==—,C,=—,C,=—. Khi do
"6 9T 2% T 5T 0
=249, % 0 2015<1. Tét ca cac

24 8 2

diéu kién cua Pinh 1y 2.1 déu thoa man. Do

d6 bai toan c6 nghiém duy nhit va phuong
phap lap hoi tu

Thuc nghiém sé vdi N =100 chi ra véi diéu
kién dung (32), qua trinh 1dp thuc hién k =5
budce va e,=6.1780.107",

Su hoi tu ctia phuong phap 1ap trong Vi du 2
duogc cho trong Hinh 2 va d6 thi nghiém xap
xi dugc minh hoa trong Hinh 3.

102

10

e(count)-axis
=]
&

108

10710
1 1.5 2 25 3 35 4 4.5 5

count-axis

Hinh 2. D6 thi ciia e trong Vidu 2

0

-0.005

-0.01

-0.015

sulution-axis

-0.02

-0.025

-0.03

-0.035
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
x-axis

Hinh 3. D6 thi nghiém xdp xi trong Vi du 2
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