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SONG SONG HOA VIEC CHON TAM VA TINH VEC TO TRONG SO
CHO PHUONG PHAP KHONG LUOI RBF-FD
GIAI PHUONG TRINH POISSON

Ping Thi Oanh’, Ngé Manh Twéng
Truong Dai hoc Cong nghé thong tin va Truyén thong — DH Thai Nguyén

TOM TAT

Trong nhitng nim gan day, phuong phap khong ludi RBF-FD (Radial Basis Function - Finite
difference) giai phuong trinh dao ham riéng da dugc nhiéu nha khoa hoc quan tim. Phuong phap
nay hiéu qua ddi véi nhimng bai toan c6 mién hinh hoc phirc tap, ham c6 d6 dao dong 16n hoic
khong gian nhiéu chiéu, boi tinh mém déo cia ndi suy RBF. Tuy nhién, vin d& 16n nhat cia
phuong phap nay 1a thoi gian chon tim va tinh véc to trong sb kha cao. Dé khic phuc tinh trang
nay, chiing toi gidi thiéu phuong phép song song hoa thuat toan chon tim va tinh véc to trong sd
cho phuong phap khong luéi RBF-FD giai phuong trinh Poisson. Két qua thir nghiém cho thiy,
khi kich thude dir li€u cia bai toan tang 1€n, viéc song song hoéa thuét toan chon tdm va tinh véc to
trong s6 di cai thién déang ké thoi gian tinh toan.

Tir khéa: Tinh todn song song; Phwong phdp RBF-FD; Khéng lwdi; Phwong phdp phan ti hitu han
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PARALLELIZATION IN CHOOSE THE CENTERS
AND COMPUTE THE WEIGHT VECTORS
FOR THE MESHLESS RBF-FD TO SOLVE POISSON EQUATION

Dang Thi Oanh”, Ngo Manh Tuong
TNU - University of Information and Communication Technology

ABSTRACT

In recent years, the RBF-FD (Radial Basis Function - Finite difference) method of solving partial
differential equation has been researched by many scientists. This method is effective for problems
with complex geometry, large fluctuations function or multidimensional space, due to the
flexibility of RBF interpolation. However, the biggest problem of this method is that the time for
choosing center and computing weight vector is quite high. To overcome this situation, we
introduced a method of parallelizing the selection stencil algorithm and computation the weight
vector for the RBF-FD method to solve the Poisson equation. Numerical results show that when
the data of the problem increases, the parallelization of the selection stencil algorithm and the
computation weighted vector has significantly improved computational time.
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GIOI THIEU

Phuong phép khong ludi RBF-FD dugc cong
b6 dau tién nim 2003 boi Tolstykh va
Shirobokov [1]. Nam 2006, Wright va
Fornberg d¢ xudt phuong phap RBF-FD sir
dung noi suy Hermite [2]. Nam 2011, Oleg
Davydov va Diang Thi Oanh cong bd phuong
phap RBF-FD dua trén ndi suy da diém va
mot s6 thuat toan hd trg phuong phap nay
trong khong gian 2 chiéu [3, 4]. Gan day,
bang Thi Oanh, Oleg Davydov va Hoang
Xuan Phu tiép tuc phat trién phuong phap nay
trén cac bai toan cé hinh hoc phuc tap va ham
c6 d6 dao dong 16n [5].

Céc két qua theo huéng nghién ctru nay da
dat duoc 1a: Phat trién duge mot sb cach tinh
véc to trong sb dua trén ¥ tudng cua phuong
phap sai phan hiru han (FD-Finite Difference)
va phuong phap phén tir hitu han (FEM-Finite
Element Method) [3, 6, 7], xay dung thuat
toan wdc lugng tham sd hinh dang t6i wu [4],
xdy dung thudt toan lam min thich nghi [3, 5]
va xay dung thuat toan chon tam ndi suy [3,
5, 6, 8]. Thuat toan chon tam hd tro tinh toan
véc to trong s6 dd duogc cac tac gia gidi thidu
trong [3, 5] rat hiéu qua, nhung dbi voi cac
bai toan c6 cdu trac dir liéu 16n va phirc tap
thi tbc do tinh toan s& bi anh huong khong
nho. Nguyén nhan cha yéu khién thoi gian
tinh toan cua phuong phap RBF-FD cao la
cong doan chon tim va tinh véc to trong so.
Pé ting toc d6 tinh toan, trong bai bao nay
chung t6i gioi thi€u k¥ thudt song song hoa
qua trinh chon tdm va tinh véc to trong sé cho
phuong phap khong ludi RBF-FD giai
phuong trinh poisson.

Bai bao gdm 6 phan: Sau Phan gi6i thiéu la
Phan 2, miéu ta phuwong phap RBE-FD giai
phuong trinh Poisson; Phan 3, gidi thiéu thuat
toan chon tdm; Phan 4, trinh bay phuong phap
song song hoa qua trinh chon tam va tinh véc
to trong s, Phan 5, thir nghiém s6 va Phin 6
1a Két luan.

PHUONG PHAP RBF-FD

Xét bai toan Dirichlet v&i phuong trinh
Poisson nhu: sau: Cho mién mo QcR® va
cac ham so0 f xac dinh trén Q, g xac dinh
trén 6Q . Timham u:Q—R théa min
Du=f in Q,
u=g on 0Q, 1)

trong do, D la toan tir Laplace.

Gia st 2EcQ 1a tap cac tdm roi rac. Goi
H i=2NQ 1a cac tim nam trong mi€n va
Z:=2MaoQ la cic tAm nam trén bién. Vi

moi tim (eE,,,
g, ::{é‘o,fl,...,ék}cE, voi & ,=¢  (con
goi la tap tam hd trg phuwong phap khong
Iudi). Khi @6 Bai toan (1) duoc roi rac hoa
thanh h¢ phuong trinh tuyén tinh

W 0 =1(L), LeBy;

= @

u=g(¢&), £eds,

trong d6 G 1a nghiém xdp xi cia U VA
W, . € R 1a véc to trong s6 duoc tinh bang

ta chon dugc tip

ndi suy RBF

w, =(@, )_1ACD(§—
(xem [3, 8, 5]).

Déi véi phuong phap nay, thoi gian tinh toan
phu thudc nhi€u vao qué trinh chon bd tdm

Ve £ €Bn O

E, va tinh véc to trong s6 theo Cong thirc
(3), trong phan tiép theo chung toi nhic lai
Thuat toan chon tam.

THUAT TOAN CHON TAM

Thuat toan nay duoc t’rinh bay chi tiét trong
[5, Thuét toan 1], goi tat 1a thuat toan ODP cd
ndi dung nhu sau:

Input: B6 tam roi rac E, C.

Output: Tap tam hd trg Ee.

chc tham so: k (s6 tém duoc chon), m> k
(s‘é tam rng vién bgn dau), u>1.0 (hé sb6 goc
déu), ¢>1.0 (hé so khoang cach).

. Tim m tam &,...,&, € E\{{} sao cho
gin ¢ nhit, sip xép cac tdm theo chiéu ting
dan theo khoang cach dén ¢ , dau tién
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E :={{, &, &) va i=k+1.
Il. While i<m:
LIf¢ ¢ ||z§21(||§,- ~¢|+)E - £4)

then STOP and Return &,
2. Tinh céc goc o, a, -,
vdi tap mo rong
{66 ) ={& & b &)
If gbc gilra tia ¢&, va hai tia 1an can 16n hon

&) then:

i. Tim j thoamin ;=g .Chon p=j

a,,, tuong ung

goc nho nhat o ::0_5(51', Ereeny

hogc p=j+1 phy thudc o, <aj,

hodc aJ 5 Za

i, If
u(E & b E <u(& & &)
then:
a. Update
2 ={C. & &) =10 G G G )
b. If
(&, & E)<ua(é, &, &)

then STOP and Return B,

3. If i=m then: tim m diém
§m+l' §m+2' M §2m € c \ {é,} gﬁl’l é/ l’lhﬁt, Sép
xép cac diém theo chidu ting dan cua khoang
cachdén ¢ va m:=2m.

4. Pati:=i+1.

SONG SONG HOA VIEC CHON TAM VA

TINH VEC TO TRONG SO HO TRO
PHUGONG PHAP KHONG LUOI RBF-FD

Y twong thudt todn
Gid st ¢ N bd xtr ly va céc tap tdm nhu sau:

ZcQ la tap tam roi rac, tip E.. chira cac
diém nam trong mién.
1. Trudc tién, chung ta phan hoach E,  thanh

N phan x4p xi bing nhau, tuong tng v6i
N bd xir ly.

2. Tiép theo, thuc hién thut toan ODP trén
moi bo xir Iy dé tim tap E, va tinh véc to
trong s6 W . tuong ng voi E,, dong thoi
luu trit cac véc to trong s6 vira tim duge
vao tapWw, .

Dé thyuc hién duge tinh toan song song khi su

dung thuat toan ODP va tinh véc to trong so,

ta can phan ludng dir liéu ’dﬁu vao phu hop.

Nghia la, tach va phan phoi n tim trong tap

g, déu khap trén N bo xir 1y, sao cho mdi b

XU ly ¢6 sb tam gan bang nhau, trong tmg 1a:

2 {é( j=1,2,...,n‘”},i:l,z,...,N,

L. n < as x-
voi n® 2n® ~...xn™ z[ﬁ} T d6 mdi

bd xtr ly s& tinh s tdp cac tam hd tro

20,i=12,.,N,j=12,..n" vi véc to

trong  s6 ng),i=1,2,...,N,j=1,2,...,n()

tuong Gng. Qua trinh xi ly song song nhu
trong Muc 4.2.
N§i dung thudt todn

Input: Bé tam roirac =, =, N.

|nt !
Output: Tap cac véc to trong s6 W,, §EE,.
Tham sé: Céac tham sb cua thuat toan ODP

k,m, u,c. Dau tién, W, = .

L. Phan hoach dir liéu cho N bd xtr ly:

n| . .
1. ”1=[NJ? 1=1 j=0.

2. While i <N
a. If i=N then n):=n (1-N)+n
Else n":=n;
b' |nt {é/j+l’é’j+2""’4/1+n)};
¢ j=j+n;
d. i=i+1

I1. Déi voi mdi b xix 1yth13: ieN,

1. Foreach ¢; €& z0

a. Str dung thuat toan chon tim ODP, tim cc
tap EQ i=12, .. 10"
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Phan
noach
&
thuge

S
cho ™

3
8

Hinh 1. Luu dé song song hoa thudt toan hé tro chon tam ODP va tinh véc to trong $6
b. Tinh cic véc to trong O  Luu d tinh toin song song sit dung thuat
WSJ.)' j=12,..,n" boi cong thuc (3) toan hd tro chon tam ODP (Hinh 1).
tuong tng véi cac tap THU NGHIEM SO

Eg?, j=12,.., n® . Muc tiéu cua thir nghiém la so sanh hiéu qua
ve mdt thoi gian cua viée cd sir dung qua trinh
) } song song hda trong chon bd tdm ndi suy va
W, =W, U{W(;'j) J=L12.., ”(')} : tinh véc to trong sb cho phwong phap RBF-
FD giai phuong trinh Poisson hay khong?

2. Luu trit C4c véc to trong sd vira tinh

Luwu dé ciia thudt todn
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Trong thir nghiém sau, chung t6i sit dung ham
ndi suy RBF Gauss-QR (xem [4, 5, 8, 9]), véi
tham sd hinh dang £=10"°. Chung toi sir
dung cong thire sai sb trung binh binh phuong
rms (root mean square):

m[#l gm(a@)—u(:))zjm,

trong d6 #=,, 1a s6 tdm trong mién.

Cac tham sb duoc s dung trong thuit toan
ODPlau=25c=3.0,k=6,m=50.

Bai todn: Xét phuong trinh Laplace Au=0
trén mieén hinh tron khuyét Q trong toa do

cuc xac dinh béi r<1,—37”<¢<37ﬂ, vOi

diu kién bién u(r,¢)= 0032—;0 doc theo cac

cung va u(r,p)=0 theo dudng thing.
Nghiém chinh x4c cta bai toan la
2

u(r,p)=r? cos%o.
Chung Wtc“)i thr nghiém trén cac bo tam = la
san pham cua PDE Toolbox cua MATLAB
nhu trong [3, 5], Hinh 2 minh hoa mién
Q v6i 11891 tam.

1

05

05}

. . s
-1 -0.5 0 05 1
Hinh 2. Mién Q véi 11891 tam

Hinh 3 minh hoa viéc phan luéng dir liéu
trong tinh todn song song khi st dung thuét
toan ODP cho phuong phap RBF-FD, thi
nghiém voi 32841 tdm va 4 b xu ly (4
worker). Hinh 3 (a) biéu dién thoi gian tinh
toan va Hinh 3 (b) biéu dién két qua phan
ludng dir liéu trén 4 bo xir Iy, tuong tmg voi 4
mau khac nhau. Quan sat ta thdy mdi bo xur Iy
¢6 sb tam xap xi nhau.

Worker Utilization Time Of Individual Iterations

*

* % %
*

-

.

* * e

* *
*

- *

#;M I

0 20 40 80 80 100 0 1 2 3 4
% of Total Time on Worker Iteration Number =10

Iteration Time (s)

a) b)
Hinh 3. Phc(in luong di liéu va thoi gic;n chay trén
4 bo xur ly voi 32841 tam trong mién

Két qud thu nghiém sb cta bai toan duge
trinh bay trong Bang 1 va Hinh 4. Sai s6 rms
ciia phuong phap FEM dugc thé hién trong
cot thir 2 ciia Bang 1 va duong mau do, nét
10i ¢6 nhan ““FEM”’ trong Hinh 4. Sai s6 rms
cua phuong phap RBF-FD la cot thr 3 trong
Bang 1 va duong mau xanh, nét lién c6 nhin
““RBF-FD’’ trong Hinh 4.

Céc cot 4, 5, 6 trong Bang 1 va Hinh 5 biéu
dién thoi gian tinh todn cua qua trinh song
song va tuan ty ciia phuong phap RBF-FD.
Cu thé 1a: Cot 4 cia Bang 1va duong mang
nhan ‘FEM’ trong Hinh 5 biéu dién thoi gian
tinh toan tuan tu, Cot 5, 6 cla Bang 1 tuong ung
v6i duong nhan 2 workers’ va dudong 4
workers’ ctia Hinh 5 biéu dién thoi gian ciia qua
trinh song song voi 2 bo xur ly va 4 b xir 1y.

rms error on centers for the Problem
T T

102 T —
= ==FEM
—&—RBF-FD
S

rms error
=l
i3

ek

10°* 10
Number of interior centers

Hinh 4. Sai s6 rms trén cdc tam
Két qua thir nghiém trong Hinh 4 cho thiy do
chinh xac cta phuong phéap khong ludi RBF-
FD khong thay d6i khi 4p dung qua trinh song
song. Nhung thoi gian chay thé hién trong
Hinh 5 cho thay khi mién c6 mat do tdm phan
bd cang cao thi hiéu qua cta viéc ap dung qua
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trinh song song vao chon tam va tinh véc to
trong sO cang 16n, hon nita thoi gian cling
giam tuong ung khi s6 b xu ly tang.

Parallel processing time for the Problem

o @ =1 worker

180 |—8—2 workers R
4 workers e
.

B B B
g & 8
T
\

Running Time (second)
2
8

3 8

’ !
0 05 1 15 2 25 3 as
Number of interior centers x10%

Hinh 5. Thoi gian chay tudn tir va song song

KET LUAN

Song song hoa qua trinh chon tadm va tinh véc
to trong ) thuc sy hi¢u qua khi s6 tam trong
mién 16n va sé bd xur 1y cao. Pay 1a cac két
qua dang quan tam va khich ¢ nhom tac gia
tiép tuc theo dudi nghién ciru dé song song
héa cac cong doan khac nhau ctia phuong
phap khong luéi RBF-FD, nham giai quyét
duogc van dé thoi gian ciia phuwong phap nay.
LOI CAM ON

Bai bao dugc tai tro boi Dé tai cip Pai hoc,
ma s6 DPH2015-TN07-03.

Bang 2. Két qua thir nghiém ciia bai todn

£ o A Sai s0 rms
So tam trong mién

Thaoi gian chay (giay)
ciia phuwong phap RBF-FD

FEM RBF-FD 1 bo xit ly 2 bd xir ly 4 bd xir ly
82 4,85e-03 5,96e-03 1,644808 4,591271 28,582
103 2,54e-03 2,98e-03 0,693356 0,821131 0,4110
140 1,57e-03 7,32e-04 1,110646 1,00694 0,4092
182 1,17e-03 8,02e-04 1,486193 1,660133 0,6201
229 9,31e-04 4,57e-04 1,680099 1,997218 0,7309
416 3,90e-04 1,32e-04 3,286499 3,154779 1,2410
828 2,11e-04 1,43e-04 6,080352 4,10526 2,3081
1566 1,31e-04 4,66e-05 9,36640 9,662382 3,2220
2875 6,24e-05 3,07e-05 15,79933 13,32561 7,5275
5210 3,30e-05 1,81e-05 28,67375 19,61979 11,5588
9528 1,98e-05 8,54e-06 53,27411 34,59895 17,0929
17676 1,01e-05 4,26e-06 100,8927 61,7280 32,1302
32841 5,47e-06 2,85e-06 196,7588 120,9914 60,9951
TAI LIEU THAM KHAO 5. D. T. Oanh, O. Davydov, and H. X. Phu (2017),

1. A. I. Tolstykh and D. A. Shirobokov (2003),
“On using radial basis functions in a ‘finite
difference mode’ with applications to elasticity
problems”, Computational Mechanics, 33(1), pp.
68-79.

2. G. B. Wright and B. Fornberg (2006),
“Scattered node compact finite difference-type
formulas generated from radial basis functions”,
J. Comput. Phys., 212(1), pp. 99-123.

3. O. Davydov and D. T. Oanh (2011), “Adaptive
meshless centres and RBF stencils for Poisson
equation”, J. Comput. Phys, 230, pp. 287-304.

4. O. Davydov and D. T. Oanh (2011), “On the
optimal shape parameter for Gaussian Radial
Basis Function finite difference approximation of
Poisson equation”, Computers and Mathematics
with Applications, 62, pp. 2143-2161.

“Adaptive RBF-FD method for elliptic problems
with point Singularities in 2d”, Applied
Mathematics and Computation, 313, pp. 474-497.
6. C. K. Lee, X. Liu, and S. C. Fan (2003), “Local
multiquadric approximation for solving boundary
value problems”, Comput. Mech, 30(5-6), pp. 396-
409.

7. L. Shen, G. Lv, and Z. Shen (2009), “A finite
point method based on directional differences”.
SIAM Journal on Numerical. Analysis, 47(3), pp.
2224-2242.

8. G. F. Fasshauer (2007), Meshfree
Approximation Methods with MATLAB, World
Scientific Publishing Co., Inc., River Edge, NJ,
USA.

9. M. D. Buhmann (2003), Radial
Functions, Cambridge University Press,
York, NY, USA.

Basis
New

74

http://jst.tnu.edu.vn; Email: jst@tnu.edu.vn


http://jst.tnu.edu.vn/
mailto:jst@tnu.edu.vn

