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PINH LY KIEU BOHL-PERRON CHO PHUONG TRINH
PONG LUC AN TREN THANG THOI GIAN

Nguyén Thu Ha
Truong Pai hoc Dién luc

TOM TAT
Trong bai bio ndy, ching tdi phat trién 1y thuyét 6n dinh cho phuong trinh dong luc
an trén thang thoi gian. Pay la dang tong quat cua phuong trinh vi phan dai s6 va
phuong trinh sai phan 4n. Cu thé, ta nghién ctu dinh ly Bohl-Perron cho phuong
trinh dong lyc an trén thang thoi gian. Chung t6i chi ra dugc mdi lién hé giira tinh
bi chin cua nghiém ctia phuong trinh dong luc 4n khong thuan nhat véi tinh 6n dinh
ctia phuong trinh thuan nhat twong tmg.
Tw khéa: Pinh 1y Bohl-Perron; Tinh én dinh; Phwong trinh déng lwc dn; Thang
thoi gian.
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BOHL-PERRON TYPE THEOREM FOR IMPLICIT
DYNAMIC EQUATIONS ON TIME SCALES
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ABSTRACT

In this paper, we develop a stability theory for implic it dynamic equations which is
a general form of differential algebraic equations and implicit difference equations.
Specifically, we investigate Bohl-Perron type stability theorems for implicit dynamic
equations on the time scales. We show the relation between the boundedness of the
solution of the nonhomogeneous implicit dynamic equation and the stability of the
corresp onding homogeneous equation.
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1 Giéi thigu

Nhu ching ta da biét, bai toan vé tinh 6n
dinh c6 vai tro rat quan trong trong toan hoc
va tng dung. Viéc tim ra céac diéu kien dé he
théng van hoat dong on dinh dudi tac dong
ctia nhiéu 1a bai toan c6 ¥ nghia 16n. Dé do
tinh 6n dinh viing, ngudi ta tién hanh cac thi
nghiém va hy vong rang néu véi dau vao tot
hon, thi dau ra sé dap tng mot s6 thuoce tinh
mong mudn va hé thdng clia ching ta vAn 6n
dinh mad.

Vao dau thé ky 20, Bohl, va sau d6 la Per-
ron da xét bai toan trén cho phuong trinh
vi phan thudng. Sau dé dinh Iy 6n dinh kiéu
Bohl-Perron ciing ap dung cho phuong trinh
sai phan trong [1,8], phuong trinh sai phan c6
tré trong [2,4] va cho phuong trinh sai phan an
trong [6,7]. Do d6, rat c6 y nghia khi bai toan
nay dugc gidi quyét cho mot phuong trinh an
trén thang thoi gian tong quat. Trong bai bao
nay, ta sé nghién ctu dinh 1y én dinh kiéu
Bohl-Perron cho mot 16p phuong trinh dong
lyc an c6 dang

E,()z®(t) = A()z(t), t >a, te T (1.1)

6 d6 E(-),A() 14 cac ham ma tran lién tuc
dinh nghia tréen T N [a,00), lay gid tri trong
R™™"™ va E,(t) dugc gia thiét 1a suy bién t > a.
Néu (1.1) chiu nhiéu ¢(¢), ta ¢6 phuong trinh
khong thuan nhat

Eo(De™(t) = A@(t) +q(). (12)

2 Kién thic chung

Thang thoi gian T 1la mot tap con déng khéac
rong cia R. Trén thang thoi gian T ta trang
bi t6 pd dudc cAm sinh tit t6 po chuan tic
tren dudng thing thuc R.

Tren T, ta dinh nghia todn ti& nhdy tién
o(t) = inf{s € T : s > t}, va toan t& nhdy
Wi p(t) :=sup{s ¢ T : s < t}, t € T.

Ham hat p : T — R, dudc xac dinh bdi
p(t) = o(t) —t, t € T. Diém t € T dugc
goi 1a ¢o lap phdi néu o(t) > t; 1a tru mat
phdi néu o(t) =t va co lap trdi néu p(t) < t,
tru mat trai néu p(t) = t.

V6i moi x,y € T, ta dinh nghia cac phép toan
trén thang thoi gian

phép cong @: x Dy =z +y + p(t)xy;
z—y

hép tru ©: 20y = ———;
e N ENTON

Ham s6 f : T — R dudc goi chinh quy,
néu ton tai cac giéi han phai tai cac diém
tril mat phai va giéi han trai tai cac diém
trit mat trai. Ham f 1& rd-lién tuc néu nod
lien tuc tai cac diém tri mat phai cta T
va ton tai giéi han trai tai cac diém tra
mat trai. Tap cac ham rd-lién tuc ky hiéu la
Cia(T,R). Ham f dudc goi 1a hoi quy (duong)
néu 1+ u(t)p(t) # 0(1 + u(t)p(t) > 0),t € T.
Ky hieu R = R(T,R) (RT = R*(T,R)) la
tap cdc ham hoi quy (hoi quy duong).

Dinh nghia 2.1 (A-Dao ham). Ham s6 f :
T — R? dude goi 1a ¢6 A-dao ham tai t néu
to tai véc to f2(t) sao cho véi moi € > 0, ton
tal 6 > 0 sao cho

1£ (o) = f(s) = 2 (o (t) = 5)|| <elo(t) - s|

théa méan véi moi s € (t—6,t+6)NT. Khi do6

f2(t) duge goi 1a A-dao ham chia f tai t.

Dinh 1y 2.2. [3] Chop € R vaty € T, khi do

nghiém duy nhat cia bai toan gid tri ban dau
y2(t) = p(t), y(to) = 1

tréen T la ham ma ep(t, o).

Bé dé 2.3. [3] [Bat ding thitc Gronwall-
Bellman] Cho T € T, u,b € Crq, up € R va
b(t) > 0 vdi moit > 1. Khi dé, néu

t
u(t) < ug +/ b(s)u(s)As, wvdi moi t >,
thi ta co u(t) < upep(t, 7)

vdt mot t > T.



3 Tinh giai dugc ctia hé dong
luc an
Liay a € T c6 dinh. Ta xét he dong luc an
tuyén tinh trén thang thoi gian T,
E,()z®(t) = A(t)z(t) + q(t), t > a, (3.1)

v6i E, A 1a cac ma tran nhu da xét 6 muc 1.
Gia st rank E(t) = r, 1 < r < n, v6i moi
t € Ty, va g : T, — R™ la ham lién tuc. Gia
stt ker E(t) tron theo nghia 1a ton tai phép
chiéu Q(t) len ker E(t) sao cho Q(t) 1a kha vi
lién tuc v6i moi t > a va lién tuc trén T,. V6i
P(t) = I — Q(t), khi d6, phuong trinh (3.1)
dudc viét lai dudi dang

Ey(t)(Px)?(t) = At)x(t) + q(t),  (32)
v6i A:= A+ E,P> € L)°°(T;R™").

Cho T : T, — GI(R™) 1a mot ham lién tuc sao
cho Tlyep . 12 mot déng cau giita ker E, va
ker E. Ky hiéu

G:=E, - ATQ,va S:={r: Az € im E,}.

B dé 3.1. Cdc meénh dé sau la twong duong,

i) SNker E = {0};
ii) G khong suy bién;
it)) R" =S @ ker E.

Chitng minh  Xem [5. Lemma 2.1].

Gia st ma tran G khong suy bién, khi d6 ta
c6 bo dé sau.

B dé 3.2. Ta ¢6 cdc méi lien hé sau:
i) Py =G lE,;
i) GVATQ, = —Q,;
iv) Néu @ la phép chiéu trén ker E thi
P,.GYA=P,G VAP,
Q,G A =Q,G VAP - T71Q.

Chding minh
Lemma 2.2 [5].

Chtng minh tuwong tu

B6 dé 3.3. P,G 1, TQ,G ! khong phu thuoc
vao cach chon T va Q.

Chitng minh  Goi Q' 14 cic phép chiéu len
ker A va T' € GUR?) sao cho T' |iqp g, 1A
mot ding cau gitta ker E, v ker E. Ta sé
chiing minh

TQ,G 1 =T'Q.G'" ! with G’ = E,—AT'Q.

That vay, ta co

TQ,G'G' =TQ,G Y E, - AT'Q))
=TQ,GYAT'Q, =T'Q.,.

Vay, TQ,G~ ! = T'Q" G'~1. Tuong ty ta ciing
c6 P,G~' = P,G'~'. B4 dé dudc chitng minh.

Y nghia 3.4. Cac b6 dé trén c6 vai tro rés
16n trong viéc giai dugc phuong trinh dong lyc
an. N6 gitp ta phan ra 3.2 va dua né vé mot
phuong trinh dong lyc thuong va mot quan
hé dai s6. Diéu nay gitp ta dé dang hon trong
viéc biéu dién nghiem ctia 3.2.

Dinh nghia 3.5. Phuong trinh dong luyc an
(3.1) dugce goi la ¢6 chi 6 1 mém (goi tat 1a
chi s6 1) tren T néu G(¢) kha nghich véi moi
teT.

Cho J C T. Ky hiéu

CHI,RY) := {z(-) € Crq(J,R™) : P(t)x(t) la
kha vi — A v6i moi t € J.}

Ta chu ¥ rdng nghiem z(-) ctia (3.1) la phan
tit ctia C1(J,R™). O d6 z(-) 1a khong kha vi-
A. Do d6 ching ta hiéu ring biéu dién E,z?
c6 nghia 1a E,((Pz)? — P22).

Nhan hai vé ctia (3.2) véi P,G !, Q,G7! va
dat v = Px and v = Qx, ta dugc

u® = (P® + P,G YA+ P,Glq, (3.3)
v=TQ,G 'Au +TQ,G . (3.4)



Ta ¢6 = u + v, v6i u c6 thé tim tit (3.3),
sau d6 ding (3.4) dé tinh dugc v. T d6 ta
thay, ta chi can dat ra diéu kien dau cho (3.3)
u(to) = P(to)xo, tg > a, hay

P(to)(l’(to) — l’o) =0, zg € R". (35)

B6 dé 3.6. Moi nghiém u(t) cia phuong
trinh (3.3) zudt phdt tiim P(ty) thi van trong
im P(t) vdi moit € Ty,.

Ching minh  That vay, nhan hai vé cla
phuong trinh (3.3) véi Q, ta duge Qeu” =
Qo PPu. Tit d6 suy ra (Qu)® = Q*Qu. Vay,
néu Q(to)u(tp) = 0 thi Qt)u(t) = 0 véi
moi ¢t € Ty. Do d6 u(t) = P(t)u(t) hay
u(t) € im P(t). Ta ¢6 diéu can ching minh.
Gia st ®(t,s) 1a toan tit Cauchy sinh ra béi
hé thuan nhat

E,(t)z®(t) = A(t)x(t). (3.6)
Khi d6 v6i moi t > s > a, ta c6

{Eg(t)CDA(t, s) = A(t)D(t, ),
P(s)(®(s,s) —I) =0.

Goi @y (t, s) 1a toan tit Cauchy cia (3.3)
DM (L, s) = (PP + P,G YA(t)®o(t, ), (3.7)
Vol @o(s,s) = 1. Tu (3.3) va (3.4), ta ¢
®(t,s) = P(t)®o(t,s)P(s),  (3.8)
véi P =1+ TQ,GVA.

Ky hieu x(-, to, o) 1a nghiem duy nhat ctia he
(3.1) vdi dieu kien dau

P(x(to, to, xo) — xo) = 0. (3.9)
Theo cong thitc bién thién hing sb ta c6
z(t) = @(¢,t0) P(to)zo
—i—/t(I)(t,a(s))Pg(s)G1(s)q(s)A3

to

+T()Qq ()G (t)4(t). (3.10)

4 Pinh ly kiéu Bohl-Perron
cho hé déng luc an

Muc dich ctia ndi dung nay la ching minh
dinh 1y Bohl-Perron cho hé dong Iyc an tuyén
tinh. O d6 ta xem xét mdi quan he gitta tinh
bi chin clia nghiém ctia phuong trinh (3.1)
v6i tinh 6n dinh ctia phuong trinh thuan nhéat
tuong ting (3.6).

Theo cach gidi phuong trinh (3.1), ta thay
ham ¢ dudc tach thanh hai thanh phan
P,G ¢ va TQ,G'q. Do do, v6i bat ky tg €
T, ta xét ¢ nhu 14 mot phan tit ctia tap hop

L(to) = {q € C ([to, 0], R") :

sup | T(1) Qo ()G (t)a(t)]| < o0
t>to
and sup || P, (t)G~ (t)q(t)]| < oo}
t>to
Dé thay L(tg) 1a mot khong gian Banach vdi
chuan

lall = sup (I1P-(6)G~ (#)a®)ll

+HIT(H)Qo ()G (t)a(t)]])-

Gia st z(t,s,q) la nghiém cta phuong trinh
(3.1) két hgp véi ¢(t) va c6 diéu kien dau
P(s)z(s,s) = 0. Dé don gian, ta c6 thé viét
x(t, s) hodc z(t) thay vi z(t, s, q).

B6 dé 4.1. Néu vdi moi ham q(-) € L(ty),
nghiem x(-,to) cia bai todn Cauchy (3.1) vdi
dieu kién ban dau P(to)x(to,to) = 0 bi chin,
khi dé véi moi t; > tg, ton tai k > 0, khong
phu thudc vao t1, sao cho

sup ||z (, t1)]] < kllq- (4.1)
t>t1

Chimg minh

Trude hét ta dinh nghia ho toan tit {V;}i>4,
nhu sau
Vi: L(ty) — R"
q '—>V;$(Q) :ZL‘(t,to)-



Theo gia thiét ctia bd de, ta c6 sup || Vzq|| < oo
t>to

v6i moi g € L(tp). St dung nguyén ly bi chin
déu, ton tai hang s6 k > 0 sao cho

sup [[z(t,t0)ll = [IVeqll < Kllgll, — (4.2)
t>to

v6i moit > ty. Goi ¢ 1a mot ham cho truée
thudc L(t1), ta xay dung ham g nhu sau:

g, =0, néut <ty vagq(t) =q(t) néut > t.

Dé thay q(t) € L(tp). Theo cong thitc bién
thien hing s6, v6i moi t > t1, ta co

2(t,10,7) = / B(t, 0(7)) Py (7) G (r)g(r)dr

to

+ T(H)Qu ()G (1)g(2)
_/ ®(t,0(1))Py(1)G~ (1)q(T)dT

t1

+T(H)Q ()G (1)g(1).

Tu d6 suy ra xz(t, to,q) = x(t,t1,q) v6i moi
t > t1. Két hop véi (4.2) ta nhan duge

sup [|z(t,t1,¢)[| = sup [lz(t, to, 7)]|
t>t1 t>to

< kligll = Ellqll
Dinh 1y dugc chiing minh.

Dinh ly 4.2. Moi nghiém cta bai todn
Cauchy (3.1) vdi lién két ¢ € L(tg) va diéu
kien ban dau P(to)z(to) = 0, la bi chin, khi
va chi khi phuong trinh dong hic an chi s6 mot
(3.6) la on dinh mii.

Chiting minh

Diéu kién can. Trudc hét, ta ching minh
néu moi nghiém clia phuong trinh (3.1) véi
diéu kién ban dau P(to)z(ty) = 0, v6i lien két
q € L(tp), 1a bi chan thi phuong trinh (3.6) sé
6n dinh mi.

Lay gia tri bat ky t; > to, dat x(t) =
|®(a(t),t1)]], t > t1. Khi d6 v6i bat ky y €

R™, ta xét ham s6

q(t) = NO s t=>t
Dé dang chi ra dugc
-1 _ P(a(t), t1)
P0G (Balt) = Po() TSy,

ITH)Qo ()G (t)a(t) = 0],
1P (£)G~ (t)a(t)]

Vay, q € L(t1) va
lall =sup (1P ()G (t)q(t) |
+ IT(1)Qs ()G (t)a(t)]) < Kollyll.

Hon nira,

2t ) = / B(t, 0(r)) Po(r)G Y (r)q(r) Ar

t1

+T()Qx ()G (t)a(t)

_ /t lt<I>(t,0(7-))P(,(7-)(I)<J>(:(>T’)tl>yAT
Dat U(t) = /tt X(lT)AT >0, ta c6
2t 1) = B(t, 1) U (H)y. (4.3)

Theo B6 dé 4.1, ta nhan duge

@) = (1t t2) ¥ (#)yll
= 1t 1)yl W (t) < Kllqll < kEKollyl,

ti d6 suy ra

k
1@(t, t1)]| < T (4.4)
& d6 k = kKo. Mat khéc,
Fa = X0 = 20,0 £ g



Hay

VA1) > =W(a(1)).

| =

Khi d6, ta nhan duge
>
V(1) = W)y (te)

v6i moi t > ¢. Do vay, theo (4.4) ta co

1@ (a(t), t1)]| <

v6i moi t > ¢. Do do6, v6i moi t > ¢ thi
k
e

2t )l < e s ()

1
Dita==, Nj=——— Vi
; T W()e_1(et)

()
N = max<{ Ni, max 7” )l ,
t1<t<c efa(t,tl)

==

ta nhan dude diéu can ching minh

|®(t,t1)|| < Ne_o(t,t1) for t>t.

Diéu kién du. Dé ching minh diéu kien can,
ta sé chi ra ring néu (3.6) 6n dinh mi thi tat
cé cac nghiém cta bai toan Cauchy (3.1) véi
diéu kien ban dau P(tg)z(tg) = 0, vdi lien két
q(t) trong L(tp) 1a bi chan.

Véi q € L(tp), ta gia st
sup || P> ()G~ (t)a(t)]| = C1,
t>to

sup || T(1) Qo ()G~ ()g(t) || = Ca.

t>1o

St dung cong thice (3.10), ta duge
t
lz()]] < /t 1@ (t, 0 (7)) PoG ™ a(r) | AT
0
+ I TQ.G™ q(t)|

t
< MCl/ e o(t,0(1))Ar + Co.

to

Vi e_a(t, (7(’7')) = e_a(t, to)e@(_a) (U(T), to),
ta suy ra

t
J2(8)] < MCre-a(t,to) ooy -ao(7), t0)AT+Co

to

Theo quy tac L’Hospital 4p dung cho thang
thoi gian ta cé

t
timea(t.to) [ o alolr).to)ar

to
b ftz eo(—a)(0(T),t0) AT
t—o00 es(—a)(t, to)
i Co(-a)(o(t),to) 1

t—00 @(—a)e@(,a) (t,to) «

t
Do do, sup/ e_a(t,o(7))AT < oo, hay ton
t>to Jtg

tai hing s6 M7 > 0 sao cho
z(t)|| < MC1 My + Cs.

Vay, nghiém ctia phuong trinh (3.1) 1a bi chan.
Ta c6 diéu can ching minh.

5 Két luan

Dua trén cac két qua da c6 vé dinh 1y 6n dinh
dang Bohl-Perron cho phuong trinh sai phan
an va phuong trinh vi phan dai s6, trong bai
bao nay, ching t6i da dua ra dinh 1y Bohl-
Perron cho céc phuong trinh dong &n tuyén
tinh. Mot sbé bai toAn mé duge dit ra sau khi
hoan thanh d6 1a mé rong dinh 1y trén cho 16p
cac phuong trinh an dang phiic tap hon.
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