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VE SU TON TAI NGHIEM YEU CUA BAI TOAN
KRICHHOFF THU VOI SO MU TOI HAN

Pham Thi Thiy"", P Thi Mai Huong?
Yvwong Pai hoc Su pham — DH Thai Nguyén
2Tyruwong Cao déing Su pham Thai Nguyén

TOM TAT ‘ ,
Trong bai bao nay, chiing t6i nghién ctru su ton tai nghiém yéu cuia bai toan Krichhoff chira toan tir
tich vi phan:
—(a + rﬂ-!ir.ﬂ|!_-:,_-“,'h€:,r.L u = flx, u) + Au+ v|u|? —2u trong €2,
u =0 trong B4 4 €,
- . £ \ \ N A o 1es < d A
Trong dé A i 0 1a cac tham sb thuc va Q la mot mién mé bi chin trong R v6i bien )

Lipschitz, 8 € (3/4. 1) £1a ham lién tuc thoa min mot sé diéu kién thich hop.
Tu khéa: dieu kién Ambrosetti-Rabinowitz, toan tir Laplace thit, dinh ly Moutain Pass, bai toan
kiéu Krichhoff, diéu kién Cerami
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ABSTRACT
In this paper, we consider the following nonlocal problem:

—(a + h””“?‘i.. )exgu = flz,u) +Au+ v|u/* 2uin Q,

u =0 in R¥\ 0,
where 4, y > 0 are real parameters and Q is an open bounded subset of B with
Lipschitz boundary 0Q, s € (3/4, 1), and the term f is a continuous function satisfying
some suitable conditions.
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1 Introduction and main re-
sult

In this paper, we consider the following nonlocal
problem:

—(a+b\|u||§(0) Lxu= f(x,u)+ \u
+y|u)? 2w in Q,
u =0 in R3\ Q,

where ) is a real parameter, v is a non-negative
real parameter, and (2 is an open bounded subset
of R3 with Lipschitz boundary 052, s € (3/4,1),
and the term f is a continuous function verify-
ing the conditions stated in the sequel. Moreover,
a,b denote two positive real constants and

ul %, = / () — ()P (& — y)dedy.
RG

The Lk is the integrodifferential operator which
is defined as following:

Liu(x):= /(u(ﬂﬂ +y) +u(z —y)
RB

—2u(z))K (y)dy, =€ R3, (1.1)

where the kernel K : R3\ {0} — (0, +00) is such
that

mK € L*(R?), where m(z) = min{|z|?, 1},
(1.2)

and there exists 6 > 0 such that

K(z) > lz|~G+29) (1.3)
for any = € R?\ {0}. A model for K is given
by the singular kernel K (z) = |z|~(3*2%) which
gives rise to the fractional Laplace operator
—(—A)?, that may defined (up to a normalizing
constant) by the Riesz potential as follows:

= (=A)%u(z)
/ w(z +y) + ulz —y) - 2u(z)

|y|t2s

dy

R3

for any = € R3.

Definition 1. We say that v € X, is a weak
solution of problem (1.1) if

[ i) - utw)
R3 xXR3
X (p(@) — p(y) K (z — y)dedy

:/f@m@»¢@m+x/ﬁuwmwx

Q Q
T / ju(z)
Q

2:_2u(x)cp(m)dx
for any ¢ € X. Here, the space X is defined by

(a+bllul%,)

Xo:={9€X:g=0inz € R*\ Q},

where the functional space X denotes by the lin-
ear space of Lebesgue measurable functions from
R3 to R such that the restriction of any function
g in X to Q belong to L?(f2) and the map

(z,y) = (9(=) — g9(y)) vV K(z —y)

is in L2((R? x R3) \ (CQ x CQ),dzdy), CQ :=
R3\ Q.

¢

We denote F(x,t) := [ f(z,7)dr and G(z,t) =
0

f(z,t)t — 4F (z,¢t), for all (z,t) € Q x R.

We assume that f € C(Q x R) satisfies following
conditions hold:

(fo) There exists a positive constant C' such that

|flz,t)] < CA+ [t]971),V(2,t) € A x R

5-2)
(f1) tf(z,t) >0in Q x R;

flz,t)
3

for some ¢ € (4,

(f2) limyg— 400 = +oo, uniformly in z €

Q.

(f3) There exist r > 0,p > 0,0(x) > 0, p(z) €
L'(Q) such that

A4F (z,t) — f(z,t)t < p|t|” + ¢(x) for all |¢| > r,
where o € [0,2).
(f4) There is 6 > 0 such that

F(z,t) < ht?,



for every z € Q and t € (—4,6), where h # 0 is
a real number.

The condition (f3) is larger than the Ambrosetti-
Rabinowitz type condition given in [1] played an
important role in the application of Mountain
Pass Theorem:

(AR) There exists p > 4 such that pF(z,t) <
f(z,t)t for |t| large enough and z € § (see [2]).

Our condition (f3) is also larger than the condi-
tion [3]:

(AR-1) 4F(z,t) < f(a,t)t for |t| large enough
and z € Q.

Our result is given as follows:

Theorem 2. Let Q) be a bounded dom%in in R3
with Lipschitz boundary 0) and s € (17 1). Let
f € C(2xR) satisfies the conditions (fo) — (f4)-
Then there exists v* > 0 such that problem (1.1)

has at least one non-trivial weak solution for any
A €R and v € (0,7%).

In order to study problem (1.1), we consider
the Euler-Lagrange equation of energy functional
Tk~ Xo — R defined as

a b
Trenn(w) = Sllull, + 71l

A y .
-5 [ @Pds - 2 [ jute) s
Q e

- /F(x,u(x))da:.

Q

(1.4)

2 Some preliminary results

Now, we recall some basic results on the spaces
X and Xj. In the sequel we set Q = RS\ O,
where O = CQ x CQ C RS,

The space X is endowed with the norm defined
as

lgllx = llgllz2 @)

+ (/ lg(z) — g(y)PK (z — y)dxdy)1/2, (2.1)
Q

It is easily seen that ||.||x is a norm on X (see,
for instance, [4] for a proof). Futhermore, X is
endowed with norm

HgHXo

= ([ @) - 90)PEG - asdy)
R3 xR3
(2.2)

and (Xo,||-||x,) is a Hilbert space (see [4],
Lemma 7), with scalar product

| / () ()

x (v(x) = o(y)) K (z — y)dzdy.

In the following we denote H*(2) the usual frac-
tional Sobolev space endowed with norm (the so-
call Gagliardo norm)

< U,V >x,=

(2.3)

HQHHS(Q) = Hg||L2(Q)
_ 2
n ( lg(z) — g(y)|

|1‘ _ y|3+25 (2'4)
QxQ

dacdy) 1/2.

We recall that the space Xy is nonempty (see
Lemma 5.2 [5]). Finally, we recall that the eigen-
value problem driven by — Ly, namely

*;CKU
u

We know that (2.5) [6] possesses a divergent se-
quence of positive eigenvalues

= Auin Q,

=0 inR3*\Q. (2:5)

A <A2 < <A< A1 <L

whose corresponding eigenfunctions will be de-
noted by ey, each eigenvalue Ay has finite mul-
tiplicity. By Proposition 9 in [6], we know that
{ek}ren can be choosen in such a way that this
sequence provides an orthonormal basis in L?(Q)
and an orthogonal basis in X|.

The following result due to Servadei-Valdioci

which give the characteristic for embedding from
6
Xo into L¥(R?),v € [1,2%],2F = ———:

0 mto ( ) v [ S] S 3 _ 28
Lemma 1. [7] Let K : R™ \ {0} — (0,+0c0) be
a function satisfying (1.2)- (1.3). Then, the fol-
lowing assertions hold true:



a) if Q is a bounded domain with continuous
boundary, then embedding Xo — L"(R3) is com-
pact for any v € [1,2%);

b) the embedding Xo — L (R?) is continuous for
all v € [1,2%].

From Lemma 1, we have embedding X, —

L¥(R3) is continuous for all v € [1,2%]. Then
there exists the best constant
HEETOT
. o T
S, = inf 57w (2.6)
R (] ()
R3
We have
< Tk a(u), ¢ >= (a+bllull%,)

<[ tute) - u@)eta) - o)
x K(x — )dxdy

77/|u
/fxu

Certainly, solutions of problems (1.1) is critical
point of the energy function Jk x.

2u(z)p(z)d

(z)dx — A/u(w)ap(m)dw.

Q

3 Proof of Theorem 2

In [8, 9], Cerami introduced the so-called Cerami
condition, as a weak version of the Palais-Smale
assumption. With our notation, it can be written
as follows:

Cerami condition. The function Jx x .~ satis-
fies the Cerami compacitness condition at level
¢ € R if any sequence {u;};jen in X such that
Traq(t;) = cand (1+[[u;l[x,) supjg) =1 ] <
Tica(uj), > | — 0, admits a strongly conver-
gent, subsequence in Xj.

In order to prove Theorem 2, we need the Moun-
tain Pass Theorem as following:

Theorem 3. [10] Let (E,||.||) be a real Banach
space. Suppose that J € C1(E,R) satisfies

max{J(0),J(u1)} <a< g < ||1£\r\lf:pJ(U)

for some a < B,p > 0 and vy € FE with

[lui|| > p. Let
Set ¢ = infer maxyejo,1) J(y(t)). Then c > B >
0 and there ezists a sequence {u;};en C E such
that

J(uj) = ¢, and (1 + ||u;||)J (u;) — 0.
Moreover, if J satisfies the Cerami condition,
then c is a critical value of J.

Lemma 2. [11] Let {u, }» be a bounded sequence
in Xo. Then, up to a subsequence, there exists
u € Xy, two Borel reqular measures n and v,
J denumerable, z; € Q, v; > 0,m; > 0 with
vi+mn; > 0,5 €J such that g € [1,2%),

Up — U weakly in XO and strong in LI(Q2),

u(z
/| y|3+29 dy—\dn, |un s —\du

(3.1)

|u(x
dn>/ y|3+29 dy+Zn] o (32)
JjeJ

dv = |’u,|ps + Zl/j T (33)

jEJ

0 > Saevy ¥y

=v({z;}),n; = n({z;}).

(3.4)

Using Lemma 2, we get the following result:

Lemma 3. Let f : QxR — R be a function veri-
fying conditions (fo)—(fs). Then for any M > 0,
there exists v* > 0 such that Jk .~ satisfies the
Cerami condition at level ¢ < M for any A € R
and v € (0,7%).

*

Proof. Fix M > 0, set 7y =
min {aSQ: , B}, where A is given later,
2
4s — 3 ) 2 o, } a W=
12(M + A) ’

. Let {u;}jen be a Cerami se-

we

B = [(a$::)%/>(

3 2%
2s 2% —o,
quence in X, with level ¢. We split the proof




into two steps. First, we show that the sequence
{u;};en is bounded in X, and that it admits a
subsequence strongly convergent in Xj.

Step 1. The sequence {u;}en is bounded in Xo.
By normal computing, we have

1
Tran(ug) =7 < Tienq (ug), uj >

a A
> 1||Uj||§(0 - Z”ujH%?(Q)

P O
- ZH“J’HLG* Q) — 07 (3'5)

where C =

(Fla.u() -
Pl

{weilu (z)|<r}

@@ + o, ¢ = 2

1
1 J ¢(x)dz and max{1l,0} < o, < 2. Since the
Q

embedding from X, — L7+() is continuous,
then there exists the best constant

@) =@,

rowms [T — Y3t

vG)lfg,v;éO 2/0.
(J lo@)|=-do)
R3

[

From (3.5), we obtain

—0./2
pSs. .
Creallulx, < ——llull%,

+ R+ [lujllx,) + €
for any j € N, where (see [6], Lemma 16)

a it <o
& A “\
a .
Crx= 1—4—/\/{1f0<g<)\)\1
a
a_ A< 2 < Apos
17 Dy, RS S

Therefore, the sequence {u;};en is bounded in
Xo.

Step 2. The property Cerami compactness con-
dition of {u;}. Given v < 7, and ¢ < M, let
us consider a (C'). sequence {u;} en for Ji x -
Then {u;};jen is bounded in X, by Step 1 and
Xy is a reflexive space (being Hilbert space, by
Lemma 7 in [4]), up to a subsequence, still denote
by {u;};en, there exist u., € X( such that

Uj — Uso in LI(R?)

- ™3
Uj — Uso iIn R

(3.6)

as j — +oo and apply to Lemma A.1 in [12],
there exists [ € L9(R?) such that

{luco ()], [u; ()]} < U(=) (3.7)

for all € R? and for any j € N.

Note that Ck » > 0 and apply Hélder inequality,
we get

1
Traqy(uj) =+ < u71/<7x,7(uj),uj >

4
1 1 2
> (3 = gl g
25 — o,
14 * Oy
=290 gl g, ~C (38

Now, we proceed by some substeps as follows:

Step 2.1. Apply Lemma 2, fix ig € J. Then,
either v;, = 0 or

. aSQ* 3/2s
Step 2.2. We claim that v;, > ( ) can

not occur, hence v;, = 0. It is enough to show
that

(3.9)

aSax\3/2s
Q/clu<( 72‘) .

First of all, we assume that [dv < 1. From the
Q
assumption of v, we have v < aSs:, it implies
aSQ:
Y

Now, we assume that [ dv > 1. Since {u,};en is
Q
a (PS). sequence for Ji » ~, take j — oo in (3.8)

> 1, which immediately get (3.9).



and using (3.1), we get

2% — 0.
G_* /du<c+0+ [/
X (/dl/)o*ms
Q
2% — o,
<ero O = 42: )(/dy)a*/z‘:

Q
0. /2%

S(M+A)(/dy) g

thanks to the choice of ¢ < M and A = C +

27 — 0
Ql 2
it 1 . It implies that
23
12(M + A)7 9«
/dyg[ (M + )}2 — 0. (3.10)
v(4s —3)
Q
By the choice v*, we have
25
12(M A * Sox\ 3/2s
[g] 23 — O« < (a 2s> . (311)
V(4s = 3) g
From (3.10) and (3.11), we get immediately
again (3.9). We have been completed the Step

2.2. Hence, we must have v;, = 0. Since ig € J
is arbitrary, then from (3.1) and (3.3), we get

hm /\uj dx=/|uoo(x
Q

By normal computing, we get u; — ug strongly
convergent in Xj. O

)2 dz.  (3.12)

Lemma 4. There exists two constants p, 5 > 0,
such that Tk = B for every u € Xo with

[lullxy = p-

Proof. By (fo) and (f4), there exists Cy > 0 such
that

F(x,t) < ht* + Cy|t|?, for all (x,1) € Q x R.
(3.13)

Then from (3.13), we have

b
T~ (u) = ||UHX0 1”“”%{0

—f/|u )|*dx — :/u(x)|2zdx
Q
—/nwm»
Q

> S llullk, + llullx, -

%/|u(m)\2d$
Q
—h/\u(w)|2dac—C’2/|u(x)|qdaj
Q Q
- [P
Q

Then, we get

. b
Tkan (1) = Cieallulli, + Zllull,

f02/|u(x)|quf 27;/|u(x) 2

b
> 2 ully, - @/m )led

%/Mw
Q

Therefore, from (2.6) and (3.14), we have

)| da. (3.14)

T ) = ik, — Colull,

— Cullull,

= I[ull, (5 = Csllullle," = Callull%, ™)
where C3 = (25, a/2 ,Cy = 7522**2/2 Since
h(t) = Z — Cst9=* — C4t?~* is continuous on

b
[0,4+00) and lim;_,o+ h(t) = 1 > 0, then we can

b
choose to > 0 is small such that h(t) > 1
for all &7 > 0 and all ¢ € [0,to]. Special, if we

b b
3 e have h(ty) > 3 It follows

bt .
that Jx - (u) > —2 = 3 with ||ul|x, = to = p.

We have completed the proof of Lemma 4. [

choose g1 =



Lemma 5. There ezists e € Xo with |le||x, > p
such that Tk x~(€) <O.

Proof. By argument as [13]. We have
Flo i
/ (x,le(x))dx — oo,
Q J

where e;(x) is the first eigenfunction of the op-
erator —Lx in Xy. We see

. a 2 A 2
- 2],2|el|x(,—2j2!el<z>| dz

lim
Jj—oo

Tk (je1)
j4

b
+ e @1k,

2.4 * F(x,jei(x
- 7j2: le1(z) 2de—/7( ;41( ))dx
Q Q
— —00

as j — oo. Hence, there exists vy € N such that
e := vpe; € Xy, it follows that ||e||x, > p and
Jr a~(€) <0. The conclusion is achieved. [

Using Mountain Pas Theorem, Lemma 3,
Lemma 4 and Lemma 5, we are easy to get the
result of Theorem 2. Note that, we may choose
tp in Lemma 4 enough small such that

b
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