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1 Phuong phap dudng cong tiép xic

Nhiéu bai toan trong thuc té dan dén viec ching ta can ching minh cac bat déng thiic véi
cac diéu kien cho trude nhu bat ding thit sau.

S F(@i) = nf(o), (1)
i=1

trong d6 zo,z1,x2, ..., 2, € I, thoa man dieu kien y ;" | I(z;) = n.l(zp) v6i [ 1a mot ham phu
hgp nao dé.
Ngoai ra cac bai toan dang bat dang thitc nhu trén dude nghién ctu, ching minh bang cac
phuong phap khac nhau ([1],[2], [3], [4])-
zﬂ

1T L e
£i=L"7 thi bat déing thic
n

(1) nhan lai bat dang thitc Jensen [5]. Phét trién clia bat dang thitc Jensen ta duge khi ta tim
mot ham g(z) = kx + m sao cho f(z) > g(z) v6i moi x ndm trong mot khodng nao dé chia x
va f(xo) = g(z0) ta dugc phuong phép chiing minh duge goi 14 phuong phép tiép tuyén duge
gi6i thiéu trong [6] va [7].

Truong hop ham f va [ bat ki. Van dé can quan tam & day 1a tim cac ham f(x), g(z) =
k.l(z) + m; gia tri 2o sao cho bat ding thitc (1) ding.
Vé mit hinh hoc: Do thi cia ham y = f(z) s& luon ndm trén do thi ham s6 y = g(x) va tiép
xtic v6i dd thi ham y = g(x) tai diém c6 hoanh do xo. Viéc tim ham g(z) nhu trén duge goi la
phaong phdp duong cong tiép ziic.

Dinh 1y sau day cho ta mot diéu kién du dé bat dang thic (1) ding.

Ngoai ra, c6 thé thiy ring, néu chon f 1a ham 18, [(z) = = vh ¢ =

Dinh ly 1. Cho f val la cdc ham s6 zdc dinh trén khodng md 1. Gid s rang cdc ham s6 f va
l khd vi tai diém zo € I. Dat

- {0 khi U (z0) = 0,

"z . , m
]lc’((;r(?)) khi l/(l'o) # 0,

= f(zo) — kl(zo).

Néu vdi moi x € I ta luon cé f(z) > k.0(x) +m thi bat dang thic (1) la ding cho ham sé f tai
Zo.

Chiing minh. Tit gia thiét ta co

f(xi) > ) (kl(z;) +m)
1 i=1
k Y l(x;) + mn
j=1
kl(zo) +m) = nf(xg),

J

<

I
S

diéu nay kéo theo bat déng thitc (1). O

Ciing theo Dinh 1y 1, bat déng thiic Jensen la ding tai diém xo v6i mot ham f bét ki c6 thé
16i hoac khong 161, nhung c6 do thi nam trén tiép tuyén tai diém .

Vay dé sit dung phuong phap nay. Ta sé tim ham g(z) = ki(x) + m sao cho bat ding thiic
(1) diing. Truong hop nay do thi ham y = g(z) sé tiép xtc v6i do thi ham y = f(z) tai diém .
Sau day 1a mot s6 vi du ap dung va cac bai tap tuong tu dé thiy su wu viet ctia phuong phap
trén.
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Vidu 1. (]2]) Cho a,b,c,d, e la cac s6 khong am thoa méan

1+1+1+1+1
44a 4+b 4+c¢c 44+d 4d+e

Chiing minh rang

a_i_b_i_c+d+e<1 )
d4a2 4402 442 44d2 4427

Chitng minh. Xét ham sb

T k

f(z) = m,

. 4 .
voi x > 0 va cac s0 k va m thoa man f(1) = g(1), f/(1) = ¢'(1). Suy ra k = =3, m = £ Vi bat

déng thic
T 4 3
< Z_
4422 -5 44z

tuong duong véi bat ding thic
(x—1)*(x+1)>0

nén né x > 0. Ta c¢6 thé quan sat diéu nay thong qua hinh vé sau

F

v

g y=g(x)

051
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T do6 suy ra
a b c d e
4+a2+4+62+4+62+4+d2+4+62
<4—3<1+1+1+1+1):1.
- 44a 44+b 4+c 44+4d 4+e
Bat ding thic nay cho ta bat diing thic can ching minh. O

2 Mot sé bai toan ap dung

Bai 1. [3] Cho a,b,c va d 1a cac s6 thuyc duong théa man a? + b? + ¢ + d? = 1. Chitng minh
rang

Vi—a+Vi—b+Vi—c+Vi—d>Va+Vo+ e+ V.
Chitng minh. Xét ham s6 f(r) = V1 —x — \/z, g(x) = kx® + m v6i x € (0,1). Cha ¥ ring véi

e ) 1 1
a=b=c=d= 7 thi bit ding thic trd thanh ding thic. Ta tim k,m théa man f(§> - g(§>

G f’(%) = g’(%). Suy ra k, m théa man hé phuong trinh
k
0 =1 +m
-2 =k
Suy ra g(z) = —v/2 <:c2 — le)
Ta chting minh rang v6i moi z € (0, 1)
\/1x\/§z\/§<x21>. (3)
That vay, bat ding thitc (3) tuong duong véi
1—2x S (1 —2x)(1+ 22)
Vi—z+x ~ 2v2
L2V () (Ta b VE)
2V2(v1 -z — /x) B
1-2z
& (1 - 2z) (2[—(1+2x) <m+2\/§>> >0
2¢ — 1
& (1-22) (m(l +21) +2(V2 - f—%ﬁ)) >0
22 — 1
& (1-22) (m(l +22) + 2(1 — V22)(V2x + Va + ﬂ)) >0
2 (1++2z)(1 + 27)
& (1-v22)2(1+V22) (2(\/§:c+\/5+\f2)— NETEW > >0

o (1-v20)2(1 + v27) (2(\/533 VT V2V — 7+ V2T - 1) >0,
bat ding thiic cubi ding véi moi x € (0,1) vi

V2(WT =2 +Vo) > V2Vl -z +ax=v2>1.

http://jst.tnu.edu.vn 280 Email: jst@tnu.edu.vn



TNU Journal of Science and Technology 226(07): 277 - 285

Vay bat déng thitc (3) dang. Ap dung véi = bang a,b, ¢, d ta dugc
VI—a+V1I-b+VI—c+VI—d—+a—Vb—+ec—-Vd

> V22 + 02+ +d?—1)=0.

Tit d6 ta c6 diéu phai chiing minh. O

Bai 2. (Chetkovski, 2012: 187, bai todn 37) Cho a,b va ¢ 1a cac s6 thuc duong thoa méan abe > 1.
Chting minh rang
a — ) (c —.
a+1 b+1 c+1/ = 8

. 1 .
Chitng minh. Xét cac ham s6 f(z) = = + 12 g(x) = ka™ v6i x > 0. Cha ¥y rang véi
x
a = b = ¢ = 1 thi bat ddng thitc trd thanh ding thitc vi vay ta tim k,m théa man f(1) =
3 1
g(1), f'(1) = ¢'(1). Suy ra k = 2 vam = 7

il

¥

=

wh

e

[
"FH

13 2 2i5 3i3

Ta ching minh f(z) > g(z) v6i moi x > 0. Thay vay

3; 2
> = —1)3(2 2) > 0.
1+x72x2<:>(\/§ )2z ++Vz+2)>0

T+
Bat ding thic sau ding v6i moi z > 0. Ap dung véi z bing a, b, ¢ ta duge

<a+ ! )(b+i>(c+ ! )2%@2%.

a+1 b+1 c+1

Bét déng thiic duge chitng minh. O
Bai 3. [3] Cho a,b va ¢ la cac s6 thyc duong théoa man ab + be + ca = 3. Chiing minh rang

(a” —a* +3)(b° —b* +3)(c* — c+3) > 27.
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Chatng minh. Xét cac ham s6 fi(z) = 27 — a* + 3, fo(z) = 2° — b® + 3, f3(x) = 2* — 22 + 3,
g1(x) = k12% + mq, g2(x) = ko + ma, g3(x) = ksx® + mg v6i x > 0. Chi y réng v6i a =
b = ¢ = 1 thi bat déng thic tréd thanh ding thic. Ta chon cac ki, m1, ka2, mo, k3, m3 thda man
fi(1) = gi(1), fI(1) = gi(1) v6ii=1,2,3. T f;(1) = 3 va f/(1) = 3 ta suy ra
g1(z) = go(2) = g3(x) = 23 + 2.
Tit cAc bat dang thite (x — 1)%(22 + 2+ 1) > 0va (z — 1)}(22 + 2 + 1)(z + 1) > 0 ding v6i moi
x > 0 ta suy ra bat déng thic sau la ding
2l — 2?4 3> — 43>t —x+3>2°+2

Mait khac ta cé
(a+b+c)? > 3(ab+ be + ca),

suy ra
(" —a* +3)° - +3)(c' —c+3) > (®+2)(® +2)( +2)
=@+ 1P+ 1P+ + )P+ 1P+ ) > (a+b+c)?
> (3(ab + bc + ca))% = 27.
Bét dang thiic duge ching minh. O

Bai 4. [3] Cho a,b va ¢ 1a céc s6 thuyc duong théa méan ab + be + ca = 3. Chitng minh rang
(" —a® +3)(° = b? +3)(c* —c+3) > 27.

Chitng minh. Xét cac ham s6 fi(z) = 27 — a* + 3, fo(x) = 2° — b* + 3, f3(v) = 2* — 22 + 3,
g1(x) = k2% + mq1, g2(x) = koa® + ma, g3(x) = k3x® + m3 v6i 2 > 0. Chi y réng véi a =
b = c = 1 thi bat ding thic tré thanh dang thic. Ta chon cac ki, m1, ko, ma, k3, m3 thoéa man
fi(1) = gi(1), fI(1) = gi(1) v6ii=1,2,3. Tu f;(1) =3 va f/(1) = 3 ta suy ra
g1(x) = ga(x) = g3(x) = 2° + 2.
Tit cac bat dang thiic (z — 1)2(2?2 + 2 +1) > 0 va (z — 1)%(2? + 2+ 1)(z + 1) > 0 ding véi moi
x > 0 ta suy ra bat ding thitc sau la dung
243> -2 +3>2t —x+3>2%+2.

Mat khéac ta co
(a+b4c)* > 3(ab+ be + ca),

suy ra
(a” —a* +3)(0° —* +3)(c* —c+3) > (a®> +2)(B> + 2)( + 2)
=@+ P+ +P+ 1)+ 13+ S3) > (a+b+ )
> (3(ab + be + ca))? = 27.
Bat dang thic duge ching minh. O

Bai 5. [3] Cho a,b va ¢ 1a cac s6 thye duong théa man a3 + b3 + ¢5 = 3. Ching minh riing

a2+b2+022a%+b%+c%.

http://jst.tnu.edu.vn 282 Email: jst@tnu.edu.vn



TNU Journal of Science and Technology

226(07): 277 - 285

Chitng minh. Xét f(z) = 22 — 23, g(z) = kx*/3 + m, v6i x € (0,V/9). Chit ¥ rhng v6i a = b =
¢ = 1 thi bat ding thitc tré thanh ding thitc. Ta chon k vim théa man f(1) = g(1), /(1) = ¢'(1).

Suy ra k= 1,m = —1, g(z) = 23 — 1.

Vi bat ding thic 22 — 2%/? > 22/3 — 1 tuong duong véi (/3 —

déng thitc ding. T dé ta co

1)2(z%? +1) > 0, suy ra bét

A+ =By oM > B 2B 3 =0.

Bat ding thic dugce ching minh.

Bai 6. [4] Cho a,b,c va d 1a cac s6 thyc khong am. Chiing minh réng

a b c d

4

m+@+ﬂ+§+ﬁ+ﬁ+ﬂ+&+m

Chaing minh. Theo bat ding thic Cauchy- Schwarz, ta c6

+a2+62+02

Ta+btctd

a b c d
<@+§+ﬁ+&+ﬁ+ﬁ+ﬁ+ﬁ+@+ﬁ+@+

c2

>m+b+c+®

\/ > \/ 7 \/ -
>
- Pict@ Ver@ta VEra+e '

Voo
aZ+b2+c2 )
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Do dé, ta chi can chitng minh bat dang thic

> 2.
PrerE Vererae Vearare Verrra® @

Vi day la bat ding thiic thuan nhit nén khong mat tinh téng quat ta gia st a® 4+ b2 42 +d? = 4.
Khi d6 bat dang thitc (4) duge viét lai thanh

a b c d
+ + + > 2.
Vai—a? VA-1? VA-c2 VA-d?
x
Xét ham sb f(z) = ———, g(z) = kz’+m véiz € [0,2). Chuyring véia =b=v2,c=d =0
f(@) i 9(x) [0,2) y rang
thi bat ding thic tré thanh ding thic. Ta chon céc s6 k,m théa man f(0) = f£(0), f(v/2) =
1 z?
g(\/i)mfl(\/i) = g,(\/i) Suy ra k = §7m = 07 g(LU) = ?
F 9
v

51
V6i moi x € [0,2) ta c6 bat dang thiic L > x—z ding vi n6 tuong duong véi 22 (22 —2)% > 0.
v } 4 — :L‘2 = 2 el
Ap dung vé6i z bang a, b, ¢, d ta duge
a b c d a? +b% + 2 + &
+ + + > =2
Vi—a? VA-0 Vi-¢ Vi-d& 2

Bat ding thic dugce ching minh. O
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3 Két luan

Trong bai béo nay, bang viéc st dung bat ding thirc Jensen suy rong, chung t6i di dua ra
mot phuong phap mai dé chirg minh mot sé 16p cac bai toan bat dang thuc vai diéu kién cho
truéc khong tuyén tinh. Do 1a phuong phap dung duong cong tiép xic. Pay 1a phuwong phap
tong quat cua phuong phép tiép tuyén di duoc dua ra trude do trong [6] va [7].
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