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Annulus

Recently, several uniqueness theorems for holomorphic curves on an
annulus have been published. For example, in 2013, H. T. Phuong and
T. H. Minh given two uniqueness results with hyperplanes in general
position. In 2021, H. T. Phuong and L. Vilaisavanh proved some
uniqueness theorems for the holomorphic mappings on an annulus
sharing hypersurfaces in general position or hypersurfaces in general
position for Veronese embedding. In this paper, we consider the same
problem in the case of hypersurfaces in general position by using the
second main theorem for holomorphic curves on an annulus with
hypersurfaces. The main result of the paper is Theorem 1, which gives
us an algebraic condition so that two holomorphic curves on an
annulus are equal. The main technique in the paper is based on a form
of the second fundamental theorem for holomorphic curve on an
annulus with target being hypersurfaces and some other techniques in
Nevanlinna-Cartan theory.
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TU KHOA

buong cong chinh hinh

Ly thuyét Nevanlinna-Cartan
Dinh 1y duy nhat

Vén d& duy nhét

Hinh vanh khuyén

Thoi gian gan day, mot s6 két qua nghién ctu vé dinh 1y duy nhat cho
duodng cong chinh hinh trén hinh vanh khuyén da duoc cong bd. Chang
han, ndm 2013, H. T. Phuong va T. H. Minh céng b hai dang dinh 1y duy
nhat v6i muyc tiéu 1a cac siéu phang & vi tri tong quat. Nam 2021, H. T.
Phuong va L. Vilaisavanh cong bd cac két qua cho trudng hop cac siéu mat
& vi tri tong quat d6i v6i phép nhiing Veronese. Trong bai bao ndy, ching
t6i s& nghién ctru Vin dé tuong tu cho trudng hop cac siéu mat & vi tri tong
quét bang viéc sir dung mot dang dinh 1y co ban thi hai cho trudong hop
muc tiéu 1a cac siéu mat. Két qua chinh cua bai bao 1a Pinh 1y 1, cho chung
ta mot diéu kién dai s6 dé hai duong cong chinh hinh trén mot hinh khuyén
bang nhau. K thuat chinh trong bai béo dua trén mot dang cua dinh 1y co
ban thtr hai cho duong cong chinh hinh trén hinh khuyén véi muc tiéu la
cac siéu mat va mot sb ki thuat khac trong 1y thuyét Nevanlinna-Cartan.
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1. Introduction

The uniqueness problem for holomorphic curves is attracted by many authors and
there have been some results published. In 1975, H. Fujimoto (see [1]) proved a unique-
ness theorem for meromorphic mapping with hyperplanes in general position, which is
a improvement of Nevanlinna’s Five-Value Theorem to the case of meromorphic map-
pings of C™ into P"(C). Since that time, this problem has been studied intensively.
For examples: H. Fujimoto (see [2]), Y. Chen and Q. Yan (|3]), G. Dethloff and T. V.
Tan ([4]), H. T. Phuong and T. H. Minh ([5]), H. T. Phuong and L. Vilaisavanh (|6]),
and more. In this paper, we give a uniqueness result for algebraically non-degenerate
holomorphic curves on an annulus sharing sufficiently many hypersurfaces. First of
all, we introduce some notations.

Let Rg > 1 be a fixed positive real number or +o00, set

A={zeC: L <|2 <R},
Ry

be an annulus in C.

Let f=(fo: - : fu): A — P*(C) be a holomorphic curve, here f = (fy,..., fn)
is a reduced representative of f, namely fy,..., f, are holomorphic functions and
without common zeros on A. For 1 < r < Ry, characteristic function T¢(r) of f is
defined by

21 27
1 , 1 ,
5(r) = 5= [ og lFre")db -+ 5= [ og 7 e") o,
0 0
where || f(2)|| = max{|fo(2)], ..., |fa(2)|}. The above definition is independent, up to
an additive constant, of the choice of the reduced representation of f. And we set
O(logr +log Ty(r)) if Ry = 400
Oy(r) = 1 :
' O(log +logT¢(r)) if Ry < +o0.
R() - T
Let D be a hypersurface in P"(C) of degree d and @ is the homogeneous polynomial
in Clzg, ..., z,] of degree d defining D. Assume
nq
Q(20y---y2n) = Z ARz .. 2k
k=0
where ny = (”:d) —1and iy + -+ + i, = dfor k =0,...,ng then we denote by
a = (ag,...,a,,) the vector associated with D (or with Q). And we set

E4(D):={z€C|Q(f)(z) =0 ignoring multiplicity }.
Now let D = {D;, ..., D,} be a collection of arbitrary hypersurfaces and @), be the

homogeneous polynomial in Clz,...,z,] of degree d; defining D, for j = 1,...,q.
Let dp is the least common multiple of the d;, 7 =1,...,¢ and denote
(n + dD>
np = — 1.
n
2
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We set Q= Q?D/dj, J=1,...,q,and let a] is the vector associated with (). We recall

that the collection of hypersurfaces D is said to be in general position for Veronese

embedding if ¢ > np and for any distinct i1,...,9,,+1 € {1,...,q}, the vectors
aj,. .. ,aanH are linearly independent. The collection D is said to be in general
n+1

position if ¢ > n and for any distinct iy,...,9,41 € {1,...,¢}, () supp(D;,) = 0.
k=1

And we denote
E;(D) = | Ex(D).
DeD

In 2021, H. T. Phuong and L. Vilaisavanh (|6]) proved:

Theorem A. Let f and g be algebraically non-degenerate holomorphic curves
from A into P"(C) such that Op(r) = o(Ty(r)) and Oy4(r) = o(T,(r)). Let D =
{D,...,D,} be a collection of ¢ > np+1+2n}/dp hypersurfaces in general position
for Veronese embedding in P"(C) such that f(z) = g(z) for all 2 € E4(D) U E (D).
Then f=g.

Our idea here is to consider this problem in the case of hypersurfaces in general
position. Out results are stated as following:

Theorem 1 (Main theorem). Let f and g be algebraically non-degenerate holo-
morphic curves from A into P*(C) such that Os(r) = o(T¢(r)) and Oy(r) = o(T,(r)).
If there exist a collection D = {Ds,..., Dy} of ¢ > np + 14 2nnp/dp hypersurfaces
in general position in P"(C) such that f(2) = g(2) for all 2 € E;(D) U E (D). Then
f=g.

We know that Theorem 1 gives some uniqueness conditions for algebraically non-
degenerate holomorphic maps on an annulus. Note that, the number of necessary
hypersurfaces in our result is less than in Theorem A.

2. Some preparations

In this section, we introduce some notations and recall some results in Nevanlinna
theory for meromorphic functions and holomorphic curves on annulus, which are
necessary for proof of the our main result.

For any real number r such that 1 < r < Ry, we denote

ALT:{ZGC:%<|2]<1}, A27TI{Z€C:1<|Z|<T},
Ar:{ZE(CZ%<|Z|<7’}.

Let f be a meromorphic function on A, ¢ € C, we denote

27 27
1 i 1 1 1
mir.£) = 5= [ 10" e la i ) = = [[lox” et
0 0

Let
mo(r, f) = m(r, ) +m(r~', f),
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and | | |
7 c) = m(r, ﬁ) +m(r, i

1 1
Denote by n; (r, f—> the number of zeros of f —c in Ay,, no (7’, f—) the

—c —c
number of zeros of f —cin Ay,, ny(r,00) the number of poles in A, and ny(r, co)
the number of poles of f in Ay,. Put

1 r
1 nl(tv fic) 1 nQ(ta fic)
N _ [0y N, _ [y,
1(r7f—6) / ¢ ) 2(r7f—0) / ¢ )
1

1/r

mo (Ta

).

and

T

Ni(r, f) = Ni(r, 00) = /@dt, Na(r, f) = No(r, c0) :/—”Q(tt’ ) gt
/T

[y

1

1 1 1
Mo <“ f——c) = (“ ﬁ) R (“ ﬁ)

No(r, f) = Nu(r, f) + Na(r, f).

Set

The function
To(r, f) = mo(r, f) + No(r, f) — 2m(L, f)
is called the Nevanlinna characteristic of f.
Lemma 2.1. ([7]) Let f be a nonconstant meromorphic function on A. Then for any
r € (1, Ry), we have

2 21

Mo 7) = Malr ) = o [togltrea + 5 [og e s
0 0

_ l/1og|f(ei0>|de.

™
0

Let f=(fo:--: fn): A = P*(C) be a holomorphic curve on A, where fy,..., f,
be holomorphic functions and without common zeros on A. Let D be a hypersurface
in P*(C) of degree d and let @ is the homogeneous polynomial of degree d defining
D. Let ny ¢(r, D) be the number of zeros of Q(f) in Ay ,, ng s(r, D) be the number
of zeros of Q(f) in A, ,, counting multiplicity. The integrated counting functions are
defined by

1
Nuy(r, D) = / wdt, Noj(r, D) = / %dt,
-1

and we set
Nf(T, D) = N17f(’r’, D) —|— Ngj(’l“,D).
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Let a be a positive integer, we denote by nf ;(r, D) the number of zeros with
multiplicity truncated by a of Q(f) in Ay, ng ;(r, D) be the number of zeros of Q(f)
in Ay, where any zero is counted with multiplicity if its multiplicity is less than or
equal to o, and « times otherwise. The integrated truncated counting functions are
defined by

1 r
ng n (t, D
N{(r, D) / f t, Ng,(r, D) :/—Qvf(t )dt,

1
and we set
N§(r, D) = Ni'4(r, D) + Ny 4(r, D).

Lemma 2.2. ([6]) Let D be a hypersurface in P*(C) of degree d and f = (fy:---:
fn) : A = P*(C) be a holomorphic curve whose image is not contained D. Then we
have for any 1 < r < Ry,

mys(r, D) 4+ N¢(r, D) = dT¢(r) + O(1).

In 2023, H. T. Phuong and I. Padaphet proved
Lemma 2.3. Let [ : A — P"(C) be an algebraically non-degenerate holomorphic
curve, and let D;,1 < j < q, be hypersurfaces in P*(C) of degree d; in general
position. Let d is the least common multiple of the d; and set M = (":d) — 1. Then
foranyl <r < Ry and g > M + 1, we have

I (¢g—M—1)Ty(r) Z Nf (r, Dj) + Oy(r).

3. Proof of Theorem 1

Assume for the sake contradiction that f # g. Let (fo,..., f.) and (9o, .-, 9n)
are reduced representations of f and g, respectively. Let @);,1 < j < g, be the
homogeneous polynomials in C[z, . .., 2, of degree d; defining D,. Of course we may
assume that ¢ > np+1. Forany j = 1,2,...,q, weset Q} = Q?D/dj so that Q7 ..., Q
have a same degree of dp. Let Dj is hypersurface defining by @} for j = 1,...,q.
Applying Lemma 2.3 to holomorphic map f : A — P*(C) and the polynomials

D3, j=1,...,q, we have
I (¢ —np—1)Ty(r) ZNnDTD>+Of()

q
n *
<2 NH D)) + Os(r). (1)
j=1
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And similarly for g we get
q
np %
I (g =np = DT,(r) < - > Ny (r, D}) + Oy(r). (2)
—

Summing up both sides of (1) and (2), we get

I Z—Z(q —np = D(Ty(r) + Ty(r)) = (Of(r) + Oy(r))

Z N}(r,D;) + N)(r, D})). (3)

Since f # g, so there exist two numbers o, € {0,...,n}, a # [ such that
fagﬁ ¢ fﬁga- We set
¢ = fagﬁ - fﬁga-
Now for any z € A, easy to see that
log |®(2)| < log || f(2)[| +log [|g(2)]| 4 log 2.

So from Lemma 2.1 we have for any r : 1 < r < Ry,
2T 2

1 . 1 0 1 —1 160
N0<r,q)> _ ZW/log]@(re 6+ /10g|<I>(r ¢)|d6

—/long re)||d6 + —/long ¢ do

i i —1 160
+ 27T/log”g re’ )||d0—|— 27T/log”g r—te)||do + O(1).
0 0

=Ty(r) + T,(r) + O(1). (4)

Now for any j € {1,...,q}, let 2y € A is a zero of Q;(f), from definition of @7, we

get 2o is a zero of Q;(f), so zyp € E;(D) U Ey4(D). This implies that ¢g(zy) = f(20),
and hence

fa(20)95(20) = f5(20)9a(20),

namely zq is a zero of ®. This implies that

ve(z0) = min{l, vg:(s)(20)}- (5)
Note from hypothesis that D are in general position, there exist at most n hypersur-
faces D} such that Q7(f)(z0) = 0. Then from (5), we have

q
. 1
ZN}(T, D7) < nlNy (r, 5)
=1

Combining the above inequality with (4), we have

Z Ny (r, D7) < n(Ty(r) + Ty(r)) + O(1).
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Similarly for g we have
q
SN, D) < nl(Ty(r) + T,(r) + O(1).
j=1

Summing up both sides of two above inequalities, we get
q

> (N}, D) + Ny (r, D3)) < 2n(Ty(r) + Ty(r)) + O(1). (6)

i=1

We now combine (6) and (3), we have
| %2g — o~ DTY(r) + Ty(r) — (O5(r) + Oy(r)

D
< 2n(T(r) + T,(r)) + O(1).
This implies that

2nn O¢(r) +O,4(r) +O(1
| (gnp 1 2mD)  Osl) +0,() + O(),
dp Ty(r) + Ty(r)
Letting r — oo we have
2
q_nD_]-_ ks <07
dp
2
this is a contradiction with ¢ > np +1 + "D Hence f=g.
D

4. Conclusion

In this paper, we have stated and proved a new result about uniqueness theorem
for holomorphic curves from an annulus into a complex projective space in the case
of hypersurfaces in general position. Note that, when the hypersurfaces in Theorem
1 are hyperplanes then np = n, d = 1 and ¢ > n + 1 + 2n?, so Theorem 1 will get
back the previously result for the hyperplanes.
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