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The structure of idempotent triangular matrices with elements on the
main diagonal being 0 or 1 over a commutative ring has been fully
described by Xin Hou (2021). These results have also been
generalized by Stephen E. Wright (2022) when studying the structure
of idempotent triangular matrices over the general rings. Furthermore,
Stephen E. Wright (2022) has provided formulas for calculating the
number of matrices of this type within finite rings. In this paper, we
investigate the characteristic properties of idempotent triangular
matrices over commutative semirings and describe the structure of
such matrices in cases where the entries on their main diagonal are
pairwise orthogonal idempotent elements. Simultaneously, we
proceed to compute the number of idempotent triangular matrices
with entries on the main diagonal being 0 or 1 when the
corresponding semirings are commutative, additively idempotent, and
have a finite number of elements.
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TU KHOA

Vanh

Ntra vanh

Ma tran tam giac
Ma tran lity dang
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Cau tric ctia cac ma tran tam giac liiy dang c6 cac phan tur trén duong
chéo chinh 4 0 hodc 1 trén vanh giao hoan da dugc Xin Hou (2021) md
ta ddy du. Cac két qua nay ciing da dwoc tong quét hda boi Stephen E.
Wright (2022) khi nghién ctu cau tric cua cac ma tran tam giac liy
dang trén vanh téng quat. Hon nita, Stephen E. Wright (2022) da cung
cap céc cong thirc tinh s6 ma tran dang nay d6i voi cac vanh hiru han.
Trong bai bao nay, ching tdi khao sat cac tinh chat dic trung cia cac
ma tran tam giac lily dang trén nira vanh giao hoan va mé ta cau trdc
ctia cic ma tran dang nay trong truong hop cac phan tir trén duong chéo
chinh cua chdng 1 cac phan tir lity dang truc giao ting doi mot. Pong
thoi chdng t6i tién hanh tinh todn s6 cc ma tran tam giac lily dang c6
céc phan tir trén duong chéo chinh 12 0 hoac 1 khi c4c nira vanh tuong
tmg 1a giao hoan, lity dang cong va c6 hitu han phan tu.

DOI: https://doi.org/10.34238/tnu-jst.8971

Email: hachicong@tckt.edu.vn

http://jst.tnu.edu.vn

57 Email: jst@tnu.edu.vn


https://doi.org/10.34238/tnu-jst.8971

TNU Journal of Science and Technology 229(06): 57 - 64

1. Introduction

Studying the structure of idempotent triangular matrices over rings plays a crucial role in
algebra, the structure of idempotent triangular matrices over rings has been fully described in [1]
and [2]. In [1], Xin Hou provided a formula for calculating the number of idempotent triangular
matrices over a commutative ring with elements 0 or 1 on the main diagonal. The results of Xin
Hou were generalized by Stephen E. Wright (see [2]) for idempotent triangular matrices over
both commutative and noncommutative rings.

In recent times, along with the strong development of the semiring theory [3], the study of the
structure of idempotent matrices on specific classes of semirings has also gained attention, for
example, the semiring of non-negative real numbers, boolean algebra, chain semiring, tropical
semiring and other semirings (see [4] - [8]). However, there are not many results on the structure
of idempotent triangular matrices over general semirings. In this article, we aim to describe the
structure of idempotent triangular matrices on commutative semirings, we will investigate
idempotent triangular matrices with elements on the main diagonal being 0 or 1, and calculating
the number of such matrices on finite semirings that are commutative and additively idempotent.

2. Preliminaries

A Semiring [3] is a set R equipped two binary operations addition (+) and multiplication (.)
such that (R,+) is a commutative monoid with identity element 0, (R,.) is a monoid with

identity element 1, multiplication distributes on both sides with addition and 0.s=s.0=0,VseR.

A semiring R is commutative if ab=b.a,Va,beR; R is said to be zerosumfree if
a+b=0=a=b=0,Va,beR ;R is additively idempotent if a+a=a,vaeR. Notice that if R is
additively idempotent then it is zerosumfree. Indeed, if X,yeR such that x+y=0 then
X=X+0=x+X+y=x+Yy=0 and therefore y=0. Let R be a semiring that is commutative and
additively idempotent, we equip R with a binary relation " <" (see [7]) as follows: Let r,teR.
If r+t=t then we write r <t. Then, "<" is a partial ordering. Note that if a<b then we can
write b>a forall a,beR, if a<b and a=b then we can write a<b or b>a. It is easy to
see that a>b,VaeRif and only if b=0. Let R be a semiring, an element a <R is additively

invertible if there exists an element b e R such that a+b=0, the element b is denoted by —a.
The set of all additively invertible elements in R is denoted by V(R).

In this paper, the set of all mxn matrices over semiring R is denoted by men(R) and
M, (R) if m=n;the (i, j) entry of amatrix A, €M (R) isdenoted by a; or a, ;. Recall [8]
that a matrix AeM, (R) is called invertible if there exists a matrix BeM, (R) such that
AB=B.A=1,, the matrix B is called inverse of A and denoted by A™. We denote by GL, (R)the
set of all invertible matrices in M, (R). A matrix Ae M, (R) is called idempotent if A>=A. A
matrix B =(bu. ) eM, (R) is called (upper) triangular matrix if b; =0,V 1< j<i<n, the set of all
triangular matrices in M, (R) is denoted by TM,(R); let ABeM_ (R), if there exist
PeGL,(R),QeGL,(R) such that A=PBQ then we say that A and B are equivalent; for any

matrix A=(a;)eM, (R), we denote by ALz(an);Azz(:“ 2122J;...;A1=A the principal
21 2
submatrices of A.

Proposition 2.1 ([8, Lemma 2.1]). Let R be a semiring, if seV(R) then
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rs,sreV(R),vreR.

Proposition 2.2 ([8, Lemma 2.2]). If A:(aij)eMn(R) is invertible on the commutative
semiring R then a, &, ,a,a, €V (R) forall i, j,k e{1,...n} with i = j.
3. Main results

In this section, we establish several characteristic properties of idempotent triangular matrices
over semirings which are commutative and additively idempotent, and calculate the number of
such matrices in case of finite semirings.

Proposition 3.1. Let R be a semiring, AeM, (R),DeM_(R),BeM,  (R). If the block

A B
matrix [0 D] is idempotent then A and D are also idempotent matrices.

A BY (A B)YA B) (A* AB+BD . A B) .
Proof. We have = = , since is
0 D 0 D/NO D 0 D? 0 D
idempotent, hence, A>=A and D* =D . So, A and D are idempotent matrices. o
From Proposition 3.1, we easily obtain the following results:

Corollary 3.2. Let R be a commutative semiring and AeTMn(R) . Then A is idempotent if
and only if all principal submatrices of A are idempotent.

Remark 3.3. If A=(a;)eTM, (R) is idempotent then a; =a;,vi=1,...n.

Proposition 3.4. Let R be a commutative semiring and A:(aij ) eTM, (R) is an idempotent
matrix. If a; =0,Vi=1,...,n then A=(0).

Theorem 3.5. Let R be a commutative semiring. Then, the following statements are
equivalent:

i) For every idempotent triangular matrix AeTMn(R) whose main diagonal has k entries
equal to 1, and the rest equal to 0 (0 <k <n), there exist invertible matrices U,V e GL, (R) such

I, O ) o .
that VAU =[ Ok B]’ where all entries of the main diagonal of matrix B are equal to O;
ii) Ris aring.

L . 1 a L .
Proof. i=ii: For any aeR, the matrix Az[o OJ satisfies A?=A. Hence, A is

10
idempotent. Thus, there exist invertible matrices U,V eGLz(R) such that VAU :(O Oj' This

10 b ¢ s t
implies that A=V U™ Suppose that U= V= , we have
00 d e u v
1 b = b
a = S0 sC , this follows that 5¢ a. Since the matrix U™ = ¢ is invertible,
00 ub uc sh=1 d e

hence, bc eV(R) (by Proposition 2.2). Therefore, there exists g R such that g+bc=0, this
follows that sq+sbc=sq+c=0 (because sb=1) , and so, ceV(R). By Proposition 2.1,
a=sceV(R).Thus, Risaring.
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il =1i: Suppose that R is a ring and A:(aij)eTMn(R) is an idempotent matrix whose main

diagonal has k entries equal to 1, and the rest equal to 0 (O<k <n). Then, by using elementary
operations on matrix A as follows: If a; =1, multiply the entries in the i-th row by —a; (I <i)

and add to the I-th row; multiply the entries in the i-th column by —a, (t > i) and add to the t-th
column. Afterward, rearrange the rows and columns of the resulting matrix to obtain a matrix

I

equivalent to A in the form
O Bn—k

J, where all entries of the main diagonal of matrix B are

equalto 0. O

Lemma 3.6. Let R be a commutative semiring, and A=(a;)eTM,(R),n=4 be an
idempotent matrix satisfying the condition a;a; =0 for all i, je{12,..,n} with i= j. Then,

a,a,a, =0 forall i,k,1,pe{l..,n} withi<k<l<p.

Proof. If n=4 then Qy, =38, ta,a, =a, (a11 + azz) 1 By = 883 + 8,385 = 8y (azz + ass) ,

Ay = g8, T 85,8y, =8y (a33 + a44) and 81,8,38,, =8,,8,39,, (311 +a'22)(azz +a33)(a33 +a44) =0
(because a;a; =0,Vi= j). Assume the Lemma holds for n=k (k 24). For any matrix

B
A=(a;)eTM,,,(R), A s idempotent, we rewrite the matrix A in the form A= [Ak j or

a‘k +1,k+1

C
A:(aél 5 j By Proposition 3.1, A, D, eTM, (R) are idempotent matrices. Put r =a,,3,,a,,
k

with 1<l <m<qg< p<k+1, we have
o If p<k+1then r=a a a, =0 (because a,,a,,.a, areentriesof A eTM, (R)).
o If I>1then r=a,a a, =0 (because a,,a,,,a, areentries of D, eTM, (R)).

o If 1=1 and p=k+1 then r=a,a a,.. We have a,=a,(a,+a,,)+D a,a,,

Kk
811 = 8g 1 (g T Bagens ) T D, By - This follows that
t=g+1

k
r= a1ma'mqa‘q,k+1 (all + amm )(aqq + ak+l,k+l) + (all + a‘mm )[ Z almamqaqtat,kﬂJ

t=g+1

m—-1 m-1 Kk
+(aqq + ak+l,k+1)(Zaihahmamqaq,kﬂj + Z Z alhahmamqaqtat,k+1'
h=2

h=2t=q+1

Since a;a; =0,Vi# j and a,,8,,8y8 1.1 =0, 88n8a8gu01 =0 8888y 8y, =0 forall
h,m,q,te{2,...k} with h<m<q<t, hence, r=0. 0

Lemma 3.7. Let R be a commutative semiring, and Az(aij)eTMn(R),n23 be an
idempotent matrix satisfying the condition a;a; =0 for all i, je{12,..,n} with i= j. Then,
Ay = 8namay forall Imke{1,...n} with l<m<k.

Proof. If n=3 then Ay, = 8,8, + 8,8, =8, (a11 + azz) 1 By = 8yl T 8x85 =8, (a'zz +a33)
and a,,8,; =a,8, (&, +a, )(a, +a5; ) =a,8,a,, (because a;a; =0,Vi= j). If n>4 then for
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any I,mkefl..n} with l<m<k, we have a,=3a,(3 +a,, Za,ta[m and

t=1+1
k-1
a‘mk = a‘mk (amm +akk)+ Z a‘msa‘sk ' thlS fOIIOWS that aimamk :aimamk (all +amm)(amm +akk)
s=m+1
m-1 k-1
a‘II + [Z a‘Ima‘ms skj A T Ay (Zana[m mkj+z z a‘Ita‘tm ms sk' By Lemma 36'
s=m+1 t=l+1 t=l+1s=m+1

a1ma"mk = aIma‘mk (ail +amm)(amm +akk)=almammamk (because a1Ia‘mm = a"mmakk :0) o
Theorem 3.8. Let R be a commutative semiring, and A:(aij)eTMn(R) be an idempotent

matrix satisfying the condition a;a; =0 for all i, j e{l, 2,...,n} with i# j. Then, A is described
by the following statements.
i) If n=1then A=(a,,) with a;, =a,,;

i) If n=2 then a =a,,i=12 and a, =a,(a, +a,);

iii) If n>3 then &’ =a,,i=1...,n and
a;(a;+a;),j=i+1

a = j—1 L Vi<i<j<n
a;(a; +ay )+ X ayaay, j>i+l

I=i+1
Proof. The Theorem is deduced from Remark 3.3 and Lemma 3.7. O
Consider now the structure of idempotent triangular matrices over semirings that are
commutative and additively idempotent.
Proposition 3.9. Let R be a finite semiring that is commutative and additively idempotent

with partial ordering "<", Az(aij)eTMn(R) be an idempotent matrix with
a; €{0,1},i=1...,n.

i) If n=1 then A=(a,,) where a, =0 or a, =1.

ii) If n>1 then entries a; (1<i<j<n) are chosen as follows: If a; +a;=0 then

0,j=i+1 .
. - ts _|+1 - - -

a; =14 o ;if a; +a; =1 then a, ={ J_ . , Where t is arbitrarily chosen from
> aay, j>i+l j>i+

I=i+1
j-1
Rand meR suchthat m> > aa, .
I=i+1
Proof. In the case of n=1, it is obviously. If n>1, then for any i, je{1,...n} with i<j.If
. 0, a; +a; =0 )
j=i+1 then a;=aa; +aa; =a;(a;+a;)= . Thus, if a; +a;=1, the
j j % i i a,, &, +a, -1
corresponding  entry a; is arbitrarily chosen from R. If j>i+l the
j-1
> aa, a;+a; =0

-1
I=i+1
3, =4, (aii +a; ) +> a8, = o
I=i+1
a;+ Y aa, a +a; =1
I=i+1
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j-1 j-1
Thus, if a; +a; =1,then a; =a; + > a,3; <a; > > a3, . O
== =r)

Corollary 3.10. Let R be a finite semiring that is commutative and additively idempotent.
Then the total number of idempotent matrices Az(aij)eTMn(R) with a, e{O,l}, i=1..n and

8,;8; =0,Vi=# ] is equal to n|R|”7l +1, where |R| is the number of elements in R.

Proof. Since a, e{O,l}, i=1..n and a;8; =0,vi=j, hence, there is only one entry 1 on
the main diagonal of matrix A. If n=1 or n=2 then it is obviously, we only need to prove the
case for n>3 as follows:

e If @, =0, i=1..,n then A=(0) (by Proposition 3.4). (1)

o If &,=1 a,=0, i=2,...,n, then applying Theorem 3.8 and Proposition 3.9, we conclude

j-1
that a, can be chosen arbitrarily from R, and a;> Zai,a"a” =0, j=3,..,n (because
1=2

a11+ajj=1,j=2,...,n). This follows that alj,j=2,...,n are chosen arbitrarily from R.

Moreover, for —any i,je{2..,n} with i<]j, since a +a;=0, hence,
a; =133 . Thus, A= (1) , where entries of A&Ix(n—l) are chosen
> ayaya; =0,j>i+1 0 0

=i+l

arbitrarily from R, and so, there are |R|"_l ways to form matrix A.

)
o A
e If a, =14, =0, i=1..,n-1, then similarly, we obtain A:[ AX”'MJ , where entries of
0 1
A1 are chosen arbitrarily from R, and so, there are also IR|"" ways to form matrix A, (3)

o If a, =1 (1<k<n) and a, =0 forall Ie{1..,n} with 1=k, then forany i, je{l..,n}
with i< j, we have
-If 1<i< j<k or k<i<j<n,thenfrom a; +a; =0, we also have a; =0.

t,k=i+1
- If 1<i< j=k, then from a.+a, =1, we have a, =< . , Where t is arbitraril
J all akk alk {m, k i +1 y
k-1 k-1
chosen fromR and meR such that m> > a,a, = > a,a,a, =0. This follows that entries a,
I=i+1 I=i+1

are arbitrarily chosen from R.
- If k=i<j<n, then similarly, the entries a,; are also arbitrarily chosen from R.

-If 1<i<k<j<n then j>i+1. Since a; +a; =0, hence, by Theorem 3.8 and Proposition

j1 k-1 j1 O Buya BC

3.9, g =I_Zla“a|j :|-Zla"a” +ay8, +|;1ai,a,j =8 Thus, A=|0 1 C,, |, where
i . ' 0 0 0

matrices B =(a, - &.;,), C=(&4. ‘- a,) have entries chosen arbitrarily from R.
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This implies that there are (n—2)|R|"" ways to form matrix A, (4)
From (1), (2), (3), and (4), the total number of idempotent matrices A= (aij ) eTM, (R) with

a,€{0,1}, i=1..,n and a;a, =0,Vi= j isequal to n|R"" +1. O

Corollary 3.11. Let R be a finite semiring that is commutative and additively idempotent,
where |R| is the number of elements in R. Denote by NTEM/! (R) the number of idempotent
triangular matrices of order nxn over R, with k entries 0 and n—k entries 1 on the main

| n(n-1)
diagonal (0<k<n). If n=3 then NTEMﬁ(R)SﬁH 2 " ,v0<k<n-1, where
I(n—k)!
0,0<k<2
o = k! K>2 The equality sign holds if and only if k=n-1. In particular, if k=n
21k -2V

then NTEM[ (R)=1.
Proof. Assume that Az(aij)eTMn (R) is an idempotent matrix with k entries 0 and n—k

entries 1 on the main diagonal.
Case 1: If k=0, then a, +a;=LVI<i<j<n. By Proposition 3.9, we have
{t, j=i+1 it

.., Wwhere tis arbitrarily chosen from R and me R such that m> Z a,8; . This
m,j>i+1 I=is1

i
implies that the number of ways to choose the entries a; R (1<i< j<n) does not exceed

n(n-1) | n(n-1)
5 n: -5y

-——— IR
0l(n —O)!|

Case 2: If k=1, then matrix A has exactly one entry 0 on the main diagonal, thus there are n

ways to form the main diagonal of A. Furthermore, since a; +a; =1 v1<i< j<n, hence there

(n-1)
IR[ 2 . Therefore, NTEM,?(R)£|R|%

n(n-1)
are no more than |R| 2 ways to choose the entries a; €R (1si<jsn), and so,

n(n-1)

NTEM!(R)<n[R| z =

gt
1(n—1)!

j-1
Case 3: If 2<k<n-1, then g; = Zai,a,j (corresponding to a; +a; =0), so the number of
I=i+1
|
such entries a; of A is ﬁ This follows that there are no more than

n(n-1) k! n(n-1)
2

IR| 2z zc2r=|R| 2 * ways to choose the entries &, (L<i< j<n) of A corresponding to

k!(n;k)!

a; +a; =1. Moreover, there are ways to form the main diagonal of A. Thus

| n(n-1)

NTEM! (R)<— =[R2
kl(n—k)!

Now, if k=n-1, then matrix A has only one entry 1 on the main diagonal, so according to

Corollary ~ 3.10, NTEMn“’l(R)zn.|R|H. On the other hand, when k=n-1,
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n! n(n_l),()‘k M,M n—1 . .
—|R| 2 "= n.|R| 2 2(n-3) = n.|R| . Thus the equality sign holds.
k!(n—k)!
| n(n-1)
If there exists a natural number k (0<k <n-1) such that NTEM, (R)= ﬁw o
I(n—k)!

This is equivalent to every entry a; (1<i< j<n) corresponding to a; +a; =1 having |R| ways
to be chosen from R. Since 0<k <n-1, hence the main diagonal of A has at least two entries 1.
Suppose that a, =a,,,, =1 with 1<l <m<n.

- If m=1+1, since n>3, without loss of generality, assume |I+1<n. Then the entries
,,1,,1,,, Can be chosen arbitrarily from R (because a; +a,,,,,, =& ,5,,1 +8,,., =1). If we

choose a,,,=4a,,,,,=1, then the entry a  , satisfies the condition a,, ,>a .a,,,=1>0
(because a, +4a,,,,,, =1), this follows that the number of ways to choose the entry a,,, is less
than |R| (a contradiction).

- If m>l+1 then entries aq,,,a are chosen arbitrarily from R (because

m-1,m

Ay +a,41,, =1 ma +a,, =1). If we choose a,,, =a,,,=1, then the entry a, satisfies the

m-1
condition a,, >>Za,tatm. Furthermore, since a,, is chosen arbitrarily from R, hence,
t=I+1

m-1
Z a;a, =0 implies a ., ,=4a,,,=0, and so, a,,, has only one way to be chosen even

t=I+1

though a,,,,,, +a,, =1 (a contradiction). Thus the equality does not hold.
If k=n, then a; =0,Vi=1,...,n. Hence, A=(0) ,and thus, NTEM, (R)=1. O

4. Conclusion

The paper has provided some properties of idempotent triangular matrices over commutative
semirings, as shown in Proposition 3.1, Corollary 3.2, Proposition 3.4, and Theorem 3.5. We
have described the structure of such matrices, where the entries on their main diagonal are
pairwise orthogonal idempotent elements, as shown in Lemma 3.6, Lemma 3.7 and Theorem 3.8.
Additionally, we have calculated the number of idempotent triangular matrices with entries on
the main diagonal being O or 1 on finite semirings that are commutative and additively
idempotent, as presented in Proposition 3.9, Corollary 3.10, and Corollary 3.11.
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