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1. Introduction

Throughout this note the ring R is commutative Noetherian. Let j be a non-negative integer,
1,] ideals of R, and N an R —module. The j* local cohomology functor H,’J(—) with respect to a
pair of ideals (I,]) was defined by R. Takahashi-Y. Yoshino-T. Yoshizawa [1] as the j¢" right
derived functor of (,]) —torsion functor I; ;(—). They called H/ ,(N) the j*" local cohomology

module of N with respect to a pair of ideals (7,]). It is clear that H{O (N) is just the ordinary local
cohomology module Hf(N) of N with respect to an ideal I. In [2], A. Grothendieck conjectured

that Homg (R/I, H,] (N)) is finitely generated for all j and all finitely generated module N. In [3],
R. Hartshorne provided a counterexample to this conjecture; he also introduced an R —module K

to be I —cofinite if Suppg(K) € V (I) and Ext},(R/I,K) is finitely generated for all j and he

asked a question: For which rings R and ideals I are the modules H; (N) is I —cofinite for all
finitely generated modules N? Although there have been many studies on this problem, see for
example the articles [3]- [9], up to now there are still some open questions about the cofiniteness
of the local cohomology module.

The first aim of this note is to investigate some questions similar to the one above for the
theory of local cohomology with respect to a pair of ideals. The first main result in this note is
Theorem 3.1 which shows a relation between class S,,(1,]) of modules and class S,,,»(1,]) of
modules, where S, (I,]) is introduced in Definition 2.3 concerning the cofiniteness of local
cohomology module H,"J (N) with respect to a pair of ideals where the module N is not necessary
finitely generated. In order to prove Theorem 3.1, we need to establish a key lemma on a
Grothendieck spectral sequence for local cohomology module with respect to a pair of ideals (see
Lemma 2.5). In this proof we also use properties of convergent spectral sequences (refer to the
book [10]) and of cofiniteness modules. In some senses, Theorem 3.1 is an extension of a result
of M. Khazaei-R. Sazeedeh in [9, Proposition 2.13] for the case of local cohomology module
with respect to a pair of ideals.

The second aim of this note is to apply Theorem 3.1 to investigate the cofiniteness of the
ordinary local cohomology module H}(N) when I is a principal ideal. Hence, the second main
result in this note is Theorem 3.4 which give us an affirmative answer for Hartshorne’s question
as mentioned above. Moreover, Theorem 3.4 is an extension of a theorem of K. I. Kawasaki [6,
Theorem 1] for module of in dimension < 2 (see Corollary 3.5), where the notion of in
dimension < 2 module is introduced by D. Asadollahi-R. Naghipour [11] (see Remark 3.3).

This note is divided into three sections. In Section 2, we present some necessary concepts and
prove a key lemma necessary to prove the main results in this note. Section 3 devotes to prove
two main theorems (Theorem 3.1 and Theorem 3.4).

2. Preliminaries

For ideals I,] of the ring R, we recall a notation W (I,]) in [1, Definition 3.1] of Takahashi-

Yoshino-Yoshizawa as follows
W(,]) = {p € SpecR |I" € p + ] for some n € N}.

We next recall the notion of (I,]) —cofinite module which is introduced by A. Tehranian-A.
P. Eshmanan Talemi.

Definition 2.1 (see [12, Definition 2.1]). An R —module K is called (I,]) — cofinite if
Suppg(K) € W(I,]) and Ext},(R/I, K) is finitely generated for all j.

Remark 2.2. Since W(I,0) ={p € SpecR|I["<Sp+0forsomeneN}=V({)={p€
SpecR | I € p}, it is clear that the notion (I,]) —cofinite module coincides to the notion
I —cofinite module whenJ = 0.
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We now define a class S,,(1,]) of modules which is an extension of the class S,, (1) of modules.
The class S,,(I) of modules is introduced by M. Khazaei-R. Sazeeded in [9, Definition 2.1].

Definition 2.3. Let n = 0 be an integer, and I, ] ideals of R.

(i) We say that an R —module K satisfies the condition P,(I,)) if the following statement

holds: Suppose that Ext{?(R/I, K) is finitely generated for all j < n and Suppg(K) € W(,)).
Then the module K is (1,]) —cofinite.

(ii) We define aclass S, (I,]) of R —modules as follows:

S,.(1,]) = {K € Mod — R | K satisfies the condition B, (I, ])},

where Mod — R is the category of modules over the ring R.

Remark 2.4. By the above definition, we observe that S,(I,]) € S;(1,]) € S,(1,]) ...
Moreover, it is clear that

S,(I) = {K € Mod — R | K satisfies the condition B,(I) } = S,,(1,0),

where B,(I) = B,(I,0).

The rest of this section, we need to establish the following key lemma on a Grothendieck
spectral sequence concerning local cohomology modules with respect to a pair of ideals.

Lemma 2.5. Let N be an R —module and I,] ideals of R. Then we have the following
Grothendieck spectral sequence

E} = Exth(R/I, H(N)) = Exty *(R/I,N).

Proof. Note that, for an injective R —module E, we can describe the module E as a direct sum

of indecomposable injective modules

E = EB E(R/p)“(p'E)
pEASSR(E)
(cf. [13, Theorem 2.5 and Proposition 3.1]), where E (R /p) is the injective hull of R —module
R/p. Then, by applying (1,]) —torsion functor I7 ,(—) for R —module E, we obtain that

L= @ nERP»ED
pEASSR(E)
Moreover, by [1, Proposition 1.11], we get that I7 ;(E(R/p)) = E(R/p) ifp € W(,]); and

I,(E(R/p)) =0ifp & W(,J]). Hence
nE= @ nEwRpren

peAssr(E)NW(I,])
Thus, we have
EQR/LL,(E) = ) ExhR/LER/mH = 0
peAssr(E)NW(I,])

for all j > 0 (here, since E(R/p) is an injective R —module, the R —module Ext{e(R/I,E(R/
p)) = 0 for all j > 0). It shows that the functor I} ;(—) sends injective objects to Hom-acyclic
objects. Moreover, note that

I;;(N) = {x € N |I" € Anng(x) + ] for some n > 1},
we then have
Homg(R/I, I} ;(N)) = Homg(R/I,N).
Hence, by [10, Theorem 11.38], we obtain the following Grothendieck spectral sequence
Ey? = ExtR(R/IH](N)) = Ext} "(R/I,N),

as required.
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3. Main results

Theorem 3.1. Let n be non-negative integer. Let N be an R —module such that Ext’. J 2(R/I,N)
is finitely generated for all j > 0. Let t be a non-negative integer such that H,](N) = (0 for all
i# t,t+1.Then Hf7*(N) € S,,(1,)) if and only if Hf ;(N) € S,4,(L,)).

Proof of Theorem 3.1. We have by Lemma 2.5 that there is a Grothendieck spectral sequence
as follows

Ey‘ = Exth(R/I, H (N)) = Exti"*(R/I,N). (1)
For each integer p, we have the chain complex
p—2t+1 4 T ot ab” p+2,t—1
E¥ EY EP*% )
By the hypothesis of H}(N) we get Eé’” 1 = Extht? (R/I, Hfjl(N)) = 0. It implies that
y: Ker(af" : —2,t+1
3= % = By /lm(dy "), ©)
2
Consider the chain complex
p-3,t+2 pt
pP3t+2 dz gPt d3 pP¥3L-2

Note that by the hypothesis wg have
EP™3™2 = ExtR(R/L HEF2(N)) = 0 and ES 372 = Ext} "> (R/I, HEF2(N)) = 0.

Hence, since E?">**? and E?**'~? are subquotients of EZ~>"** and EP***~2, respectively,

we obtain that EZ~**? = 0 and EY***"% = 0. Therefore
EPt = Ker(d}") _ ED* _ ot
Im(d§—3,t+2) O

By continuing this process, we have that EZ* = EP'* = EP'*. We then have by (2) and (3) the

following exact sequence

Ep—z,t+1 dg_z'tﬂ Ep,t: N Ep,t(z Ep,t — Ep’t/lm(dp_z't+1)) >0 (4)
2 2 o] 3 2 2 '
We next consider the chain complex

Ep 242 dp —2,t+2

P t+1

Ep t+1 Ep+2,t

By the hypothesis we have EZ~#**? = Ext} 2 (R/I, H,‘jZ(N)) = 0. Hence

E?I:'Hl — Ker(d;"tﬂ) C Eé),t+1'
Consider the following chain complex

p—3,t+3 af s pE+1 b p+3,t—1
E; ™ — E; E

where EP*¥71 = EP733 — by the hypothesis of H} (N) with j =t — 1 or t + 3.
3 y yp LJ j= j=

It yields that EP**' = EP**'. By continuing in the same way, we then get that EZ‘*' =
EP**1 = EP™1 Thus, we obtain the following exact sequence

0 - EPH (= Ker(dé””l)) EP 1y Ep+2t ©)
For any non-negative integer v, by the convergent spectral sequence (1) there is a finite
filtration of the module H” := Ext%(R/I, N) as follows
0 = ¢"tIHY C pYHY C...C ¢ HY € ¢p°HY = HY
in which EX’™" = ¢iH”/¢*1HY for all 0 < i < v. In particular, we obtain that the
modules EZ" and EZ'*" are subquotients of modules Exth**(R/I,N) and Ext2"**'(R/I,N),
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respectively. Thus EZand EP** are finitely generated for all p (since Ext{?(R/I, N) is finitely
generated for all j by the hypothesis).

We now assume that Hf ;(N) € S,4,(1,]) and Extp (R/I, Hff*(N)) is finitely generated for
all p < n. We need to claim that Hf}*(N) is (1,]) —cofinite (and so Hf7*(N) € S,,(I,))).
Indeed, we have by the assumption that EZ"**" is finitely generated for all p < n. Thus EZ~>***
is finitely generated for all p < n + 2. Hence, we get by the exact sequence (4) that Ef't is
finitely generated for all p < n + 2 (since EX* is finitely generated for all p as shown in previous
paragraph). In other words, Exth(R/I, Hf ,(N)) = E}* is finitely generated for all p < n + 2.
This follows that Hf;(N) is (I,]) —cofinite by the assumption Hf;(N) € S,,,(I,]). Hence
Eﬁ’“'t = Extf;”(R/I,H,f](N)) is finitely generated for all p. Thus, we have by the exact
sequence (5) that E5"*** = Exth(R/1, HEF1(N)) is finitely generated for all p (keep in mind that,
in (5), the module EPtH s finitely generated for all p). This ensures that H,tjl(N) is
(1,]) —cofinite. Hence, the claim is proved.

Conversely, assume that H{J*(N) € S,(I,]) and Ext? (R/I, Hf ;(N)) is finitely generated for
all p < n + 2. We need to show that Hf ;(N) is (1,]) —cofinite (and so Hf ;(N) € S,4,(I,])). We
have by the assumption that E5"* = Exth(R/I, Hf,(N)) is finitely generated for all p < n + 2.
Thus Eg’“'t is finitely generated for all p < n. From this and the exact sequence (5), we obtain

that E*** = Exth(R/I, HEFY(N)) is finitely generated for all p < n. Hence HfF'(N) is
(1,]) —cofinite by the assumption that HfT*(N) € S,,(1,]). It yields that Extp(R/I, HfJ*(N)) is
finitely generated for all j. Hence EJ™***' = Exth~*(R/I, HfJ1(N)) is finitely generated for all
p. It follows by the exact sequence (4) that EX* = Ext2(R/I, Hf(N)) is finitely generated for
all p. That is, the module Hf ;(N) is (1,]) —cofinite. Hence Hf ;(N) € S,4,(I,]), and the proof of
our theorem is completed.

Recall that W(,0) = V() = {p € SpecR|I<Sp}, B,U,0) = B,(), S,(1,0) =
S.(I) = {K € Mod — R | K satisfies the condition B,(I)} and H},(—) = H(-) for all i.
Therefore, by replacing /] = 0 in Theorem 3.1, we obtain the following corollary on the ordinary
local cohomology modules with respect to an ideal.

Corollary 3.2. Letn be an integer with n > 0. Suppose that Ext’ (R/I, N) finitely generated
forall j > 0. Assume that H}(N) = Oforalli # t,t + 1 for some given non-negative integer
t. Then HFYY(N) € S, (1) if and only if HE(N) € S, (]).

Note that there is a slight difference in the statement of [9, Proposition 2.13] and Corollary
3.2. In our opinion, the arguments of Khazaei-Sazeedeh in the proof of [9, Proposition 2.13] are
correct for the hypothesis that Ext{.‘,(R/I, N) is finitely generated for all j > 0 but not for the
hypothesis as stated in [9]. So Corollary 3.2 here can be regarded as a slight correction for the
statement of [9, Proposition 2.13].

Remark 3.3. Before consider the next consequence of Theorem 3.1 and Corollary 3.2, we
need to recall that an R —module K is called in dimension < 2 if there exists a finitely generated
submodule T of K such that dimSuppr(K/T) < 2 (that is, dim(R/p) < 1 for all p €
Suppr(K/T)) (see [11, Definition 2.1] of Asadollahi-Naghipour). It is clear that the class of in
dimension < 2 modules consist of the class of finitely generated modules and the class of
R —modules K with dimSuppg(K) < 1.

The following theorem on the cofiniteness of local cohomology module H!(N) with respect to
an ideal which gives us an affirmative answer for a question of Hartshorne as shown in
Introduction part.
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Theorem 3.4. Let I be a principal ideal of R and N an R —module such that Ext{.;, (R/I,N)is
finitely generated for all j. Assume that the module H? (N) is in dimension < 2. Then H}(N) is
I —cofinite for all i > 0.

Proof of Theorem 3.4. Since I is a principal ideal, H,"(N) = 0 for alli# 0,1. Thus, we
obtain by Corollary 3.2 that HY(N) € S,(I) if and only if H}(N) € Sy(I) (*). Since the modules
Ext{;,(R/I, N) is finitely generated for all j, and the module H?(N) = I;(N) is in dimension < 2
by the hypothesis, we obtain by [8, Theorem 1.1] that the module H? (N) is I —cofinite. Thus,

Ext},(R/1, HY(N)) is finitely generated for all j > 0, and hence the module H?(N) € S,(I). It
implies that H (N) belongs to class S, (1) by (*). Thus, in order to prove the cofiniteness of local
cohomology module H} (N) with respect to an ideal I, we need only to show that the module
Ext(R/I,H}(N)) is finitely generated. Finally, to do this, we apply [8, Theorem 1.1] once
again, we then obtain that the R —module Homg (R/I, H} (N)) is finitely generated. Therefore the
R —module H}(N) is I —cofinite, as required.

Note that if an R —module M is finitely generated then M also is in dimension < 2 module.
Therefore, as an immediately consequence of Theorem 3.4, we obtain the following result of K. I.
Kawasaki in [6].

Corollary 3.5 (see [6, Theorem 1]). Let I be a principal ideal and M a finitely generated
R —module. Then the local cohomology module H} (M) is I —cofinite for all i > 0.

4. Conclusion

We have proven the first new result on the relation between class S,,(1,]) of modules and class
Sn+2(1,]) of modules concerning the cofiniteness of local cohomology module H;;(N) with

respect to a pair of ideals (1,]) in this note by using properties of a Grothendieck spectral sequence
and of cofiniteness modules. Furthermore, as an application of the above result and our recent result
[8], we obtain the second new result on the cofiniteness of local cohomology modules with respect
to a principal ideal which covers a theorem of K. I. Kawasaki in [6]. In future, we will consider
more applications of Theorem 3.1 and Theorem 3.4 to study the cofiniteness of local cohomology
modules with respect to a pair of ideals in some certain conditions.
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