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The existence and properties of random attractor types have been
studied for several classes of stochastic nonlinear partial differential
equations such as the reaction diffusion equation, the weakly damped
wave equation, the two dimensional Navier-Stokes equation, the g-
Navier-Stokes equation,... However, for many important classes of
stochastic nonlinear partial differential equations in fluid mechanics,
the existence and properties of random attractor types remain
unstudied. In this paper, we study the three dimensional stochastic
global modified Navier-Stokes equations with additive noise in the
bounded domain. Using the one dimensional Ornstein-Uhlenbeck
equation, by using appropriate variable substitution, we transform the
stochastic system of equations into a deterministic form with random
parameters. First, we define a stochastic dynamical system via the
unique weak solution of the system. Next, we prove the existence and
uniqueness of random global attractor of the system. Finally, we
estimate the finiteness of the Fractal dimension of the random attractor.
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TU KHOA

Hé Navier-Stokes
Tap hat ngau nhién
Mién bi chin
Nhiéu cong tinh
S6 chiéu Fractal

Su ton tai va tinh chat cua cac loai tap hut ngiu nhién da duoc nghién
ctru cho mét s6 16p phuong trinh dao ham riéng ngau nhién phi tuyen
nhu phuong trinh phan tng khuéch tan, phuong trinh truyén song tit
dan yéu, phuong trinh Navier-Stokes hai chiéu, phuong trinh g-Navier-
Stokes,... Tuy nhién, vo6i nhiéu 16p phuong trinh dao ham riéng phi
tuyen ngau nhién quan trong trong co hoc chat long, sy ton tai va tinh
chit ctia cac loai tap hat ngau nhién van chwa dugc nghién ciru. Trong
bai bao ndy, chung t6i nghién ctru hé phuong trinh Navier-Stokes cai
bién toan cuc ngiu nhién ba chidu véi nhidu cong tinh trong mién bi
chan. Str dung phuong trinh Ornstein-Uhlenbeck mot chleu bang phép
doi blen thich hgp ching t6i chuyen hé phuong trinh ngau nhién vé
dang tat dinh véi cac tham s6 ngau nhién. Pau tién, ching t6i dinh
nghia mot hé dong luc ngiu nhién thong qua nghiém yéu duy nhat ctia
heé. Tiép theo, chting toi chimg minh sy ton tai duy nhét tap hit toan cuc
ngau nhién ciia h¢. Cudi cung, ching toi danh gia tinh hiru han cho s0
chiéu Fractal cua tap hiit ngau nhién.
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1. Mé dau

Tap hat ngau nhién 1a mot trong nhimg cong cuNrét hitu ich dé nghién ciu V;é dang diéu ti€ém
can ciling nhu céc tinh chat cua cac hé dong luc ngau nhién, chang han ta c6 thé tham khao [1] -
[8] va cac tai liéu dugc trich dér} trong d6. Hon nira, so6 chi€u hitu han cuia tp hat 1a mot trong
nhiing thugc tinh quan trong nhat trong viéc nghién ctru dang diéu tiém cén cua h¢ dong lyc v6
han chiéu (xem [1], [3], [8]). Noi dung cua nghién clru nay nharn chtng minh sy ton tai tap hut
toan cuc ngau nhién cua h¢ Navier-Stokes cai bién toan cuc ngiu nhién ba chiéu va chi ra tinh
hiru han cho s chiéu Fractal ciia tap hiit ngau nhién.

Cho © 1a mién bi chin trong R* voibién 00, t > 0. Xét hé phuong trinh Navier-Stokes cai
bién toan cuc ngau nhién ba chi€u véi nhi€u cong tinh c6 dang
dW(t)

dt
V'UZO,$€®, (1)
u(t,z) =0, x € 00,
u(0,7) = u (z), v € O,

%—VAU+FN(IIuII)[(u-V)u]+Vp=g(I) , 7€,

trong d6 u = u(t,z) la ham van tdc chua biét cua dong chét long, u, la dir ligu dau,

p=p(t) 1a ham &p sudt, v > 0 1a h¢ s6 nhot cua chét long, W(t) 1a qué trinh Wiener thyc,
g€ D(A) véi A la todn tir Stokes, F, 1 ham cho bdi: 1 € (0,+%0) > F, (r) = min {1, Nr~'}
voi N > 0.

2. Phuong phap nghién ciru

Dung phep dbi bién thich hop, ta chuyén hé ngu nhién vé dang tat dinh voi cac tham sb ngau
nhién. Tiép theo, bang cach sir dung cdc cong cu cua giai tich va cac phuong phap cua ly thuyet
hé dong luc tiéu hao vo han chiéu ta chimg minh sy ton tai va duy nhat tap hit toan cuc ngau
nhién cia hé va danh gia tinh bi chan cho s6 chiéu Fractal cua tap hit ngau nhién.

3. Két qua va ban luin
3.1. Kién thirc chuin bi

Cho (Q,F,P) la khong gian xéc suit, véi Q = {w € C(R,R): 0(0) = 0}, ' la sigma dai s6
Borel, P 1a d§ do Wiener trén (Q,FF), W(t,) = o(t), {4 :t € R} la dich chuyén Wiener trén
(Q,F,P) chobdi o) = ot +-) - at) .

bat V={ue[CI(O)} :V-u=0}, goi H la bao dong cua V trong khong gian Hilbert
[L(®)) véi tich vo huéng (u,v) Zju vdr va chuan |u|= (u,u)"”*, V 1a bao dong cia V

=l @

ou. 0
trong khong gian Hilbert [H (®)] véi tich v huéng ((u,v)) = Zjau aU dr va chuan
z

i=le i
I wll= ((u,u))"*. Goi V' 1a khong gian ddi ngau ciia V, (-,-) l1a ky hiéu dbi ngau giita V va
V'. Dinh nghia toan tir Stokes A:V — V' xac dinh boi (Au,v) = ((u,v)) va toan tu
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2 ov,
B:V xV — V' xéc dinh boi (B(u,v),w) = b(u,v,w) = Z J‘ul —]wjdx. Véi nhitng ky hiéu
ij=1 @ i
nhu trén, phuong trinh dau trong hé (1) dugc viét lai dudi dang:

2—1: +vAu+ F, (Il u ||)B(u, u) = g(x) dlf;(t), z € 0. 2

Pinh nghia 3.1. V6i mdi 0 € Q va u, € H. Anh xa u(-, @,u,): [0,4+%) - H duoc goi la

nghiém yéu cta (2) néu véimoi 7 > 0 thi: u(-, o, u,) € C([0,4+0); H) " ([0, T} V) va
du dW(t)
— +vAu+F (I ull)B(u,u) = g(x) ——= trong V''.
- () Buw = o) T trong

Xét phuong trinh Ornstein-Uhlenbeck mét chiéu: dx(8 o)+ oz(Sw)dt =dW(t), o >0. Cha
y rang z(Jw) 1a lién tyc theo ¢ va
L 1H(90)]
im ————

lin =0; lim e” | 2(9w) = 0,Vy >0.
Ta dwa vao bién méi bang phép doi bién
y(t, oy,) = ut, o) - g2(80); y,(z) = u,(z) - g2(). 3)
Tir (2) va (3), ta thu duge phuong trinh sau ¢ dang tat dinh v6i cac hé s6 ngau nhién
d
d_:Z +vAy + F, (Il Y+ 92(S ) II)B(y +92(8 ),y + g2(8w)) = 2(Sw)(cg —vAg). 4
Két qua nghién ctru trong [9] dd chi ra phuong trinh (4) c6 duy nhit nghiém yéu
y(, 7, @,y,) € C([0,+00); H) N L*([0, T}; V). Ngoai ra, nghiém y(t, @,y,) lién tuc theo dit liéu dau
y, - Ta dinh nghia h¢ dong lyc ngdu nhién @ : R* xQx H - H, ®(t,w,y,) = y(t, o,y,(0)).
B6 dé 3.2. (xem [10], [11]) Tén tai hing sb k > 0 sao cho
(1) b(u,v,w) = =b(u, w,v) va b(u,v,v) =0, Yu,v,w eV,

@ii) | b(u, v, w0) [ KM w I v | w [0 w 1) Yu,v,w e V,

(i) | b(u, v,w) <k N w v 12| Av || w |, Vu e V,v e D(A),w e H.
Bo dé 3.3. (xem [11]) V&imoi u,v € V va N >0 thi

@ o<l ull Fy (I uII)SN,

(if) |By (1w t) = B (N0 ) < NE (Full) B, (1o h)Hu—vl.

Goi D 1a ho cac tap con khac rong, bi chan trong H dugc tham s6 hoa boi w € Q va thoa
man diéu kién ting chim: Vo e Q.7 >0, D = {D(®): ® € Q} € D thi

lime” sup |ul=0.

t>+0 ueD(9 )

3.2. Két qud chinh

Tir gior trd di, ta ky hiéu C' 12 mot hing s6 duong nao d6 ma gi tri ciia nd c¢6 thé khac nhau
trong moi lan xuat hién. B6 dé dudi day dua ra cac udc lugng doi voi nghiém y cua (4).

B6 dé 3.4. Vi mbi w e Q, y,€D,DeD, tontai T = T(ew,D) >0 va cdc bién ngdu nhién
tang cham M (@), M,(®), M, (@) sao cho véi moi t > T, nghiém y ciia (4) théa man
|y(t. & ,0,9,(8 @) ['< M (), )
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j I y(s, 9 ,0,y,($,0)I° ds < M} (w), (6)

t—1
Iyt 3 ,0,y,(9,0) 1< M; (o). (7
Chitng minh. Nhan hai vé ctia (4) v6i y(t) = y(t, @, y,(®)), ta duoc

% [y [ +2v Iy I°< =2F, (I y + g2(30) 1)b(y + g2(30),y + g2(S ), 1)

+2:(9)(cg - vAg.y).
Ap dung B6 dé 3.2, B6 d¢ 3.3, cac bat dang thirc Poincaré va Young ta c6 cac danh gia sau

®)

v
28, (1y -+ g2(8@) 1) [ by + 92(80).y + 92(S0),9) [€ L Ny I +C [ ()

vA
2| 2(80)(cg - vAg.y)[< Sty [ +C | AS0) I\
voi A, 1a gia tri riéng dau tién ciia toan tir A. Thay cac danh gia trén vao (8) ta nhan duoc

—Iy!+w1!y\+ Iy IP<C|x(80)f . ©)
Bo qua sd hang thir ba trong vé phai ciia (9), sau d6 ap dung bit ding thirc Gronwall trén
0,7],7 > 0, rdi thay @ bdi 8 0 ta dugc
(.9, 0.5,(9,0)) F< ™ | (9, 0) +cj A9 @) f ds. (10)
Cho r =t trong (10) ta co

|y(t, 9 ,@,9,(9 @) < e |y, (9 ,0) +0j 0 (G w) P ds. (11)

Mit khac lim e | y,(3,0) =0, két hop véi (11) suy ra ton tai T = T(@, D) > 0 va bién

150
ngu nhién ting chdm M (@) =1+ CJ " | (8 @) [* ds sao cho voi moi ¢ > T ta co (5). T
(10), thay » =t —1> 0 ta dugc
|yt —1,9,0,9,(3 @) F< e |y (9,0) [ +Ce™ j A (9 ) P ds. (12)
Ta lai 4p dung bat ddng thirc Gronwall cho (9) trén [t — 1,¢] va thu dugc
g j e y(s, 8,0,y (3, @) I ds < e |yt - 1,8 0,y,(3,0)

t—1

+0j 9 29 _w) P ds.
t—1
Két hop danh gia trén va (12) ta suy ra
t 0
[ e y(s,9,0,y,(9,0) I ds < 2 g 5,8 0) [ +C [ ™ | (8w)F ds.  (13)
: : y : ] ,

t—1
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Vit-1<s<tnén e >e™ . T (13) ta thu dugc (6) voi moi ¢ > T(w, D), trong d6
M;(w) = CM? () . Tiép theo, ta nhan (4) véi Ay

% Ly I* +2v | Ay P=—2F, (I y + g2(30) 1) b(y + g2(S ),y + g2(S ), Ay)

(14)
+2(3w)(cg—vAg,Ay).
Ap dung Bo dé 3.2, B6 d¢ 3.3 va bat dang thirc Young ta c¢6 cac danh gia sau
3v
| 2F), (II Y+ 92(S ) II)b(y +92(8 ),y + g2($w), Ay) I< e | Ay P +C Iy I? +C | (S 0) I,
14
| AS@)(cg-vAg Ay)I< T | Ay F +C [ (@) [ .
Thay cac danh gia trén vao (14) ta suy ra
%II yIP<Clyl? +C | 2(3w) [ . (15)
Liy t > T >1 va s € [t —1,¢], tich phan (15) trén [s,¢] roi sir dung (6) ta dugc
t
I y(@) 1°<l y(s) I” +CM; (@) + C [ | A8 _,o) [ ds. (16)

t-1
0
Tich phén (16) trén [t — 1,¢] ta suy ra (7), trong d6 M (@) = CM; (w) + CI | 2(8w) [ ds. ©
)

Két qua tiép theo chi ra su ton tai va duy nhét tap hut toan cuc ngﬁu nhién cua hé dong luc
ngau nhién @ sinh bsi nghiém cua (4).

B6 dé 3.5. H¢ dong lwc ngdu nhién © sinh béi nghiém ciia (4) c6 duy nhdt mét tdp it toan
cuc ngdu nhién A= {A(®): o e Q} trong H.

Chimg ~minh. Véi mdi weQ, ta dit B(ow)={yeH: |ylKM (o)} va

0

B(w)={yeV: Il yl< M/ (w)}. Tt Bo de¢ 3.4 va dinh Iy nhiing compact nhing V' vao H
ta thay B, 1a tap compact hap thu ctia @ trong H . Do M (o) va M (w)la cac bién ngu nhién
nén B (o) va B (o) la do duogc. Ap dung Pinh 1y 2.4 [3] ta suy ra @ c6 duy nhat mot tap hut
toan cuc ngdu nhién A= {A(w): 0 € Q} < B,(w) " B (®). ©

Ta nhic lai khai niém vé sb chidu Fractal cua tip compact trong khong gian Banach.

Pinh nghia 3.6. Gid st X la khong gian Banach va K la tdp compact trong X . Cho ¢ > 0,
ta ky hiéu N _(K) la $0 t6i thiéu cdc hinh cau mo trong X voi ban kinh & can thiét dé bao phii

K . Khi dé s6 chiéu Fractal cua K, ky hi¢u la dim (K, duoc dinh nghia boi

. e log(N, (K))
dim, () = limsup = e

Goi {e,}, lamot co s¢ truc chudn ciia [I*(®)]® bao gdm cac ham riéng ciia toan tir Stokes

jeN

A tuong tmg véi céc gié tri riéng {4} . Véi mdi m e N, dit H (©) =span{e,,e,,....e_} va

xét phép chiéu truc giao P : I’(®) - H (©).

Duéi day 1a mot phuong phap danh gia tinh bi chin cho s chiéu Fractal ctia tp hit ngau
nhién A(w).
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Ménh dé 3.7. (xem [3]) Ton tai phép chiéu truc giao P, bién ngau nhién R (@) véi ky vong

toan E(R (o)) < In [%j, 0 < & <1. Khi @6 néu véi moi v,,v, € A(®),

1

[ 7y (8@)ds
| P ®(L,w,v,) — P ®(1, 0,v,) |< e’ | v, -, |,
IRU(Q\,w)ds
|Q ®(1 o) -Q ®1,0,0v,)[< s’ | v, =, |,

Q =I1-P,, thi dim, (A(a))) < too.

B6 deé 3.8. Gia st Y,»Y, la cac nghiém cua (4). Khi dé voi méi w € Q, ton tai R(w) sao cho

¢
R(8 o)ds

| 4,(t) = y,(1) [ +j" y,(s) =y, (s) I” ds < €£ | 4,(0)=4,(0) [ (17

Chitng minh. Dat w =y, —y,, tr (4) taco
dw
m +vAw =-F, (II Yy, + 92(S ) II)B(y1 +92(8 )y, + 92(Sw))
+F, (II Y, + 92(S o) II)B(y2 +92(9w),y, + g2(S ).
Nhan hai vé cta (18) voi w ta suy ra
1d

ST lw P +v Il wl’= -F, (II y, + gz(l9ta)) II)b(y1 + gz(%w),y1 + gz(Stw),w)

(18)

(19)
+F, (II y, + 92($ o) II)b(y2 +92(90),y, + g2($ ), w).
Ap dung bat dang thirc Young, B6 dé 3.2 va B6 d& 3.3, ta c6 danh gia

‘FN (II y, + 92(3 o) II)b(y1 + 92(8w),y, + g2(80),w)
+F (ll Yy, + 92(S o) II)b(y2 + 92(3w),y, + gz(gtw),w)‘ <
Thay danh gia trén vao (19) ta dugc

%|w|2+4—;llwll2$0|w|2. (20)

Nwl? +C |wp .
3

Bo di s6 hang thir hai trong vé trai (20) roi 4p dung bat dang thirc Gronwall trén [0,] ta suy ra
| w(t) < e |w(0) [ . (21)
Tiép theo, ta l4y tich phan (20) trén [0, ]
t t t
%V [ w(s)1* ds <[ w(0) P +C | w(s) P ds < C [1 +| ecsdsj | w(0) .
0 0 0
T 1+ 2 <e’,Vz >0 vadanh gia & trén ta suy ra ton tai bién ngiu nhién R(w) sao cho

t

R(8 o)ds

[0 (o) 1 ds < " oy (22)

Két hop (21) va (22) ta nhan dugc (17). o
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B6 dé& 3.9. Ton tai bién ngiu nhién R(w) va 0<d <1 sao cho véi moi ¢>0 va

Yigr Ung € A(w) tacod

t

[ By (8.0)ds (23)

| qu)(t , yl,O) - qu)(t’ w, yz,o) ‘S e’ | Yo ~ Yoo |’
JI.RO(SA(Q)ds 24
|Q,0(t0.9,,) - Q,0(to.p,) <56 1y, -y, |- -

Chimg minh. Do | P (v) || v|,Vv € H, nén tir (17) ta suy ra (23). Tir B6 dé 3.2 va B6 d¢ 3.3,
ta suy ra ton tai bién ngiu nhién ]:E(a)) sao cho Il y lI< R(w) (i =1,2). Nhan (18) véi Q w ta
duoc

- — wl| +vI w I
2dIQ i Q,

= —[ Y (II Yy, + gz(l9ta)) II) -F, (ll y, + gz(&‘ta)) [ )} b(yl + gz(&’ta)),yl + gz(Stw),Qmw) (25)
-F, (II y, + 92(9 o) II)[b(y1 + 92(8w),w,Q w)+b(w,y, + gz(&tw),Qmw)].

Ap dung bat dang thirc Young, B6 dé 3.2 va B6 d¢ 3.3, ta co cac danh gia
[ £ (1, + 92800 1) = By (1, + g2(30) 1) [bly, + 92(3.0),3, + 92(8.0),Q, )

<ENQui +41wl +C (1l y, 1 +] 2(0) ') |w

=

‘FN (ll y, + 92(3 ) | ) [b(y1 +92(80),w,Q w)+b(w,y, + g2($0), Qmw)}‘
v ‘ ,
< 5 1Q wl* +28 1wl +C (Il 'y, I+ 0y, I+ 2(80) ) |w [,
voi ﬁ > 0 bat ky. Thay cac danh gia trén vao (25) ta suy ra
VA , . , f
- \ Quf<-—221Quf +3f1 wl* +C, (R'(9o)+ | (30) )| w] . (26)
Ap dung bat dang thitc Gronwall cho (26) trén [0,#] ta nhan dugc

VA, t VA

[QuP<e * [QuO)F +38¢ * " lu(s)I? ds
' 27)

(RS0 |28 0) ) [wls) P ds.

Mat khac, ta lai ¢

t Vi, ¢ ) 1/2 . 1/2
fe > o (RS | (30)[)ds U(m OMECIOIN dsJ [je‘w’ ”ds}
0 0

0

t 1/2 j‘(Rx(L?,.UJ)Jr\Z(Sgw)\X)ds
.[ ( (Yo)+|2(3)[ ) ds| < 2 o .
i Vim+1

Két hop danh gia trén véi (27), 6 dé 3.8, rat gon ta thu duogc

, 9 [ By (9,@)as
|Qut)f<le > +38+ e’ | w(0) [, (28)

m
m+1
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Vi R (30)=max{R(90), R ($o)+|(d)["}. T (28), cho t=1 va cha § ring

A, —> 400 khi m — +oo, tasuyra(24). o

Ta phat biéu két qua chinh ctia nghién ctru vé tinh bi chin cho s6 chiéu Fractal cia tap hut
ngau nhién. N y

DPinh 1y 3.10. Tdp hut ngau nhién A= {A(w): w € Q} ciua hé dong luc ngau nhién ® sinh
boi nghiém ciia (4) ¢6 s6 chiéu Fractal hiru han.

Chiimg minh. Xét bién ngau nhién R (@) véiky vong toan E(R (w)) < In (5"1) va

VA

m+1

0<S=e 2 +38+

<1.
vA

m+1

Str dung Ménh dé 3.7 va B6 dé 3.9 ta suy ra diéu can ching minh. o
4. Két luan

Céc két qua chinh ciia nghién ciru thé hién & B6 dé 3.5 va Dinh 1y 3.10, trong d6 cac két qua
da chi ra su ton tai va duy nhét tap hut toan cuc ngﬁu nhién cia hé Navier-Stokes cai bién toan
cuc ngau nhién ba chiéu v&i nhiéu cOng tinh va danh gia tinh bi chan cho sb chiéu Fractal cua tap
hat ngiu nhién. Cac két qua nay c6 ¥ nghia quan trong trong viéc nghién ctru dang diéu tiém cén
ctia hé dong luc ngau nhién sinh boi 16p hé nay. Trong hudng nghién ctru tiép theo chiing t6i s&
tim cach danh gia chan trén tot hon cho sb chiéu Fractal cua tap hut ngiu nhién.

Loi cam on

Nghié,n qfru nay duogc Trudong Pai hoc DPién luc tai trg thong qua dé tai nghién ctru khoa hoc
vo1 ma so dé tai PTKHCN.25/2025.
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