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1. Introduction

The split feasibility problem (SFP) was first introduced by Censor et al. [1], and has since become
a fundamental topic of interest in applied mathematics. Due to its broad applicability in fields such
as signal processing, image reconstruction [2], and intensity-modulated radiation therapy [3], it
has received significant attention from the research community. Over time, this problem has been
extensively studied and generalized in various directions within more abstract frameworks.

In many practical applications, particularly in signal recovery and image reconstruction, one
often has to deal with multiple sensors, observation channels, or measurement devices rather than a
single output system. This practical requirement has led to the development of split models involving
multiple operators. This line of research was initiated by Reich et al. [4], who studied a generalized
split model known as the split feasibility problem with multiple output sets (SFP-MOS). Since
then, this framework has been generalized in various directions, and accordingly, several iterative
algorithms have also been proposed for the corresponding models. For more details, we refer the
reader to [4]—[13] and references therein.

Within this general framework, in the present paper we consider the split variational inequality
problem with multiple output sets (SVI-MOS), which is formulated as follows. Assume that:

(C1) H and H; are real Hilbert spaces for each 7 € Jy := {1,2,...,N}; C and C; are nonempty,
closed, and convex subsets of H and H;, respectively.

(C2) A: H — H is an o-inverse strongly monotone operator and, for each i € Jy, A; : H; — H;
is an ay-inverse strongly monotone operator;

(C3) T;: H — H; (i € Jn) are bounded linear operators;

(C4) A:=Aan (N, T7H(AL,)) # 0, where

Ap={zeC: {A(x),z—2)>0,YVz € C}

and

AA:L = {.’E eC;: (Adi‘),z—f?) >0,Vze C,j} .

Given these data, the SVI-MOS consists of finding an element z, € A.

It is worth noting that the SVI-MOS framework covers several important classes of split problems
as special cases, including the SFP-MOS, the split common minimum point problem with multiple
output sets (SCMPP-MOQS), and the split common fixed point problem with multiple output sets
(SCFPP-MOS) (see Remark 3.2-Remark 3.4). Consequently, SVI-MOS can be regarded as a unified
and general split problem model, and algorithms developed for solving it can be applied to a wide
range of related split problems.

Motivated by the above discussion and building on hybrid projection techniques, in this paper,
we propose a new algorithm for solving the SVI-MOS. The proposed method incorporates a mul-
tistep inertial extrapolation strategy to enhance the convergence rate, while the associated control
parameters are selected in a self-adaptive manner (see Section 3). The main contributions of this
paper can be summarized as follows.

(1) We introduce a new algorithm, called ALGO-IMHPA (see Section 3), and establish that the
iterative sequences generated by the algorithm converge strongly to a solution of the SVI-MOS.
(2) The step-size and control parameters are determined in a self-adaptive manner and without
requiring prior knowledge of the norms of the transfer operators.

(3) As applications, we derive corresponding results for several important special cases, including
the SFP-MQS, the SCMPP-MOS, and the SCFPP-MOS; see Remarks 3.2-3.4. In addition, these
results overcome certain limitations of earlier approaches, in which one must compute, or at least
estimate, the norms of the operators T}, as required in [4, Algorithms (1.5), (1.6)], [5, Algorithm
1], [10, Algorithm (9)], and [14, Algorithms (3.1), (3.5)].
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2. Preliminaries

Let ' be a nonempty, closed, and convex subset of a real Hilbert space H. We denote by “—",
“a? «f ) and “|| - ||” the strong convergence, weak convergence, the inner product, and the norm
on H, respectively.

An operator A : H — H is called nonexpansive if || A(z)—A(y)|| < |z—y||, Yz,y € H; monotone
if (A(z) — A(y).z—v) 2 0, Vz,y € H; and a-inverse strongly monotone if there exists o > 0 such
that (A(z) — A(y),z - 3) > allA(2) — AW, Va,y € H.

The mapping Pp : H — C, defined by Po(z) = y if y satisfies ||y —z|| < ||z — |, Vz € C, is
called the metric projection of H onto C. It is well known that P¢ is nonexpansive on H and that
C =Fix(Pp):={z € H : x = Po(z)}.

The following lemmas will be useful in the proofs of our main results.

Lemma 2.1. (see [15, Lemma 2.10])
If A: H = H is an a-inverse strongly monotone operator, then the mapping Po(I — pA) is
nonezpansive for every o € (0,2a), where I is the identity mapping on H.

Lemma 2.2. (see [16, Theorem 3.14] and [9, Lemma 2.5])
Let Py be the metric projection from H onto C. Then the following statements hold:

(1) (u—Pe(u),z—Pe(u))y £0 forallue H and z € C.
(2) |lu— Pec@)||® + ||z = Pe(u)|* < ||z — ul|? for all w € H and z € C.

Lemma 2.3. Let A: H — H be an operator and C be a nonempty, closed, and convez subset of H.
Thenpe Ag:={zeC: {Alz),z—xz) > 0,Vz €} if and only if p = FPo(I — pA)(p) for some
o > 0, where Po : H — C denotes the metric projection of H onto C.

Lemma 2.4. (see [16, Corollary 2.42 and Lemma 2.35])
Let {u,} be a sequence in H. Then the following statements hold:

(1) If up = u and lim, 00 || un|| = ||u]|, then un — u.
(2) If up — u, then ||u| <liminf, o ||tal-

Lemma 2.5. (see [16, Corollary 4.18])

Let C be a nonempty, closed, and convexr subset of H, and let T : C — (C be nonezpansive.
Let {a,} be a sequence in C and let a € H. Assume that a, — a and that a, — T(a,) — 0. Then
a € Fix(T):={z € C: T(z) ==z}.

3. Main results

For convenience in the sequel, we adopt the following notation throughout the paper: Jy :=
{1,2,...,N}, Iy :=1{0,1,...,N},C = Cy, Hy = H, Ag = A, and, for each i € Jy, let I; denote
the identity mapping on H;. Moreover, we set T := I and ap := @, and assume that conditions
(C1)-(C4) hold.

To find a solution of the SVI-MOS, we propose the following hybrid projection algorithm.

Inertial multistep hybrid projection algorithm (ALGO-IMHPA)

Step 0. Choose sequences of real numbers {vn}, {¢n} and {u;} for all 7 € {1,2,...,p}, and take
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o€ (U, Qminie‘m ai). Choose a_p,a_p41,---,a9 € H arbitrarily, and let n := 0.

Step 1. Given an—p, Gn—p+1,...,06n, cOmpute
P
n = an + Z,Uj,n (ﬂn—j—i—l - ﬂn—j)- (1)
i=1

Step 2. For each i € Jy, compute ¢ and d;n by

Cin = PCi(Ii - QA?:) (Tl(bn))a (2)
d‘i,n =b, — ﬁa’,nTj* (Tt(bn) - ci,n): (3)
I3 (bn) — cimn®

I3 (Ti(bn) = cin) I + 7
Step 3. Choose an index i, € Jy such that ||d;, n — bn|| = maxie 7y ||din — bel|, and set

where ﬁi,n =(n

dﬂ. = G, n- (4)
Step 4. Define two closed subsets U,, and V,, by

Up={z€H: |[dn—z|* <[ba—2]* - On}, (5)
Vao={z€H: (z—ay,ap—a,) <0}, (6)

|Tin (br) = Cinumnll*

et O = 6ol = o) 0, Bn) = crn) 2

Step 5. Compute
nt1 = Pu.nv,(co)- (7)

Step 6. Set n :=n+ 1 and go to Step 1.

The following theorem establishes the convergence of the sequence {a,} generated by ALGO-
IMHPA.

Theorem 3.1. Suppose that the following conditions hold:

(O1) For each j=1,2,...,p, the sequence {jjn} is bounded;

(02) {Ca} C [6, <] € (0,1).
(03) {7n} is a positive sequence of real numbers and bounded from above by v*.

Then the sequence {an} generated by ALGO-IMHPA converges strongly to an element a, € A,
where a, = Pa(ap).

Proogf. The proof is divided into several steps. Let s € A be arbitrary.
Claim 1. Wehave AC U, NV, forall n > Q.

First, we rewrite U,, and V,, in equivalent half-space forms. Indeed, expanding |d, — z|* <
|bn—2]|*—®n yields Un = {2 € H : {bn —dn,2) < 3([|bal|* — ||&nl|* — ©#)} , and V, can be written
as Vp,={z€ H: {ap—an,z} <{ag— an,an)}. Hence, U, and V,, are closed half-spaces in H.

From (3), for each i € Jy, we have

lldin — 511% = llbn — 5 — Bin T3 (Ti(bn) — cin) |
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= ||bn — 5H2 =+ ﬁfn”T: (Ti(bn) - Czn) ”2 = 2Binlbn — 5, T} (Ti(bn) - Cm))
= [1bn = 8[|* + BN T (Ti(bn) — i) I” = 28 (Tibn) — Ti(s), Ti(bn) — i) (8)

Moreover, we observe that

(Ti5e) = T(a). Tlbw) — i) = L0 DO IEC) — eiall”  lewn “ T (g

Since 5 € A, we have Tj(s) € Ay,. This is equivalent to Ti(s) = Pe,(l; — gAg)(Ti(s)) thanks to
Lemma 2.3. Using (2), p € (0, 2 minie 73, ai) , the nonexpansiveness of P¢;, and the a;-inverse strong
monotonicity of A;, we obtain

llein — Ti(s)|?
= |1Pc, (L — 04:) (Ti(bn)) — Pe,(Ii — 0A:) (Tu(s))|?
< (i = 0Ai)(Ti(ba)) — (I — 2Ai)(Ti(s)) |1
= |Ti(b) — Ti(s)II* + & As(Ti(Bn)) — AdTi(6))I? — 20(Ti(ba) — Ti(s), Ai(Ti(bn)) — Au(Ti(s)))
<N Tslbn) = Ti(s)|* + 0| Ac(Ti(bn)) — Ad(Ta(6))]|” — 2004l As(Tx(bn)) — As(Tx(s))|”
= I Ts(bn) = Ti(a)|* = (22 = 0)| Ai(Ti(bn)) = A(Ti())II* < | Tabn) — Ti(s)]* (10)

Combining this with (9) gives
1
(Ti(bn) = Ti(5), Ti(bn) = Cim) 2 5[ Ti(bn) — il (11)
Substituting (11) into (8) and using the definition of §; ,, we deduce

ldiin —51* < [1bn = s* + BLAIITE (Ti(bn) — i) I = Biml|Ti(br) — cin®

2 2 ”Tz(bn) _Ci,ﬂ||4 ”Ta(bn) _ci,n”4
<o =l T o) — ) P~ i) — cem) [P
IT:(5n) — il

= lbn —slI* = Ga(1 = Gn) (12)

1T (Ti(bn) = cin)lI* + 9
for all ¢ € J3. By the choice of i, in Step 3 and the definition (4), it follows that

| (bn) — i

= ||b, — s||* — ®,,. 1
T (Lo be) — i) P30 10— o0 = B (13

lldn — sl” < [l — 81 = Cu(1 = Ga)

It follows from (5) and (13) that s € Uy, for all n > 0, that is, A C U, for all n > 0.

Next, we show that A ¢ 'V, for all n > 0 by induction. Clearly, Vo = H, so A C V. Assume
that A C 'V, for some n > 0. Since an+1 = Pu,nv. (ao), the characterization of metric projections
onto closed convex sets (Lemma 2.2 (1)) yields

{ap — @ns1, 2 — Gny1) <0, Yz U, NV,

Taking z =5 € A C U, N Vy, we get (@0 — @Gnt1, § — @Gnt1) < 0, which implies 5 € V41, Hence,
A C V, for all n > 0. Consequently, A C U, NV, for all n > 0. In particular, U, NV, # 0, so
{a,} is well defined.

Claim 2. The sequence {a,} is bounded.
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In view of Lemma 2.2 (1) and (6), we find that a, = Py, (ag). Since a, = Pa(ag) € A C V,,
we have

llan —aoll < flax —aoll, V¥n 20, (14)

which shows that the sequence {a,} is indeed bounded, as claimed. It also follows from (C3),
(1), condition (O1), (10), (12), and (13) that the sequences {bn}, {Ti(bn)}, {dn}, {cin} and {din}
(i € Jx) are bounded too.

Claim 3. The following limits hold:

lim la,1 —an| =0, (15)
Tim lanss —bal =0, (16)
n]ggo b2 — du|l = 0. (17)

Using Lemma 2.2 (2), the fact that a,, = Py, (ag), and (7), we obtain
0 < flan+1 — anl® < llan+1 — a0l = [lan — ao| . (18)

This implies that ||an+1 —aol| > ||an —aol|, so the sequence {||an — aol|} is nondecreasing. By Claim
2, it is bounded, and thus, the finite limit [ = lim,,_,, ||a, — ap|| exists. Consequently, letting n — oo
in (18) yields limy o0 ||@n+1 — @n| = 0, which proves (15).

Next, it follows from (1) that

p

lan+1 = ball < llantr = anll + 3 Ijnllan—js1 — anjll,
j=1

and hence, by (O1), we obtain (16).

Furthermore, since an41 € Uy, and @, > 0, it follows from (5) that ||an41 —dﬂ”2 < |lensr —bn”Q.
Combining this with (16), we infer that lim, o ||@n+1 — dn|| = 0. Using the estimate ||b, — dy|| <
|lant+1 = bn|| + |lans1 — dn||, we arrive at the limit (17), as claimed.

Claim 4. The sequence {a,} converges strongly to a, = Pa(ag).

It follows from condition (02), (03), (4) and (12) that

e 1T — il ) IT:(6a) = conll*
0 = N @) — a7 <0 DT T — cim) 2 7
< b= I — ldsn —8I* < Mo((Ibn — 1] ~ ldi — 51)
< Mollbo = dill < Mollbn — dall, (19)

for all i € Jp, where Mp = sup,{||bn — 8| + ||dn — 5||} < co. Using (02), (17) and (19), we obtain

. ”Tz(bn) -G n”4 .
lim : =0, VieJ%.
n=00 [T (Ti(bn) — €in) [P+ 77 N
This implies that
Tim |Ti(b) — ciall =0, Vi€ T, (20)

thanks to the boundedness of the {T;(b,) — cin}-
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Next, since {a,} is a bounded sequence, there exists a subsequence {a,, } of {a,} which converges
weakly to some point z* € H, that is, a,, — z*. Moreover, (15) and (16) imply that lim, 0 ||@n —
by|| = 0, and hence b,, — z*. Since each T; is a bounded linear operator, we also have

Ti(bn,) — Ti(z*), Vi€ Ty. (21)
Furthermore, from (2) and (20), we obtain

Jim [ Ti(bn,) = Po,(Ti = 0A)(Ti(bu))| = Jim [Tifbn,) = cim | =0, Vi€ Ti  (22)

By Lemma 2.1, Pg,(I; — pA;) is nonexpansive for p € (0, 2mine 7y az,:). Therefore, using (21), (22),
and applying Lemma 2.5, it follows that T;(z*) € Fix(P¢,(I; — pA;)) for all i € J, is equivalent to
Ty(z*) = Pe,(Ii — 04:) (Ti(z*)) for all i € Jy. Consequently, by Lemma 2.3, we obtain T;(z*) € Ay,
for all i € J3. This means that z* € A.

Finally, since a, = Pa(ap) and z* € A, we have

llax = aoll < ||z* = aqll < liminf [ja,, — agl| < limsup ||la,, —aol| < [la, — aqll;
k—ro0 k—oo

thanks to (14) and Lemma 2.4 (2). Consequently, ||z* — ag|| = ||ax — agl|, and by the uniqueness of
the metrie projection, we conclude that z* = a.. Moreover, limg_, oo ||@n, — ao| = ||ax — ao]- In view
of Lemma 2.4 (1), it follows that an, — a.. Since every weakly convergent subsequence of {a,} has
the same strong limit a,, we deduce that a,, —+ a,. O

Remark 3.2. It can be readily verified that the SVI-MOS becomes the split feasibility problem with
multiple output sets (SFP-MOS) by choosing A = 0, A; = 0, Vi € Jy. More precisely, the problem
then consists of finding an element z. € C such that Ti(z,) € C; for all i € Jn. Consequently, the
algorithm ALGO-IMHPA is applicable for computing an approximate solution of the SFP-MOS,
provided that (2) is replaced with ¢;n = Pg,(Ti(b,)) for each i € Jy.

Remark 3.3. Let f; : C; — R be a convex Fréchet differentiable function whose Fréchet derivative
V fi 1s 1/c;-Lipschitz continuous, where a; > 0 and ¢ € J3. Denote by argmingec, fi(z), the set
of all minimizers of f; over C;. Since Vf; is 1/o;-Lipschitz continuous, it follows that Vf; is an
a;-inverse strongly monotone operator (see, for example, [16, Corollary 18.16]). Moreover, a point
z, € C; belongs to argmin, e, fi(z) if and only if {(Vfi(z.),z — z.) > 0, for all z € C; (see, for
instance, [16, Proposition 26.5]). Therefore, by taking A = V f, 4; = Vfi, Vi € Jn, the SVI-MOS
reduces to the SCMPP-MOS. In other words, one needs to seek a point z, € argmin ¢, fo(x) such
that Ti(z4) € argmingec; fi(x), for all i € JF. Accordingly, the algorithm ALGO-IMHPA can be
employed to find an approximate solution of the SCMPP-MOS, provided that (2) is replaced with
cin = Po,(I; — oV fi) (Ti(bn)) for each i € Jf.

Remark 3.4. Let B; : C; = C; be a nonexpansive mapping for each i € Jy. Denote by Fix(B;) =
{z € C; : Bi(z) = z}, the fixed point set of B;. According to a basic result, the operator I; — B; is
a 1/2-inverse strongly monotone mapping (see, for example, [9, Section 4]). Additionally, it can be
verified that z, € Fix(B;) whence z, € C; and for every z € Cj, we have {(I; — B;){x4),z —z4) = 0.
This shows that the SCFPP-MOS can be embedded into the SVI-MOS framework by choosing
A= Iy— By, Ai = I; - B;, Vi € J3. Under this choice, the task is to determine a point z, € Fix(By)
satisfying T;(z+) € Fix(B;), for all ¢ € Jn. Hence, the iterative procedure ALGO-IMHPA remains
applicable to this setting, with (2) taking the form ¢;, = Pg; ((1— 0)Ti(bn) + 0Bi(Ti(bn))) for every
i € Ty
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4. Conclusion

In this paper, we have proposed a new algorithm for the split variational inequality problem
with multiple output sets in real Hilbert spaces. The strong convergence of the generated sequence
has been established under mild assumptions. Future work may be devoted to extending the pro-
posed method to more general frameworks, including problems with nonmonotone operators, and
to investigating its potential applications in signal processing and image reconstruction.
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