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ABSTRACT

In recent years, traffic density forecasting has been playing an
important role in developing and improving the performance
of intelligent traffic systems. Traffic density forecasting to
optimize traffic management, urban management of vehicular
traffic have the ability to coordinate traffic, optimize traffic
light signals and apply intelligent regulation based on
forecasts, thereby improving the handling of the road segment
and reducing travel time. Therefore, the construction of
predictive algorithms along with integration into traffic
management systems is essential to promote the sustainable
development of intelligent transportation systems in the future.
In this research, an algorithm has been developed to predict
traffic density on the delayed Lighthill - Whitham - Richards
(LWR) model, in which a regularization difference method has
been proposed as the basis for the algorithm. This article
mainly focus on building an algorithm and performing
experimental calculations to verify the correctness of the
algorithm on a mathematical model.

Keywords: Traffic flow models; Lax - Fedrichs difference;
delayed LWR model; regularization difference; traffic density

1. Introduction

The problem of determining the traffic density was first
known in 1935 by the American scientist Greenshields.
In 2008, Abdul Salaam [1] developed a mathematical
model of the problem as follows: Assume, the road
surface is rectangular with area S= (length of road) X
(width), due to street divided into lanes with separation
(hard or soft), vehicles always stay in one lane, passing
each other does not affect the average speed in a segmen
AX, driving direction is fixed for each street.

Traffic is described in terms of macroscopic variables
such as density u(x,t) is the traffic density at the position

X on the road section and at the time % this quantity has

the unit of measure as the number of vehicles per unit of
distance. J(x,t) is the vehicle flux at position X, time t.

This quantity is defined as the number of vehicles passing
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through the location X, time t and has the unit of measure as the number of vehicles per
unit length in a time unit.
We consider the problem of finding traffic density on a distance Ax=Xx, —X,.

Applying the flow conservation law, we have the equation [1]

gTu(x,t)dx=J(xl,t)—J(Xz,t), 1)

This equation can be written as
ou(x,t) N oJ (x,1) _
ot OX
where J is a function of traffic density and vehicle velocity, J(x,t) =J(u,v(u)),
where v is the vehicle velocity, it depends on the traffic density, such as the Lighthill-

0 ()

max

u
Whitham-Richards model, which is established V(u) =V, (1—U—J, or the Greenberg

model, where the velocity is determined as v(u) =aloguﬂ. where, U are the
u

max ? Vmax

maximum limits of density and velocity over the distance considered, respectively.

Recently, there have been many works to find solutions for problem (2), in 2011,
M. O. Gani [2] proposed the Lax-Friedrichs difference schema to find an approximate
solution to equation (1) with the initial and Dirichlet boundary conditions. In 2013,
Sultana, N., Parvin [3] gave a difference schema to find the solution to the problem,
numerical results were given by the authors to illustrate the theory. In 2014,
Torudonkumo [4] used the characteristic method to find the explicit solution of equation
(1). Nam 2014. Recently, Thibault Liard [5] has found a solution to the problem for
equation (1) in order to provide an optimal traffic control technical solution. In 2021,
Simone Gottlich et al studied the problem model (2) when considering the time delay
factor and gave the approximate finite difference schema for the problem and the
properties of the approximate solution. Also in 2021, Dung N. D. [8] expands problem
(2) by switching from homogeneous problem to heterogeneous problem, when the
problem model is built in case of model error and experimental error, i.e. the right hand
side of (2) will probably be a non-zero quantity and depend on the spatial position and
temporal, so the problem is described by the equation

ou(x,t) N oJ (x,t) _ f(x1) 3)
ot OX
Continuing to contribute to the published results, in this paper, we focus on
finding a numerical solution to problem (3) when considering the time delay factor.
Specifically, in Section 2, we build a regularization difference algorithm to find the
solution to problem (3) in the condition of time delay. In section 3, we calculate the test
to verify the correctness of the method given in section 2.
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2. Method

In traffic density forecasting, delay time is important because traffic condition
information takes some time to be transmitted from sensors, instrumentation or other data
sources to the forecasting system. This can result from a variety of reasons such as the
time it takes to collect data, the time it takes to process and transmit the data, as well as
the time it takes for information to travel through the transport network. Thus, starting
from previously published mathematical models, we consider the following specific
problem [7]:

Given the numbers a, b, where a<b. The length of the road segmentis | =b—a.
Consider the problem in the domain

Q ={a<x<b0<t<T}kQ, ={a<x<b;0<t<T}.
The problem is to find the density function u(x,t) satisfying
_ou(x,t) N oJ(x,t—=0)

Lu P e = f(x1),(x,t) eQ; 4
u(x,0)=g(x),a<x<b (5)
u(a,t)=g,(t);ulb,t)=g,(t),0<t<T (6)

Where, ¢ is the delay time, g(x) is the traffic density at the beginning; g, (t) is
the traffic density at x=a; g, (t) is the traffic density at x=b; J(x,t) =J(u,v(u)).

To find the solution to the problem (4)-(6), we approximate the differential
problem by the difference problem on the difference grid. The difference grid is defined
as follows:

Given the integers N >1,M >1 and set h:b;—a, x.=a+ih, i=0,12,..,N,

r:V, t;=Jr, j=012,..,M. We divide the domain Q; into cells by x=x and
t=t;, Each point (x;,t;) is called a node and denoted by (i, j). h is called the spatial
mesh step. 7 is called the time grid step.

The goal of the method is to find the approximate solution of the problem at the
nodes (i, j). The set of all nodes (i, j) forming a difference grid on Q,, for the

calculation, we need to approximate the derivatives on the difference grid

U(Xi’tj+1)_u(xi’tj):Zt—u(xi,tj)'i'o(f)v 0

T
J (Xi+l’tj)_‘] (Xi—litj)
2h
There are many ways of approximating the derivative, leading to many different
ways to replace the differential problem by the difference problem. In this

approximation, the results in [8] using the Lax-Friedrichs scheme approximate problem
(4) by the difference problem

- H 1) +0m?. (8)
OX
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uJ :%((uij_l+uij+l)—2y(Jij+1—Jij_1))+rf(xi,tj), 9)
where y—i n _°
“2h Y

in the case of a time delay, we replace (9) by the formula
i+1

j+ 1 j j j—ns j-ns
UiJ ' =§((Uij_1+uij+1)_27/(‘JJ ’ _‘]ij—l ()))+Tf (Xi’tj) ’ (10)

In order to increase the accuracy of each computational node, we regularize (10)
by the regularization difference algorithm

ul*t = %(zij+l =2y(30 =30 )+ T E (X)), f=n,n, 41 (11)

2 = Ul +(1-a)(ul, +ul);0< @ <1 (12)

The stability and convergence of the algorithm are shown by the following
theorem:

Theorem: If SUp{%ZXE[a,b],tE[o,T]}SE then algorithm (11) converges to
T
the exact solution with degree of convergence is O(z +h?)

3. Experimental calculation

The velocity function is a density dependent function and has the form
v=v_ (1-ul/u.)
Flux function: J =uv(u).

2
Right-hand function: f (x,t) =u,_ — 2 UnaVnar [ 26 (XZD) )
T(h-a) T(b-a)l T(b-a)
Density at the beginning: u(x,0) =g(x) =u,,
Density at the entrance: u(a,t) =g,(t) =u,,, [1—%)

Density at exit: u(b,t)=g,(t)=u,, -

. . . t(b—x
With this data, we have the actual density u=umax(1— ( )] and

T(bh-a)
V:Vmax 1_L ) J =UV(U), 8_‘]:Vmax 1_2_u ' Sup(gjzvmax'
u ou ou

In order to the iterative process to be stable and convergent, we divide the mesh
to satisfy
T 1 1

h sup{g‘J ‘xe[ab]t e[O,T]} Vinax
u
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Given a=0; b=10(km); T =10 (hour); u,, =120 (cars’km), v, =80
(km/hour); time delay &=7.2 (seconds); Regularization parameter o =10"*. The

iterative process converges when %s% Divide the distance into N equal segments,

the length of each segment is h =%=O.2(km). Table 1 is the calculation results to

verify the convergence of the algorithm.
Table 1: Calculation results of the algorithm (11)-(12)

M =T /M (hour) err ~ max{u; -u(x,t;)}
10000 0.00100 108
20000 0.00050 95
50000 0.00020 64
100000 0.00010 33
1000000 0.00001 3
Approximation Density (1a) Exact Density (1b)

L
100 =

U-axis

100 =

U-a%is

100 100 ‘
50 205 a0 1 ?Dﬁ
taxis 0 O X-axis taxis 0 0 waxis
Errar (1¢c) Approximation Density - and Exact Density * (1d)
150 .
% = 100
s ]
w ]
g0 1 ?DB 0
taxis O O ¥-axis i

independent variable x

Figure 1: Calculation results at N=50, M=1000,000

The results in Table 1 show that when the M is arbitrarily large, the error
between the approximate solution and the exact solution gradually decreases. In the
above table, if the M=10.000, the error is 95 cars, when the number of time layer is
gradually increased to 1000,000, the error is reduced to only 3 cars. Thus, this result
shows that the proposed difference scheme is completely consistent with the proposed
theory. The graph illustrating the calculation results by Figure 1, where figure d is the
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graph of the exact solution and the approximate solution at time T=10 (hours) also
shows 2 lines describing the approximate solution and the exact solution close to each
other, this proves the convergence of the method.

4. Conclusion

In this paper, we propose a regularization differential schema to find traffic
density for the delay heterogeneity problem. This schema ensures stability and
convergence with an accuracy of first order for the time grid step and second order for
the spatial mesh step when setting the limiting condition on the ratio between these grid
steps. The calculation results according to the schema have confirmed the convergence of
the method and are consistent with the theory given in the paper. In the coming time, we
will continue to study the method of choosing the regularization parameter to find the
optimal parameter. Hopefully with these results, in the future we will continue to conduct
theoretical research and test on a computational system that uses sensors to assist in data
collection for a specific route.
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TOM TAT

THUAT TOAN SAI PHAN HIEU CHINH LAX FRIEDRICHS
CHO BAI TOAN DU BAO MAT PO GIAO THONG CO TRE

Nguyén Pinh Diing
Trwong Pai hoc Cong nghé Thong tin va Truyén théng, Pai hoc Thai Nguyén, Viét Nam
Ngay nhan bai 15/11/2023, ngay nhan dang 28/12/2023

Trong nhitng nam gan day, du bao mat do giao thong di déng mét vai trd quan
trong trong viéc phat trién va cai thién hiéu suét cua hé thdng giao thdng théng minh. Dy
bao mat do giao thong nham t6i wu hoéa quan ly giao thdng, quan 1y do thi giao thdng
phuong tién ¢ kha ning diéu phéi giao théng, toi wu héa tin hiéu dén giao théng va ap
dung quy dinh thong minh dya trén dy bao, tir d6 cai thién kha nang xtr Iy doan duong va
giam thoi gian di chuyén. Vi vay, viéc xay dung cac thuat toan dy doan cung véi viéc
tich hop vao hé thdng quan ly giao thdng 1a can thiét dé thuc day su phét trién bén viing
cua hé théng giao thong thong minh trong tuong lai. Trong bai bao ndy, chung t6i phat
trién thuat toan du doan mat do luu lugng trén md hinh tré Lighthill-Whitham-Richards,
trong d6 chiing t6i d& xuat phuong phap sai phan hiéu chinh lam co sé cho thuat toan.
Chuing toi chu yéu tap trung xay dung thuat toan va thuc hién cai dat thir nghiém dé kiém
chtng tinh dung dan caa thuat toan trén mé hinh toan hoc d cong bo.

Tir khéa: M6 hinh ludng giao théng; sai phan Lax - Fedrichs; mo hinh tré LWR;
sai phan hiéu chinh; mat do giao thong.
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