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In recent years, with the strong development of information 

technology, detecting communities in large real networks is a 

very important issue which is of interest to many scientists. 

Community detection in large real networks with millions of 

nodes is often difficult. To solve this problem, many online 

community search algorithms have been proposed with many 

different approaches. One of the approaches is to coordinate the 

vertices of the graph and build a reasonable distance between 

those vertices. It has been observed that vertices in the same 

community have approximately the same probability of reaching 

other vertices through a random walk. Based on this principle, 

the authors propose a way to coordinate vertices and build 

distances between vertices in the graph that reduces 

computational complexity compared to existing techniques. This 

approach involves representing peaks as vectors and using the K-

means++ algorithm for community detection, whose 

effectiveness is evaluated through experimental results presented. 
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1. Introduction 

In recent times, network analysis has attracted the attention 

of many scientists due to its wide application in many 

different fields such as social research [1], biology [2-3] 

and computer networks [4]. Mathematically, a network is 

represented as a graph consisting of vertices connected by 

edges. Real-life networks are often large and sparse, with 

hundreds of thousands or even millions of vertices, and they 

often have a community structure. These communities can 

be thought of as groups of vertices that are tightly 

interconnected internally but more loosely connected to the 

rest of the network. Exploring these community structures 

has become a fascinating area of research because they 

provide valuable insights into the original network. 

Defining a community in a graph is mathematically 

complex. There have been many different approaches 

proposed by scientists, specifically as follows: The 

approach towards coordinateizing vertices and constructing 

the distance between the vertices of the graph based on the  

https://creativecommons.org/licenses/by-nc/4.0/
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idea that two vertices belonging to the same community will have a small distance 

betwween them [5-6]; The approach is to maximize the number of edges within a 

community and minimize the number of edges between communities [7-9]; The 

approach using linear algebra [10-11];  The approach uses clustering coefficients with the 

idea of two certain people knowing each other, there is a high probability that those two 

people will have friends in common [12-13]; The approach towards building 

probabilistic models [14]. 

In this paper, based on the idea of distance developed by Latapy and Pons [6], we 

introduce a new coordinateization method and construct the distance between vertices in 

the graph. This approach significantly reduces computational complexity compared to 

previously established methods [6]. Based on the random walk, each vertex in the graph 

is presented as an h-dimensional vector and the K-means++ algorithm is used for 

community detection. Furthermore, some experiments are conducted using random graph 

generation models and real-world datasets to investigate the effectiveness of the 

proposed algorithm. 

2. Latapy and Pons distance 

Consider an undirected graph 𝐺 = (𝑉, 𝐸), where 𝑉 = {𝑣1, 𝑣2, … , 𝑣𝑛} is the set of 

vertices and and 𝐸  is the set of edges of the graph, 𝐴 = (𝐴𝑖𝑗)𝑛×𝑛 is the adjacency matrix 

of the graph 𝐺, where 𝐴𝑖𝑗 = 1 if between two vertices 𝑖 và 𝑗 there is a connecting edge; 

𝐴𝑖𝑗 = 0 if there is no connecting edge connection between those two vertices. The degree 

of vertex 𝑖, denoted by 𝑑𝑖, is defined as the number of vertices adjacent to vertex 𝑖. For 

simplicity, in this paper unweighted graphs is consider. However, it is possible to 

develop to weighted graphs by considering 𝐴𝑖𝑗 ∈ ℝ+ instead of 𝐴𝑖𝑗 ∈ {0,1}. Consider a 

random walk on graph G [15, 16], which is a random process that describes a path 

consisting of random walks 𝑋0, 𝑋1, … 𝑋𝑡, … on 𝐺 . Each step is moving from a certain 

vertex to its adjacent vertices randomly with equal probability. The probability of 

moving from vertex 𝑣𝑖 to 𝑣𝑗  is 𝑃𝑖𝑗 =
𝐴𝑖𝑗

𝑑𝑖
, so the transition probability matrix after one step 

is 𝑃 = (𝑃𝑖𝑗)𝑛×𝑛 and 𝑃𝑡 = (𝑃𝑖𝑗
𝑡 )𝑛×𝑛  is the transition probability matrix after a step of a 

random walk on 𝐺. Denote 𝐷 as the degree matrix of vertices in the graph, that is 𝐷𝑖𝑗 =

𝑑𝑖 if 𝑖 ≠ 𝑗 và 𝐷𝑖𝑗 = 0 if  𝑖 = 𝑗, then 𝑃 = 𝐷−1𝐴. 

Consider an acyclic random walk on a finite graph 𝐺  with 𝑛  vertices. 

According to the convergence theorem of Markov chains [16], we have a transition 

probability matrix 𝑃  satisfying lim
𝑘→∞

𝑃𝑘 = 𝑃∞ , with (𝑃∞)𝑖𝑗 = ∅𝑗 , where ∅𝑗  is the 𝑗 - 

component of the stationary distribution ∅ = (∅1, ∅2, … , ∅𝑛). If 𝐺  is an undirected 

graph then 𝑎𝑖𝑗 = 𝑎𝑗𝑖 , we have ∅𝑖 =
𝑑𝑖

2𝑚
, ∀ 𝑖 = 1,2, … , 𝑛  with 2𝑚 = ∑ 𝐴𝑖𝑗

𝑛
𝑖,𝑗=1 . In [6], 

Latapy and Pons found that, if two vertices 𝑖 and 𝑗 belong to the same community, the 

probabilities of going randomly from vertex 𝑖  and 𝑗  to arbitrary vertex 𝑘  are 

approximately the same, that is 𝑃𝑖𝑘
𝑡 ≃ 𝑃𝑗𝑘

𝑡 , for every vertex 𝑘. From there, the distance 

between 𝑖 and 𝑗 is defined as follows: 
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𝑟𝑖𝑗 = √∑
(𝑃𝑖𝑘

𝑡 − 𝑃𝑗𝑘
𝑡 )2

𝑑𝑘

𝑛

𝑘=1

= ‖𝐷−
1
2𝑃𝑖 •

𝑡 − 𝐷−
1
2𝑃𝑗 •

𝑡 ‖, (1) 

where ‖ •‖is the inner Euclidean norm ℝ𝑛  and 𝑃𝑖 •

𝑡  is the second row 𝑖  of the 

matrix 𝑃𝑡. From the above distance formula, each vertex 𝑖 can be coordinated by a vector 

𝐷−
1

2𝑃𝑖 •

𝑡 or  

𝐶𝑜𝑜𝑟𝑑(𝑖) = 𝐷−
1
2𝑃𝑖 •

𝑡 = {
𝑃𝑖1

𝑡

𝑑1
1/2

,
𝑃𝑖2

𝑡

𝑑2
1/2

, … ,
𝑃𝑖𝑛

𝑡

𝑑𝑛
1/2

}. (2) 

Based on the above idea, we propose a new way to coordinate vertices and define 

the distance between vertices of the graph presented in the following section. 

3. Recommended distance 

Definition: With 𝑘 being any vertex, the distance between two vertices 𝑖 and 𝑗 is 

determined by the following formula: 

ℜ𝑖𝑗 = √((𝑃𝑘𝑖
𝑡 − ∅𝑖) − (𝑃𝑘𝑗

𝑡 − ∅𝑗))2 (3) 

Thus, each vertex 𝑖 in the graph can be considered as a one-dimensional vector 

with coordinates as follows: 

𝐶𝑜𝑜𝑟𝑑(𝑖) = (𝑃𝑘𝑖
𝑡 − ∅𝑖). (4) 

To improve the accuracy of the distance proposed by formula (3), any 

ℎ components are randomly selected within 𝑃𝑖 •

𝑡  and coordinate each vertex by ℎ 

dimensional vector: 

                       𝐶𝑜𝑜𝑟𝑑(𝑖) = (𝑃𝑘𝑖1

𝑡 − ∅𝑖1
, 𝑃𝑘𝑖2

𝑡 − ∅𝑖2
, … , 𝑃𝑘𝑖ℎ

𝑡 − ∅𝑖ℎ
). (5) 

Next, the relationship of the distance formula (3) with the spectrum of the 

transition probability matrix 𝑃  will be considered, thereby proving that when two 

vertices 𝑖  and 𝑗 belong to the same community, the distance between them will be small.  

Lemma ([6, Lemma 1]) The eigenvectors of the matrix 𝑃 are real and satisfy: 

1 = 𝜆1 > 𝜆2 ≥ ⋯ ≥ 𝜆𝑛 ≥ −1. 

Furthermore, there exists a family of orthogonal vector (𝑆𝛼)1≤𝛼≤𝑛 so that each 

vector 𝑣𝛼 = 𝐷−
1

2𝑆𝛼  and 𝑢𝛼 = 𝐷
1

2𝑆𝛼  is a right eigenvector and a left eigenvector 

corresponding to the eigenvalue 𝜆𝛼 and satisfy: 

∀𝛼, 𝑃𝑣𝛼 = 𝜆𝛼𝑣𝛼 , 𝑃𝑇𝑢𝛼 = 𝜆𝛼𝑢𝛼  and ∀𝛼, ∀𝛽, 𝑣𝛼
𝑇𝑢𝛽 = 𝛿𝛼,𝛽. 

From Lemma 2 above, the following Theorem is proven: 

Theorem: Distance ℜ is related to the spectrum of matrix 𝑃 by: 

ℜ𝑖𝑗
2 = (∑ 𝜆𝛼

𝑡 𝑣𝛼(𝑘)(𝑢𝛼(𝑖) − 𝑢𝛼(𝑗))

𝑛

𝛼=2

)2 (6) 
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in which (𝜆𝛼)1≤𝛼≤𝑛 and (𝑣𝛼)1≤𝛼≤𝑛 are the eigenvalues and right eigenvectors of 

the matrix 𝑃, respectively. 

Prove: From Lemma 2, the spectrum of the matrix 𝑷 is analyzed as follows: 

𝑃 = ∑ 𝜆𝛼𝑣𝛼𝑢𝛼
𝑇𝑛

𝛼=1  and 𝑃𝑡 = ∑ 𝜆𝛼
𝑡𝑛

𝛼=1 𝑣𝛼𝑢𝛼
𝑇  

By normalization, for each vertex 𝑘 we have 𝑣1(𝑘) =
1

√∑ 𝑑(𝑙)𝑛
𝑙=1

; for each vertex 𝑖 

we also have 𝑢1(𝑖) =
𝑑(𝑖)

√∑ 𝑑(𝑙)𝑛
𝑙=1

.  

Therefore we have 𝑣1(𝑘)𝑢1(𝑖) =
𝑑(𝑖)

∑ 𝑑(𝑙)𝑛
𝑙=1

= 𝜙𝑖. 

So  

𝑃𝑘𝑖
𝑖 = ∑ 𝜆𝛼

𝑡 𝑣𝛼(𝑘)𝑢𝛼(𝑖) = 𝑣1(𝑘)𝑢1(𝑖) + ∑ 𝜆𝛼
𝑡 𝑣𝛼(𝑘)𝑢𝛼(𝑖)

𝑛

𝛼=2

𝑛

𝛼=1

= 𝜙𝑖 + ∑ 𝜆𝛼
𝑡 𝑣𝛼(𝑘)𝑢𝛼(𝑖)

𝑛

𝛼=2

 

(

(7) 

Substituting (7) into formula (3) we get ℜ𝑖𝑗
2 =

(∑ 𝜆𝛼
𝑡 𝑣𝛼(𝑘)𝑢𝛼(𝑖) −𝑛

𝛼=2 ∑ 𝜆𝛼
𝑡 𝑣𝛼(𝑘)𝑢𝛼(𝑗)𝑛

𝛼=2 )2 

Or ℜ𝑖𝑗
2 = (∑ 𝜆𝛼

𝑡 𝑣𝛼(𝑘)(𝑢𝛼(𝑖) −𝑛
𝛼=2 𝑢𝛼(𝑗)))2 . So (6) has been proven. In the 

following, the proposed distance-based network community search algorithm will be 

presented. 

Input data: Undirected graph 𝐺 = (𝑉, 𝐸); 𝑘 is the number of clusters. 

Output: 𝑘 community clusters have been partitioned. 

Step 1: Calculate the matrix 𝑃𝑡  (with 𝑡 sufficiently large) 

Step 2: Coordinate the vertices of the graph 𝐶𝑜𝑜𝑟𝑑(𝑖) = (𝑃𝑘𝑖1

𝑡 − ∅𝑖1
, 𝑃𝑘𝑖2

𝑡 −

∅𝑖2
, … , 𝑃𝑘𝑖ℎ

𝑡 − ∅𝑖ℎ
). 

Step 3: Use K-means++ algorithm for community detection. 

The proposed coordinateization method significantly reduces the computational 

complexity compared to the coordinateization method of Latapy and Pons. Specifically, 

according to the coordinateization method of Latapy and Pons, the distance must be 

calculated based on all components of vector 𝑃𝑖 •

𝑡  and the calculation time for each of 

these vectors is 𝑂(𝑡𝑚). To calculate all vectors  𝑃𝑖 •

𝑡 , (𝑖 = 1,2, … , 𝑛), the computation 

time will becomes 𝑂(𝑡𝑚𝑛). Meanwhile, our proposed distance calculation only needs to 

consider ℎ components of the vector𝑃𝑖 •

𝑡 , so the computational complexity is 𝑂(𝑡𝑚ℎ), 

with ℎ no larger than the number of communities in the network under consideration. 

To evaluate the effectiveness of the proposed distance-based algorithm, the 

proposed coordinateization of vertices from formula (5) and the coordinateization 

according to Pons and Latapy by formula (2) have been used in the experiments, then K-

means++ algorithm is used to detect the communities. The experiments are performed on 
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real Email network data and randomly generated graph data. The Modularity function is 

then used to evaluate the quality of the generated clusters. 

 4. Experimental results 

Modularity function is used to evaluate the clustering quality of network 

community search algorithms. Whichever clustering algorithm has a greater modularity 

value will have better clustering quality. The Modularity function on undirected graphs is 

defined in [17] as follows: 𝑄 =
1

2𝑚
∑ (𝐴𝑖𝑗 −

𝑘𝑖𝑘𝑗

2𝑚
) 𝛿(𝐶𝑖, 𝐶𝑗),𝑛

𝑖=1,𝑗=1  in which 𝐴𝑖𝑗  is the 

element located on the intersection of row 𝑖 and column 𝑗 of the adjacency matrix 𝐴; 

𝑘𝑖 , 𝑘𝑗 is the degree of 𝑖 and 𝑗; 𝐶𝑖 , 𝐶𝑗 are the communities containing 𝑖 and 𝑗 respectively 

and 𝛿(𝐶𝑖, 𝐶𝑗) = {
1 𝑤ℎ𝑒𝑛 𝐶𝑖 = 𝐶𝑗 ,

0 𝑤ℎ𝑒𝑛 𝐶𝑖 ≠ 𝐶𝑗
  

In the first experiment, the real Email network dataset, introduced in [18], was 

used. This is a social network constructed from email communications within a medium-

sized university with about 1700 employees. Email networks provide an accurate and 

non-intrusive description of the flow of information within human organizations. The 

algorithm with the proposed coordinateization method and the coordinateization method 

by Latapy and Pons were used. The results obtained are shown in Figure 1. 

 

Figure 1: Comparison of Modularity between the proposed coordinate algorithm  

and coordinateization by Latapy and Pons on real data Email network 

Besides testing with real data sets, another experiment on the dataset which is a 

random generating graph established using a Gaussian random partition generator [19] 

was conducted. The number of peaks is randomly selected within the range (1000, 2000), 

and for each cluster, the average number of peaks is randomly selected within (80, 120). 

The parameter is set to 0.7. Three different values of 0.01, 0.05, and 0.1 have been tested, 

corresponding to graphs with clear community structure, moderately clear community 

structure, and unclear community structure. The results are illustrated in Figure 2.  

From the conducted experiments, it is clear that the coordinate method proposed 

in this study proves to be equally effective as the Latapy and Pons coordinate method in a 

variety of situations, and the computational complexity is significantly reduced. 
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Figure 2: Comparison of Modularity between the proposed coordinate algorithm  

and coordinateization by Latapy and Pons on randomly generated graph data 

5. Conclusion 

This article has presented the use of random walks on graphs, proposed a new 

coordinate method and constructed the distance between vertices in the graph. The 

proposed coordinateization method has significantly reduced the computational 

complexity compared to the coordinateization method of Latapy and Pons, and at the 

same time the effectiveness is equivalent. This is also an important result for continuing 

research on finding network communities on large real-world networks. 
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TÓM TẮT 

 

TÌM KIẾM CỘNG ĐỒNG MẠNG  

DỰA TRÊN CẢI TIẾN TOẠ ĐỘ CỦA ĐỈNH 

 
Lại Văn Trung,  Nguyễn Thị Thanh Giang 

Trường Đại học Công nghệ thông tin và truyền thông, Đại học Thái Nguyên, Việt Nam 

Ngày nhận bài 05/02/2024, ngày nhận đăng 17/4/2024 

 

Trong những năm gần đây, với sự phát triển mạnh mẽ của công nghệ thông tin, 

việc phát hiện cộng đồng trong mạng thực lớn là vấn đề rất quan trọng, được nhiều nhà 

khoa học quan tâm nghiên cứu. Việc phát hiện cộng đồng trong các mạng thực lớn với 

hàng triệu nút thường khó khăn. Để giải quyết vấn đề này, nhiều thuật toán tìm kiếm 

cộng đồng mạng đã được đề xuất với nhiều cách tiếp cận khác nhau. Một trong những 

cách tiếp cận là tọa độ các đỉnh của đồ thị và xây dựng khoảng cách hợp lý giữa các đỉnh 

đó. Chúng tôi quan sát thấy rằng các đỉnh trong cùng một cộng đồng có xác suất đi đến 

các đỉnh khác là gần như nhau thông qua bước đi ngẫu nhiên. Dựa trên nguyên tắc này, 

chúng tôi đề xuất một cách toạ độ hoá các đỉnh và xây dựng khoảng cách giữa các đỉnh 

trong đồ thị làm giảm độ phức tạp tính toán so với các kỹ thuật hiện có. Cách tiếp cận 

này liên quan đến việc biểu diễn các đỉnh dưới dạng vectơ và sử dụng thuật toán K-

means++ để phát hiện cộng đồng, được đánh giá tính hiệu quả qua một số kết quả thực 

nghiệm được trình bày. 

Từ khóa: Phát hiện cộng đồng; bước đi ngẫu nhiên; toạ độ; khoảng cách; 

modularity. 


