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ABSTRACT

In recent years, with the strong development of information
technology, detecting communities in large real networks is a
very important issue which is of interest to many scientists.
Community detection in large real networks with millions of
nodes is often difficult. To solve this problem, many online
community search algorithms have been proposed with many
different approaches. One of the approaches is to coordinate the
vertices of the graph and build a reasonable distance between
those vertices. It has been observed that vertices in the same
community have approximately the same probability of reaching
other vertices through a random walk. Based on this principle,
the authors propose a way to coordinate vertices and build
distances between vertices in the graph that reduces
computational complexity compared to existing techniques. This
approach involves representing peaks as vectors and using the K-
means++ algorithm  for community detection, whose
effectiveness is evaluated through experimental results presented.
Keywords: Community detection; random walk; coordinates;
distance; modularity.

1. Introduction

In recent times, network analysis has attracted the attention
of many scientists due to its wide application in many
different fields such as social research [1], biology [2-3]
and computer networks [4]. Mathematically, a network is
represented as a graph consisting of vertices connected by
edges. Real-life networks are often large and sparse, with
hundreds of thousands or even millions of vertices, and they
often have a community structure. These communities can
be thought of as groups of vertices that are tightly
interconnected internally but more loosely connected to the
rest of the network. Exploring these community structures
has become a fascinating area of research because they
provide valuable insights into the original network.
Defining a community in a graph is mathematically
complex. There have been many different approaches
proposed Dby scientists, specifically as follows: The
approach towards coordinateizing vertices and constructing
the distance between the vertices of the graph based on the

81


https://creativecommons.org/licenses/by-nc/4.0/
https://creativecommons.org/licenses/by-nc/4.0/

L. V. Trung, N. T. T. Giang / Network community detection based on improving vertex coordinates

idea that two vertices belonging to the same community will have a small distance
betwween them [5-6]; The approach is to maximize the number of edges within a
community and minimize the number of edges between communities [7-9]; The
approach using linear algebra [10-11]; The approach uses clustering coefficients with the
idea of two certain people knowing each other, there is a high probability that those two
people will have friends in common [12-13]; The approach towards building
probabilistic models [14].

In this paper, based on the idea of distance developed by Latapy and Pons [6], we
introduce a new coordinateization method and construct the distance between vertices in
the graph. This approach significantly reduces computational complexity compared to
previously established methods [6]. Based on the random walk, each vertex in the graph
is presented as an h-dimensional vector and the K-means++ algorithm is used for
community detection. Furthermore, some experiments are conducted using random graph
generation models and real-world datasets to investigate the effectiveness of the
proposed algorithm.

2. Latapy and Pons distance

Consider an undirected graph G = (V,E), where V = {v;, v,, ..., v, } is the set of
vertices and and E' is the set of edges of the graph, A = (4;j)nxx is the adjacency matrix
of the graph G, where A;; = 1 if between two vertices i va j there is a connecting edge;
A;; = 0 if there is no connecting edge connection between those two vertices. The degree
of vertex i, denoted by d;, is defined as the number of vertices adjacent to vertex i. For
simplicity, in this paper unweighted graphs is consider. However, it is possible to
develop to weighted graphs by considering 4;; € R* instead of 4;; € {0,1}. Consider a
random walk on graph G [15, 16], which is a random process that describes a path
consisting of random walks X, X;, ... X;, ... on G. Each step is moving from a certain
vertex to its adjacent vertices randomly with equal probability. The probability of

moving from vertex v; tov; is P;; = ﬂ, so the transition probability matrix after one step
] ] d;

is P = (P;j)nxn and Pt = (Pitj)m is the transition probability matrix after a step of a
random walk on G. Denote D as the degree matrix of vertices in the graph, that is D;; =
d;ifi #jvaD;; =0if i =j,then P = D7'A.

Consider an acyclic random walk on a finite graph G with n vertices.
According to the convergence theorem of Markov chains [16], we have a transition

probability matrix P satisfying Ilim P* =P, with (Ps);; = ®;, where @; is the j-
component of the stationary distribution @ = (@4, 9,, ...,0,). If G is an undirected
graph then a;; = aj;, we have @; = zd—nil, Vi=12,..,nwith 2m =},_; 4;;. In [6],

Latapy and Pons found that, if two vertices i and j belong to the same community, the
probabilities of going randomly from vertex i and j to arbitrary vertex k are
approximately the same, that is Pf, ~ Pj";(, for every vertex k. From there, the distance

between i and j is defined as follows:
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n
(Pf — PR)? 1 1
sz — Z ik jk — ||D ZPit- -D ZPjt' ) (1)

dye

k=1

where || ¢|lis the inner Euclidean norm R™ and Pf, is the second row i of the
matrix Pt. From the above distance formula, each vertex i can be coordinated by a vector

1
D™zPf or

1 pt  pt pt
Coord(i) = D72pt ={-L 2 i 2)
L di/z d;/z drll/z
Based on the above idea, we propose a new way to coordinate vertices and define

the distance between vertices of the graph presented in the following section.

3. Recommended distance

Definition: With k being any vertex, the distance between two vertices i and j is
determined by the following formula:

R, = J (P - 00 — (P, — 9,))? @)

Thus, each vertex i in the graph can be considered as a one-dimensional vector
with coordinates as follows:

Coord (i) = (Pf; — ;). 4)

To improve the accuracy of the distance proposed by formula (3), any

h components are randomly selected within P/, and coordinate each vertex by h
dimensional vector:

Coord(i) = (P,El-1 - (Z)il,P,Ei2 -0, ...,P,gl-h - 0;,). (5)

Next, the relationship of the distance formula (3) with the spectrum of the

transition probability matrix P will be considered, thereby proving that when two

vertices i and j belong to the same community, the distance between them will be small.
Lemma ([6, Lemma 1]) The eigenvectors of the matrix P are real and satisfy:

1=04>4==21,=-1
Furthermore, there exists a family of orthogonal vector (S,;) <4<n SO that each

1 1
vector v, = D 2S5, and u, = D25, is a right eigenvector and a left eigenvector
corresponding to the eigenvalue 1, and satisfy:

Va,Pvy = Ay, PTuy = Aguy and Va, VB, vgug = 8,4p.

From Lemma 2 above, the following Theorem is proven:
Theorem: Distance ‘R is related to the spectrum of matrix P by:

W = O Ave () (tta(D) — ug ()’ ©)
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in which (A4)1<a<n @nd (v,)1<a<n @re the eigenvalues and right eigenvectors of
the matrix P, respectively.
Prove: From Lemma 2, the spectrum of the matrix P is analyzed as follows:
P = Zg=1/1avau£ and P* = Y51 4G Valg

By normalization, for each vertex k we have v, (k) = ;; for each vertex i
/Z{Ll a(l)

d(i)
/Z?=1 a)

Therefore we have v, (k)u, (i) = nd(i) = ¢;.
Yieid®

we also have u, (i) =

So

Pl = D Ao (ita (D) = v (s (D) + ) Ao (Ritg ()

S ()
=¢i+ ) v, ()ua()

Substituting (7 into formula (3) we get R =
(Xe=22ava ()ua (1) — Y=z Aeve ()us (1))?

Or Rf; = (Xhez A5, (k) (ug () —ue(j)))*. So (6) has been proven. In the
following, the proposed distance-based network community search algorithm will be
presented.

Input data: Undirected graph G = (V, E); k is the number of clusters.

Output: kK community clusters have been partitioned.

Step 1: Calculate the matrix Pt (with t sufficiently large)

Step 2: Coordinate the vertices of the graph Coord(i) = (Pi;, — @y, Pri, —
Di,» ...,P,Eih - 0,)-

Step 3: Use K-means++ algorithm for community detection.

The proposed coordinateization method significantly reduces the computational
complexity compared to the coordinateization method of Latapy and Pons. Specifically,
according to the coordinateization method of Latapy and Pons, the distance must be
calculated based on all components of vector P/, and the calculation time for each of
these vectors is O(tm). To calculate all vectors P, (i = 1,2,...,n), the computation
time will becomes O (tmn). Meanwhile, our proposed distance calculation only needs to
consider h components of the vectorP/,, so the computational complexity is O(tmh),
with h no larger than the number of communities in the network under consideration.

To evaluate the effectiveness of the proposed distance-based algorithm, the
proposed coordinateization of vertices from formula (5) and the coordinateization
according to Pons and Latapy by formula (2) have been used in the experiments, then K-
means++ algorithm is used to detect the communities. The experiments are performed on
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real Email network data and randomly generated graph data. The Modularity function is
then used to evaluate the quality of the generated clusters.

4. Experimental results

Modularity function is used to evaluate the clustering quality of network
community search algorithms. Whichever clustering algorithm has a greater modularity
value will have better clustering quality. The Modularity function on undirected graphs is
defined in [17] as follows: Q = =X, ;_, (Ay —%) 5(C;,C;), in which 4y is the
element located on the intersection of row i and column j of the adjacency matrix 4;
ki, k; is the degree of i and j; C;, C; are the communities containing i and j respectively

1 when C; = G,
and §(C,, G;) = {0 when C; # C;

In the first experiment, the real Email network dataset, introduced in [18], was
used. This is a social network constructed from email communications within a medium-
sized university with about 1700 employees. Email networks provide an accurate and
non-intrusive description of the flow of information within human organizations. The

algorithm with the proposed coordinateization method and the coordinateization method
by Latapy and Pons were used. The results obtained are shown in Figure 1.
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Figure 1: Comparison of Modularity between the proposed coordinate algorithm
and coordinateization by Latapy and Pons on real data Email network

Besides testing with real data sets, another experiment on the dataset which is a
random generating graph established using a Gaussian random partition generator [19]
was conducted. The number of peaks is randomly selected within the range (1000, 2000),
and for each cluster, the average number of peaks is randomly selected within (80, 120).
The parameter is set to 0.7. Three different values of 0.01, 0.05, and 0.1 have been tested,
corresponding to graphs with clear community structure, moderately clear community
structure, and unclear community structure. The results are illustrated in Figure 2.

From the conducted experiments, it is clear that the coordinate method proposed
in this study proves to be equally effective as the Latapy and Pons coordinate method in a
variety of situations, and the computational complexity is significantly reduced.
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Figure 2: Comparison of Modularity between the proposed coordinate algorithm
and coordinateization by Latapy and Pons on randomly generated graph data

5. Conclusion

This article has presented the use of random walks on graphs, proposed a new
coordinate method and constructed the distance between vertices in the graph. The
proposed coordinateization method has significantly reduced the computational
complexity compared to the coordinateization method of Latapy and Pons, and at the
same time the effectiveness is equivalent. This is also an important result for continuing
research on finding network communities on large real-world networks.
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TOM TAT

TIM KIEM CONG PONG MANG
DUA TREN CAI TIEN TOA PQ CUA PINH

Lai Vin Trung, Nguyén Thi Thanh Giang
Trwong Pai hoc COng nghé thdng tin va truyén théng, Pai hoc Thai Nguyén, Viét Nam
Ngay nhan bai 05/02/2024, ngay nhan dang 17/4/2024

Trong nhitng nam gan day, vai sy phat trién manh mé cua cdng nghé thong tin,
viéc phét hién cong dong trong mang thuc I6n 1a van dé rat quan trong, duoc nhiéu nha
khoa hoc quan tdm nghién cau. Viéc phat hién cong dong trong cac mang thyc Ién Vi
hang triéu nat thuong khé khan. Bé giai quyét van dé nay, nhiéu thuat toan tim kiém
cong ddng mang da dugc dé xuat voi nhidu cach tiép can khac nhau. Mot trong nhiing
cach tiép can 1a toa d6 cac dinh caa db thi va xay dung khoang cach hop 1y giita cac dinh
d6. Chung t6i quan sat thay rang cac dinh trong ciing mot cong dong c6 xac suat di dén
cac dinh khéc 12 gan nhu nhau thong qua budc di ngiu nhién. Dya trén nguyén tic nay,
chung t6i dé xuit mot cach toa do hoa cac dinh va xay dung khoang céch giita cac dinh
trong do6 thi lam giam do phic tap tinh toan so vai cac ki thuat hién co. Céch tiép can
nay lién quan dén viéc biéu dién cac dinh dudi dang vecto va st dung thuat toan K-
means++ dé phat hién cong dong, duoc danh gia tinh hiéu qua qua mot sé két qua thuc
nghiém duoc trinh bay.

Tir khoa: Phat hién cong dong; budc di ngiu nhién; toa do; khoang céch;
modularity.

88



