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ABSTRACT

In this paper, we first prove that the heat equation backward in
time with Dirichlet and integral boundary conditions is an ill-
posed problem. Then, we establish a stability estimate of Holder
type for this ill-posed problem.

Keywords: Heat equation backward,;
stability estimate.

ill-posed problem;

1. Introduction

Let [ and T be positive real numbers. Consider the problem of
determining u(x, t) satisfying

U — Uy =0,0<x<,0<t<LT
{u(O, t) =0, folu(x, t)dx=0, 0<t<T (M
with measurement dataatt = T:
ulx,T) = p(x), x €[0,1] )

where ¢ is a given function.

Problem (1)-(2) is ill-posed in the sense of Hadamard (see
Theorem 2.1). Therefore, stability estimates and
regularization methods are desired.

In recent years, there have been many research papers on
parabolic equations with integration conditions ([1], [2],
[3], [4], [5], [6], [7]). In paper [1], we have established a
stability estimate result of the Holder type for heat equation
backward in time with Neumann and integral boundary
conditions. However, the technique in paper [1] cannot be used
to establish stability estimate results for heat equation backward
in time with Dirichlet and integral boundary conditions because
the two boundary conditions, Dirichlet and Neumann, are
different. Furthermore, to our knowledge, there is so far not any
result on stability estimates of heat equation backward in time
with Dirichlet and integral bound-ary conditions (1)-(2). This
motivates us to establish a stability estimate result for problem

(D)-(2).
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The purpose of this paper is to prove that problem (1)-(2) is an ill-posed problem and
propose a stability estimate result of the Holder type for this problem. We present these

results in Section 2.

2 Main results
For simplicity of notation, in this section we denote || - || 120 by | - |-

Theorem 2.1. (ill-posedness) Problem (1)-(2) is an ill-posed problem.

Proof. Set
u(z,t) = 1.(z) - 27;""’3, 0<e<l, 0<t<T,
n
n 1 2mnx
SO(LU):_SIH l ) <l’<l,
w(z,t) =0,0< <, 0<t<T,
ex)=0,0<z<
It follows that
W(0,t) =0, 0< t < T,
2 2
u(a,t) = — (27TT”) LoE)ya-n g, 2”;”, 0<z<l,0<t<T,
n
ur (w,t) = %Tnle(%ﬁf@—“ s 277”3, 0<z<l,0<t<T,
n

: I

1 (2102 9

/un(x,t)dx:/ 2 @-0 g ﬂ;mdx
0 0

= le<27+n)2(T_t) sin 27m:cd
n

1 (2an\2 !
(2z2)* (1) l cos 2mnx
n 2mn [ o
16(2’%")2@_’5)0032%” —cos 0 0, 0<t<T,
n

2mn

1 2
u'(2,T) = ~sin =2 = ¢"(2), 0 <w <L,
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up(z,t) =0 = uge(x,t), 0 <z <1, 0Kt LT,
!
u(0,t) =0, / u(z,t)de =0, 0 <t < T,
0
u(z, T)=0=¢p(x), 0 <z <L
Therefore u™(x, t) satisfies the following conditions

up —ul, =0, 0<e<,0<t<T
u™(0,t) =0, fol u(z,t)dr =0,0<t<T
u(z,T) = ¢"(x), 0 <z <

and u(z, t) satisfies the following conditions

U — Uz =0, 0< 2 <[,0<t<T
u(0,8) =0, [lu(z,t)de =0,0<t<T
u(z,T) = p(x), 0 < x < L.

On the other hand, we have

o= ([ ora) - ([ () o)

l L 1 dmnx 3
1 2 2 1 — COS
_1 (/ sin? an)dx> 1 / I A
n \Jo l n | Jo 2
1
. dmnx 2
1 1 1 lSlHT 1
“nl2 ‘0_ 8mn ‘0
V1

= — > 0asn — +oo.

=

However, for 0 < ¢t < T we obtain

o) ate )l = [t t)z(x)dx); ) ( [ (1o %Zw)?(x)dx)%
B %G(QTL)Z(T—I” (/Ol (Sin 2”;137)2 (:E)dx>é

VI () -

N
N‘ﬂ
3

= e — +o0 asn — +00.
V21
This proves that problem (1)-(2) is an ill-posed problem.
Hence, the theorem is proved. [
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Theorem 2.2. (Stability estimate) Let u'(z,t) and u?(x,t) be solutions of problem (1).
Assume that there exists a constant C' < 0 such that

u'(l,t) = Cul(0,t),i=1,2. (3)
If ul(x,t) and u*(z, t) satisfy
|u'(-,0)|| < E, i=1,2. 4)
and ||u' (-, T) — u?(-, T)|| < § where § and E are some positive constants then
(-, £) — (-, 8)|| < 20~ )6+ BV F, vt e [0,77.
Proof. Set
u(z,t) = u'(x,t) — u(z,t), (z,t) €10, x [0,T).
We have

uy(z,t) = uj (2,t) — ul(z,t)

:u;w(x,t) —uiz(l‘,t)

= Upp(2,1),0<z<[,0<t<T
u(0,t) = u'(0,t) — u?(0,t) = 0

l l
/ u(z,t)dr = / (u'(z,t) — u?(z,t)) de=0,0 <t < T.
0 0
Thus, the function u(x, t) satisfies the following conditions

— Uy =0, 0<x<,0<t<T
{ut U x 5)

w(0,8) = 0, [ u(z,t)dr = 0,0 <t < T.
Set h(t) = fol (u(z,t))* dz = |lu(-,t)||%, t € [0,T]. By the integration by part, we have

!
u(z, t)uy(x, t)de

S— — S—

R(t) =2

2 [ u(z, t)ug,(x, t)de

!
=2

u(z, t)d(ug(z,t)) = 2u(z, t)u,(x, t)’; - 2/0 (ug(z, 1)) da
= 2u(l, t)uz(l,t) — 2u(0, t)u,(0,t) — 2/l (ugy(x,t))? dz

=2u(l, t)u,(l,t) — 2/0 (ug(z, 1)) dz (since u(0,t) = 0)
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R (t) = 2us (1, t)ug (1, 1) + 2u(l, t)ug (1, 1) — 4/0l Uy (2, ) uge (2, t)da

l

= 2uy (1, )ug (1, ) + 2u(l, t)ug (1, t) — dug(x, t)u(z, t)’o + 4/01 (ug(z, 1)) da

= 2w (1, )ug (1, 1) + 2u(l, t)ug (1, 1) — duy (1, t)u(l, 1)
4 / (unl,£))2 de, (since u(0.£) = 0 . ug(0.£) = 0)
= 2u(l, g (1, 1) — 2y (1, t)us(l, 1) + 4/l (ug(z, 1)) d.

From the assumption
we have

This implies that
Cu,(0,t) = Cul(0,t) — CuZ(0,t) = u'(I,t) — u?(l,t) = u(l,t).

It follows from

!
/ u(z,t)de =0
0

that

!
/ u(z,t)dr = 0.
0

This implies that

1
/ U (2, ) = 0 (since uy(z, £) = tpa (2, 1)).
0
Therefore, we obtain
uz(1,t) = ug(0,1).
From (9) and (10), we have

u(l, t) = Cug(l,t).
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This implies that

W) = 2u(l, (i, 1) — 2/0 (o (2, £))? da

!
= 2Cu3(l,t) — 2/ (ug(z,t))* dz < 0 (since C' < 0),Vt € (0, 7).
0

If C' < 0, then from the above equality, we have
2u(l, ) ug (L, 1) — 2uy (1, t)ug (1, 1)
= %u(l, tug(l,t) — %u(l,t)ut(l, t)
=0.
If C' = 0 then u(l,t) = 0. This implies that u(, t) = 0. Therefore, we get
2u(l, t)ug (1, 1) — 2u, (1, t)us (1, 1) = 0.

From (6), (11) and (12), we have

h"(t) = 4/0 (uy(z,t))* d.

Due to the Cauchy-Schwarz inequality, we have

(/Olu(:v, t)ut(x,t)dx>

This implies that

R (8) = (W' (t))”

2

< /O (e, )2 di /0 (unl, 1)) d.

>0, Vt €10,T).
This proves that f is a logarithmically convex function. Therefore, we have
h(t) < B(T)Th(0)' "7, Vt € [0,T]
or
luC O < [l T F a0, ¥t € (0,7,
On the other hand, we have

luC, D) = llu' (-, T) = (-, T < 6

(11)

(12)

(13)

(14)

(15)
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and
lu(-, 0)] = [lu'(-,0) = w*(-, 0)|| < [l (-, )| + (- O)| K E+ E=2E.  (16)
From (14), (15) and (16), we obtain
(-, £) — (-, )| < 207 F)6TE'=F | vt € [0, 7).
Hence, the theorem is proved. L]

Next, we will take an example of specific functions u!(x,t), u?(x,t) satisfying the
assumptions of Theorem 2.2.

Example 2.3. Let [, T, 6 and E be the positive constants mentioned in (1) and in Theorem
2.2. Choose n to be a positive integer satisfying

Vil o[1
> i/ =ln— .
ng > max{ oo Tln 5 (17)

(1) = Lom(2F2) iy 27008
Un) l

W (r,t) =0,0<z<,0<t<T. (19)

Consider the functions

0<2<,0<t<T (18)

It is easy to check that forz = 1,2

u—ul,=0,0<zr<l,0<t<T 20)
w'(0,8) = 0, [iui(z,t)de =0,0<t<T.
Furthermore
uy(x,t) = 277re (*79)"t cos QW?OJ;
ul(z,t) =0
This implies that
ub(0,1) = e ()"
u?(0,t) = 0.

It follows from u!(I,t) = u?(l,t) = 0 that

u'(l,t) = Cu’(0,t),i = 1,2 with C = 0.
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Now we evaluate ||u’(-,0)|],7 = 1,2. It is clear that ||u*(-,0)|| = 0 < E. We have

o O = [ (0.0

2 ;
l
< E? (since ng > %—)

Therefore, we obtain ||u’(-,0)|| < E. Next we evaluate ||u'(-, ) — u*(-,T)||. We have

[ (- T) = (-, 7))

/l (u' (2, T) —u

—(Zzy'y

This implies that ||u! (-, T) — u?(-, T)|| < 4.
Thus, the functions u'(z,t) and u?(z, t) satisfy the assumptions of Theorem 2.2. Therefore,

we have

2(x,T))de

. 9 2TNoT
sin” —

dx

[ (1) — w2, 1)) < 207 F)6T B+ vt € [0, 7).
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TOM TAT

TINH PAT KHONG CHINH VA PANH GIA ON PINH
CHO PHUONG TRINH TRUYEN NHIET NGUQC THOI GIAN
VOI CAC PIEU KIEN BIEN DIRICHLET VA TICH PHAN

Nguyén Vin Pitc!, Phan Hoai Linh?
Y Khoa Todn, Truong Su pham, Truong Pai hoc Vinh, Viét Nam
2 Cao hoc khod 30 Todn Gidi tich, Khoa Todn, Truong Pai Hoc Vinh, Nghé An , Viét Nam
Ngay nhén bai 05/8/2024, ngay nhan dang 17/10/2024

Trong bai bao nay, dau tién ching toi chiing minh phuong trinh truyén nhiét ngudc
thdi gian véi cac diéu kién bién Dirichlet va tich phan 1a mot bai todn dit khong chinh. Sau
doé, chiing toi thanh 1ap két qua danh gid 6n dinh kiéu Holder cho bai toan nay.

Tir khéa: Phuong trinh truyét nhiét ngudc; bai toan dit khong chinh; danh gia 6n
dinh.
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