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ABSTRACT

In this paper we prove some fixed point theorems for map-
pings satisfying an implicit contractive conditions in metric
spaces. Our re-sults improve and extend some results in the
literature [6]. Some examplesare also given to illustrate our
findings.
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1. Introduction

Fixed point theory plays a fundamental role in nonlinear
analysis and its applications. One of its most important
results is the Banach contraction principle, which states
that if T is a contraction on a complete metric space (X, d),

i.e., there exists k € [0, 1) such that
d(Tx,Ty) < kd(x,y)Vx,y €X (1.1)

Then T has a unique fixed point in X. The Banach
contraction principle has been extended, generalized, and
improved in various ways.
In 1962, Edelstein ([3]) proved the following fixed point
theorem.
Theorem 1.1 ([3]). Let (X, d) be a compact metric space
and T : X — X be selfmapping. If

d(Tx,Ty) <d(x,y) Vx,y €X,x Yy
then T has a unique fixed point.

In Theorem 1.1, the compactness of the metric space (X,
d) is essential and it cannot be replace

(1.2)

d by the completeness. Note that both (1.1) and (1.2)
imply the continuity of the mapping T. An open question
for researchers was whether there exists any contractive-
type condition that does not require the mapping to be
continuous and still ensures the existence of a fixed point.
In 1968, Kannan ([8]) was the first to answer this question
and presented the following fixed point result.
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Theorem 1.2 ([8]). Let (X,d) be a complete metric space and T be a self-mapping
on X satisfying
d(Tz,Ty) < p{d(z, Tz) + d(y, Ty)} (1.3)

forallx,y € X and § € [0, %) Then, T has a unique fixed point z € X and for any
x € X, the sequence of iterates (T"x) converges to z.

Note that a mapping T satisfies (1.3) is not neccesarily continuous. Moreover, if a

1
mapping 7" satisfies (1.3) with 5 = 3 in a complete metric space then 7" may not have

a fixed point in X. However, if we further assume that the map 7' is continuous and
the metric space is compact, then the existence of a unique fixed point is guaranteed,
as stated in the theorem below.

Theorem 1.3 ([7, 9]). Let (X,d) be a compact metric space and let T : X — X be
a continuous mapping that satisfies the condition

d(T, Ty) < %[d(a:, Ta) + d(y, Ty)

for all x,y € X with x #y. Then T has a unique fized point in X .

In [6], Garai et al. proved the existence of fixed points in metric spaces where the
compactness of the space and the continuity of the mapping are also relaxed.

In 2020, Garai et al. introduced the concepts of A-contractive mappings and
proved several related results for these mappings in compact and complete metric
spaces. They also showed that these mappings are not necessarily continuous at their
fixed points ([5]). We now recall the notions of A-contractive introduced by Garai et
al. in [5].

Denote by A the collection of all mappings f : R? +— R which satisfy the following
conditions:

(A;y) f is continuous.
(Ag) If v > 0and u < f(u,v,v) or u < f(v,u,v) or u < f(v,v,u), then u < v.
(A3) f(u,v,w) <u+v+w, for all u,v,w € R,.

Definition 1.4 ([5]). Let (X,d) be a metric space and T be a self-mapping of X.
Then the mapping T is said to be an A-contractive mapping if there exists an f € A
such that

d(Tz,Ty) < f[(d(z,y),d(z, Tx),d(y, Ty)]

for all x,y € X with x # y.

In [5], Garai et al. proved fixed point existence results for maps satisfying the
A-contractive condition in compact metric spaces. We restate the theorem below.
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Theorem 1.5 ([5]). Let (X,d) be a compact metric space and T : X — X be an A-
contractive mapping such that T is orbitally continuous. Then we have the following:

(1) T has a unique fized point.

(2) Moreover, if the mapping f € A, arising in the A-contractiveness of T', satisfies
the condition that, if w > f(u,0,0) for all w > 0, then the sequence (T"x) of
iterates converges to that fized point for each x € X.

(3) Further, if f(0,0,u) =0 implies u = 0, then T is continuous at the fized point
z if and only if lim m(z,x) = 0, where
r—z

m(z,z) = f(d(z,z),d(z,Tz),d(x,Tx)).

In this paper, we modify the class A and use it to obtain new results on the
existence of fixed points in boundedly compact and orbitally compact metric spaces
which are weaker than compactness. For our aim, we recall some related definitions.

Next, we recall some definitions that will be used in this article.

Definition 1.6 ([4]). A metric space (X, d) is said to be boundedly compact if every
bounded sequence in X has a convergent subsequence.

It is easy to see that every compact metric space is boundedly compact, but the
reverse is not true. A boundedly compact metric space need not to be compact. For
example, the set of real numbers R, X = [0, 0c0) with the usual metric is not compact
but boundedly compact.

Definition 1.7 ([2]). Let (X,d) be a metric space and T be a self-mapping on X.
The orbit of T at x € X is defined as

0,(T) = {x, Tz, T?x, T3z, .. }

Definition 1.8 ([6]). Let (X,d) be a metric space and T be a self-mapping on X.
Then, X is said to be T-orbitally compact if every sequence in O.(T') has a convergent
subsequence for all v € X.

From the above definitions, we observe that every compact metric space is T-
orbitally compact for any self-mapping 7', but the converse does not hold. Moreover,
boundedly compactness and T-orbitally compactness are totally independent. Fur-
thermore, T-orbitally compactness of X does not imply that X is a complete metric
space. Garai et al. ([5]) illustrates these observations with the following examples.

Example 1.9 ([5]). Let X = [0,00) be a metric space with respect to the usual metric
on R. We define two self-mappings T and S on X by

Tx =

,ifn—1<z<n
] f <
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and
Sz =2z

forallx € X and n € N*. Then clearly, X s T-orbitally compact but not S-orbitally
compact.

Example 1.10 ([5]). Let X =[0,1) be endowed with the usual metric. Define
x
T:X—=-X byTa:’za

Then it is easy to see that X is T-orbitally compact but it is not complete.

Example 1.11 ([5]). Let (X,d) be a usual metric space with X = [0,00). We define
T:X — X by Tx =2x.

Then, it is trivial to check that X s boundedly compact but not T-orbitally compact.

Definition 1.12 ([1]). Let (X, d) be a metric space and T : X — X be a self mapping.
T is said to be orbitally continuous at a point z in X if for any sequence {z,} C O,(T)
for some v € X, x, = z as n — oo implies Tx,, — Tz as n — oo.

2 Main results

Now, we are in a position to state our main results.

Theorem 2.1. Let (X, d) be a boundedly compact metric space and T : X — X be
a orbitally continuous mapping. Assume that there exists a function f : R} — Ry
satisfying

(l) thl >0andt; < f(tz,tg,tl), then t1 < to,

(ii) there are o, B,y > 0, < 1 such that: If t1,ts,t3 € Ry then f(t1,te,t3) <
atl + ﬁtZ ""7753;'

such that:
d(Txz,Ty) < fld(z,y),d(z, Tz),d(y, Ty)] (2.1)

for all x,y € X with x # y. Then, T has a unique fized point z and for any x € X,
the sequence of iterates (T™x) converges to z.

Proof. Let xy € X be arbitrary and consider the iterated sequence (z,), where z,, =
T"xy for each n € N. We denote s, = d(x,,x,.1) for all natural numbers n > 0.
If the sequence (z,) has two equal consecutive terms, that is, x, = z,4; for some
natural number n, then s, = s,.; = --- =0 and so (s,) converges to 0. Without loss
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of generality, we may assume that no two consecutive terms of (x,) are equal. Then
we have

Sp=d(xp, xps1) = d(Txp_q,Txy)
< f [d(xn—la J,’n), d(l‘n—h Txn—l): d(lL‘n, T:En)]

= f (Snfla Sn—1, Sn) .
Therefore, by condition (i), we have
Sp < Sp—1-

This shows that (s,) is a strictly decreasing sequence of positive real numbers.
Hence, it converges to some b > 0. For each n € N, we have

Sp < Sp1 < ... < s = K (say).
Thus, for all n, m, one has
d(xm, xn) = d(TTpm-1,Txn1) < fld(@m-1,Tn-1),d(@m-1,TTm—1),d(xp_1,TTn_1)].
By condition (ii), there are «, 5,7 > 0, < 1 such that

d(l‘m, xn) < ad(xm—lv xn—l) + Bd(xm—la xm) + ’Yd(l‘n—ly xn)
S « [d(xm—lu xm) + d(xma an) + d<mn—17 xn)] + Bd(‘xm—la xm) + Wd(xn—h xn)
= ad(Tpm, Tn) + (@ + B)Sm—1 + (@ + ¥)Spn_1.

So, we have

(1 —a)d(zm, ) < (a+ B)Sm-1+ (@ +7)Sn_1 (2.2)
<(a+B)K+ (a+7)K
< (2a+B+7)K.

This implies that
200+ B+ i

d(Zpm, Tn
(T ) < T o

Therefore, (x,,) is a bounded sequence in X. By the bounded compactness property
of X, (x,) must have a convergent subsequence, say (z,, ), which converges to some
z € X. By the orbital continuity of T', (T'x,, ) converges to T'z. We have

oy, = (2, T,

Sppr1 = ATy, , T2,
Taking the limit as k — oo, we obtain

b=d(z,Tz) = d(Tz,T?z).
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We are going to show that b = 0. Assume that b > 0. Then, z # T'z, by (2.1) we
have

d(Tz,T?2) < f|d(z,Tz),d(z,Tz),d(TzT*z)] .

Using condition (i), one has d(Tz,T?z) < d(z,Tz), which is a contracdition.
Hence, we must have b = 0 i.e., d(z,Tz) = 0, and z is a fixed point of T
We next prove the uniqueness of the fixed point. Let 2z’ be another fixed point of
T and z # 2. Then, d(z,2") > 0, and we have
d(z,2)=d(Tz,T2") < fld(z,2),d(z,Tz),d(z',TZ")]
= f[d(z,2"),0,0]. (2.3)

By condition (ii), we get
fld(z,2"),0,0] < ad(z,2") < d(z,2'),

this contradicts (2.3). Hence, we have z = 2/.
Again, in (2.2) letting n, m — oo, we obtain

d(xp, xm) — 0 as m,n — 0.

Thus, (z,) is a Cauchy sequence. As the subsequence (z,,) of (z,) converges to
z, the limit of (z,) must be z. That is, the sequence (T"x) of iterates converges to
that fixed point z for each x € X. O]

Example 2.2. Let X = [1,00) with the usual metric d(x,y) = |x—y| for all z,y € X.

Then, (X,d) is a boundedly compact metric space. We consider the mapping T : X —
X defined by

1 ,
T — 53:4—2 if 1<z<?2,
2 if  x>2.

Let [ : RY — Ry be defined by f(t1,t2,t3) = max{ts,t3} for all t1,ts,t3 € Ry.
Let x,y € X be arbitrary with x # y. We have following cases:

1
Case I: Let 1 <z < 2,1 <y<2. Then, |z —y| <1. We haveTx:§x+2 and

1
Ty = Y + 2. Therefore,

and
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Thus d(Tz, Ty) < max{d(z,Tz),d(y, Ty)}, i.e.,
d(Tx, Ty) < f(d(z,y), d(x, Tz),d(y, Ty)).
Case II: Let x,y > 2. Then, |Tx — Ty| =0 and
d(z,Tz) = |z — Tz| = |x — 2|,
d(y, Ty) = |y =Tyl = |y —2|.
Since x # y, it follows that max{d(z,Tx),d(y,Ty)} > 0. Therefore,
d(Tx, Ty) < [ld(x,y),d(z, Tx), d(y, Ty)] .

1
Case III: Let 1 <x <2,y > 2. Then, Tx = ok + 2 and Ty = 2. Therefore,

1 1
d(Tz, Ty) = §|x| = 3%

Also, d(z, Tx) =

1 1 1
3%~ 2' = 2—556 > 5% forallx <2, i.e.,d(Tz, Ty) < d(x,Tz).

So we have
d(Tz,Ty) < f(d(x,y),d(x, Tx),d(y, Ty)).
Therefore, T' satisfies condition (2.1). It is easy to verify that f satisfies conditions
(i), (ii) in Theorem 2.1 and T is orbitally continuous. By Theorem 2.1, T' has a unique
fized point. Indeed, it is easy to see that 2 is the unique fixed point of T and one can
easily verify that T is not continuous at the fixed point 2.

In the case where o = 1, the conditions of Theorem 2.1 do not guarantee the
existence of a fixed point. Indeed, consider the following example:

Example 2.3. Let X = [1, 00) with the usual metric d(z,y) = |x—y| for allx,y € X.
Then, (X,d) is a boundedly compact metric space. We consider the mapping T : X —
X defined by
1
Tx = —.
r=x+ 57

Since T is continuous on X, it follows that T is orbitally continuous.

Consider f : RY — Ry defined by f(t1,t2,t3) = t1 for all ty,ts,t5 € Ry. It is
straightforward to verify that [ satisfies condition (i) but does not satisfy condition
(i1) in Theorem 2.1.

For all z,y € X, x # y, we have

1 1 1
Te—Tyl =|o+——y——|=|e—y||l - =—]| <|z—yl
Tz = Ty| =z + o~y Qy’ |z yl‘ ny‘ |z =y

It follows that
d(Tz,Ty) < [ld(z,y),d(z,Tx),d(y, Ty)].

Thus, condition (2.1) and condition (i) in Theorem 2.1 are satisfied; however, we
observe that T' does not have any fixed points.
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This example demonstrates that the Edelstein-type contraction condition does
not guarantee the existence of fixed points in boundedly compact metric spaces.

Theorem 2.4. Let (X,d) be a T-orbitally compact metric space, where T : X — X
is orbitally continuous mapping. Let f : RY — Ry be a function satisfying (i) and
(i) in Theorem 2.1 such that:

d(Tz,Ty) < fd(z,y),d(z,Tx),d(y, Ty)] (2.4)

for all x,y € X with x # y. Then, T has a unique fized point z and for any x € X,
the sequence of iterates (T™x) converges to z.

Proof. Let o € X be arbitrary but fixed and consider the sequence (z,), where
x, = T"xq for each n € N. Since X is T-orbitally compact, the sequence (x,) has a
convergent subsequence, say (x,, ), and let (z,,) converging to z in X. By the orbital
continuity of T, (T'x,, ) converges to T 'z.

Now, proceeding as in Theorem 2.1, we can prove that the sequence (d(x,, Z,11))
converges to 0 and that (z,) is a Cauchy sequence and hence z,, — z € X as n — oc.
Therefore, z is the unique fixed point of 7. m

Example 2.5. Let X = (0,1] U{—1, -2} with the usual metric d(z,y) = |z —y| for
all x,y € X. Then, (X,d) is incomplete, but T-orbitally compact with T : X — X

defined by
(=2 if z=1,
T = {—1 if x# 1.

1
We also consider f: R3 — Ry defined by f(t1,ts,t3) = 3 (t1 +to + t3) for all

ti,ta,t3 € Ry. Let x,y € X be arbitrary with x # y. Then the following cases arise:
Case I: x =1, y # 1. Then, we have

Tz —Ty| =1

and
11—yl +34+y+1|] > 1.

Wl =

o =yl + |z —Tx| + |y — Tyl =

W =

Thus,
d(Tx, Ty) < fld(z,y),d(x, Tz),d(y, Ty)].

Case II: x #1, y # 1, x #y. Then, we have
|Tx —Ty| =0
and

o=yl + v —Tx|+y—-Ty|] = 5[]z —y| + [z + 1] + |y + 1]] > 0.

Wl =
Wl =
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Thus,
d(Tx,Ty) < fld(z,y),d(x, Tz),d(y, Ty)].

Therefore, we have
d(Tz,Ty) < f[d(z,y),d(z,Tx),d(y, Ty)]

for all xz,y € X with x # y. By Theorem 2.4, T has a unique fized point. Indeed
x = —1 18 the unique fized point of T'.

1
If we take f(t1,tq,13) = 5(152 + t3) in Theorem 2.1 and Theorem 2.4, then we get

the following results which are mains results in [6].

Corollary 2.6. Let (X, d) be a boundedly compact metric space and T be a orbitally
continuous mapping on X such that

(T, Ty) < % d(z, Tx) + d(y, Ty)]

for all xz,y € X with x #vy. Then T has a unique fixed point.

Corollary 2.7. Let (X, d) be a T-orbitally compact metric space and T be a orbitally
continuous mapping on X such that

d(Tz,Ty) < % [d(x, Tz) + d(y, Ty)]

for all x,y € X with x #y. Then T has a unique fized point.
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TOM TAT

CAC DINH LY DIEM BAT DPONG CHO CAC ANH XA A-CO

TRONG CAC KHONG GIAN METRIC
COMPAC BI CHAN VA T-COMPAC QUY DAO

Nguyén Hitu Hoc
Khoa Khoa hoc Tu nhién, Truong Dai hoc Hong Diie, Thanh Héa, Viét Nam
Ngay nhan bai 22/10/2024, ngay nhan dang 27/12/2024

Trong bai bao nay, ching t6i ching minh mot sé dinh 1y diém bat dong
cho céc anh xa thoa man cac diéu kién co an trong cic khong gian métric
compéic bi chian va T-compéac quy dao. Cac két qua clia ching toi cai tién
va md rong mot vai két qua trong tai lieu [6]. Mot s6 vi du ciing duge dua
ra dé minh hoa cho cac phét hién ctia ching toi.

T+t khoa: Khong gian compéc bi chin; diém bat dong; khong gian métric;
khong gian T-compéac quy dao.
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