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ABSTRACT

In this paper, we give and prove a common fixed point theorem
for mappings satisfying (E.A)-property via C-class functions
and some its corollaries in b-metric spaces. Our results are
generalizations of some given results. Also, an example is
given to illustrate the obtained main result.

Keywords: Common fixed point; C-class function; (E.A)-
property; b-metric.

1. Introduction

The Banach contraction principle has been extended in
many various directions, and many interesting fixed point
results and coincidence point results were proposed. In
2014, Ansari et al. [1] used the C-class functions to
generalize the Banach contraction principle in metric
spaces and presented some the fixed point theorems in
metric spaces. In 1989, the notion of b-metric spaces was
introduced as a generalization of metric spaces [2]. After
that, many extensions of the Banach contraction principle
were studied in b-metric spaces and significant results
including coincidence point results were obtained. In
2015, Huang et al. [3] proposed some coincidence point
theorems for four maps in b-metric spaces. Recently,
Radenovic et al. [10] used T-contractions in b-metric
spaces to generalize the main results in [3].

In this paper, we use C-class functions [1] to generalize
T-contractions [10], contractive conditions of rational
type [4] and establish a coincidence point and common
fixed point result in complete b-metric spaces. Our main
result is a generalization of known ones in the literature.
We also give an example to illustrate the obtained result.
First we recall some notions and properties that will be
needed throughout the paper.

Definition 1.1 ([2]). Let X be a nonempty set, let s > 1 be
areal number,andletd : X x X — [0,00) be a function
such that for all x,y,z € X,
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1. d(x,y) = Oif only if z = y.
2.d(z,y) = d(y, x).
3.d(z, z) < s[d(z,y) + d(y, 2)].

Then d is called a b-metric on X and (X, d, s) is called a b-metric space.
Obviously, a metric space is a b-metric space.

The following notions are introduced in [3], [5] and [10].

Definition 1.2. Let (X,d, s) be a b-metric space with s > 1 and f,g : X — X be
mappings. Then
1. The pair (f, g) is called compatible if lim d(fgz,,gfx,) = 0, where {z,} is a
n—oo

sequence in X such that lim fx, = lim gx, =t for some ¢t € X.
n—oo

n—o0

2. The pair (f, g) is called weakly compatible if fgx = gfx where gx = fx.
3. The pair (f, g) is said to satisfy (E.A)-property if there exists a sequence {x,, } in X

such that lim fz, = lim gx,, =t forsome t € X.
n— o0 n—oo

4. If w = fxr = gx for some x in X, then x is called a coincidence point of the pair
(f,9), where w is called a point of coincidence of the pair (f, g).

Definition 1.3. ([9]) Denote U the family of all altering distance functions v : [0, 00) —
[0,00), which satisfy the following

(11) 1 is non-decreasing and continuous;
(¢2) ¢ (t) = 0 if and only if ¢ = 0.

Definition 1.4. ([6]) 1) Denote ¢ the family of all ultra altering distance functions  :
[0,00) — [0, 00), which satisfy the following

(¢1) ¢ 1s non-decreasing and continuous;
(p2) @ (t) > 0,ift > 0.

2) Denote 2 the family of all continuous functions w : [0,00) — [0, 00) such that
w(0) = 0.

Definition 1.5. ([1]) A mapping F' : [0, 00) X [0, 00) — R is called a C-class function if it
is continuous and satisfies following conditions

(i) F(r,t) <r; forallr,t € |0,00);
(ii) If F'(r,t) = r, then either r = 0, or t = 0.

Denote C the family of all C'-class functions. Note that for a given F' € C, we have
F(0,0) =0.

Definition 1.6. ([7]) Let (X, d, s) be a b-metric space with s > 1. If {y,} is a conver-
gent sequence whenever {1y, } is convergent, then 7" : X — X is called sequentially
convergent.
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2 Main results

Now, we establish the following results.

Theorem 2.1. Let (X,d, s) be a b-metric space with s > 1 and T, f,g,R,S : X — X
be five mappings on X such that the following conditions hold

(1) T is an injective, continuous, and sequentially convergent mapping;

(2) There existp € U, ¢ € O, w € Q and a C-class function F : [0,00) x [0,00) — R
such that for all x,y € X, we have

¥ (sd (T fx, Tgy)) < F(p(M](z,y)), o (M (z,y))) +w(¢ (Ll (z,y))), (1)

where

MT(z,y) = max {d(TSx, TRy),d(TSx,Tfx),d(TRy, Tgy),
d(TSx,Tgy) + d(TRy, T fx) }
2s ’
LT (w,y) = win {d(TSz, Tgy).d(T Ry, T fx),d(TSz, T fz),d(T Ry, Tgy) }

(3) The pair (f,S) or (g, R) satisfies the (E.A)-property;
@) f(X) C R(X) and g(X) C 5(X);
(5) The range of one of the maps f, g, R or S is a closed subspace of X.
Then, the pairs (f,S) and (g, R) have a point of coincidence in X. Moreover, if
6) (f,S)and (g, R) are weakly compatible,
then f,q, R and S have a unique common fixed point.

Proof. 1) Firstly, we assume that the pair (f, S) satisfies the (£.A)-property. Then, there
exists a sequence {xz,} in X such that hm fxn = hm an = ¢, for some ¢ € X. By

assumption f (X) C R(X), there is {yn} Cc X such that fx, = Ry, for all n > 1.
Hence, we have lim Ry, = ¢q. Now we shall prove that lim 7'gy,, = T'q. Indeed, since ¥
n—oo n—roo

is non-decreasing, by the contractive condition (1), and the property of F', we get

Y (d(Tfrn, Tgyn)) < o (sd (T fan, Tgyn))

< F (¢ (M (2, yn)) s 0 (M (20, 5n))) +w(¢(L5T($n,yn))),(2)

<) (M] (2, yn)) + w(@ (L (20, 90))),

45



T. V. An | A common fixed point theorem for mappings satisfying...

where

MT (2, ) = max {d (TS, TRY») ,d (TS, T fn) . d (T Ry, Tqyn)
d(TSxn, Tgy,) + d(TRy,, T fx,) }
2s
= max {d (T'Sxy, Tfrxy,),d(TSxy, Tfx,),d(Tfx,, Tgy,),

d(TSxn, Tgy,) +d(T fa,, T fx,)
- j o

< max {d(T'Sw,, Tfrn),d (T frn, Tgyn) ,
d(TSxp, Tfx,)+d(Tfr,, Tgy,) }

2

and

LT (2, ) = min {d(Tan, Tgyn), d(T fan, TRy, (TS, T f), d(T Ryn, Tgyn)}
—0. 4)

It follows from (2), (3) and (4) that

liminf d(T fx,, Tgy,) = liminf M (2, yn).
n—oo

n—o0

Without loss of generality, we assume that

lim d(T fz,, Tgy,) = lim MI(z,,y,).
n—oo

n—oo

By the properties of 1, ¢, w and F, letting in (2) as n — oo we obtain

¢<n1g20 A(T fan, Tgyn)) < F(w(nlf& d(fon,Tgyn)),gp(JLI{)lo d(T fz,, Tgy,)))
+w(w( lim LT (2., 5,)))
< ¢(lim d(T fan, Tgyn)).

n—o0

Thus, we have

F(p(lim d(T fn, Tgyn)), o(lim d(T fn, Tgyn))) = (lim d(T frn, Tgyn)).

n—oQ

By the properties of a C-class function F, this implies that ¢/( lim d(T fz,,Tgy,)) =0 or
n—oo
o(lim d(T fz,, Tgy,)) = 0.1t follows from the properties of ¢ and o that lim d(T fxz,, Tgy,)
n—oo n—oo

=0.
On the other hand, by assumption we have lim 7" fx,, = T'q, Thus, from the inequality

n—o0

0<d(Tq,Tgy,) < sld(Tq,Tfzx,) + d(T frn, Tgy,)],
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we have lim T'gy, = Tq. Since T' is an injective, continuous, and sequentially conver-
n—oo

gent mapping, it follows that lim gy,, = q.
n—oo

a) Now we assume that R (X) is a closed subspace of X. Then, as lim fz, = ¢ and
n—o0

f(X) C R(X), there exists » € X, such that Rr = ¢. By the contractive condition (1)
and the properties of F', we get

U (sd (T fan, Tgr)) < F (¢ (M] (20,7)) ;0 (M] (24,7)))) + w (¢ (LE (20, 7)))
<YM (20, 7)) + w (O (L] (z0,7))), (5)

where

MT (z,,r) = max {d (I'Sx,,, TRr),d(TSx,,Tfx,),d(TRr,Tqgr),

d(TSz,,Tgr)+d(TRr,T fz,) }
2s

= max {d (T'Sx,,Tq),d(TSx,, T fx,),d(Tq,Tgr),

2s
< max { d(TSwy, Tq), s[d(TS2,, Tq) + d(Tq, Tfz,)],d(Tq, Tgr),  (6)
d(TSxy,Tq) +d(Tq, Tgr) d(Tq,Tfxn)
2 * 2s }

and
LT (20, 7) = min {d(TS:cn, Tgr), d(TRr, Tfx,),d(TSan, T fa,), d(TRr, Tgr)}
< min {d(Tan, Tgr),d(TRr,T fx,),s[d(TSx,, Tq) +d(Tq,T fz,)], (7)

d(T'Rr,Tgr) }

It follows from (6) and (7) that limsup M7 (z,,,7) = d(Tq, Tgr) and lim LT (z,,r) = 0.
n—00 n—00

Hence, by continuity of ¢, ¢, w and F', taking the upper limit in (5) as n — oo, we obtain

P(limsup sd(T fa,, Tgr) < F((timsup M7 (@0, 1), o(limsup M7 (z,,7)))

n—oo n—oo n—0o0

—+ w(w(hm sup LZ(xn7 7")))

n—oo

= F((d(Tq,Tgr)), o(d(Tq,Tgr))) < (d(Tq,Tgr)). (8)

On the other hand, we have d(T'q, Tgr) < s[d(Tq,T fx,) + d(T fx,, Tgr)]. Thus, we
get
d(Tq,Tgr) <limsup sd(T fx,, Tgr).

n—oo
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Since v is non-decreasing, we have

W(d(Tq, Tgr)) < v(limsup sd(T fz,. Tgr)). )

n—oo

Therefore, from (8) and (9) we obtain that

F(p(d(Tq,Tgr)), ¢(d(Tq,Tgr))) = ¢(d(Tq,Tgr)).

By the properties of a C'-class function F, it implies that )(d(T'q, T'gr)) = 0 or @(d(T'q, Tgr))
= 0,1.e T'q = Tgr. Since T is injective, this implies that ¢ = gr. Thus, r is a coincidence
point of the pair of mappings (g, R).

Similarly, since lim gy, = ¢, gr = g and g (X) C S (X), there exists z € X such
n—oo

that ¢ = Sz. We will show that Sz = fz. Indeed, by the contractive condition (1), the
properties of F’, and ) is non-decreasing, we have

V(d(Tfz,Tq)) < (sd(Tfz,Tq)) =1 (sd(Tfz,Tgr))
<F (@ (M (z,1),0 (M (z,7)) +w@(Ll(z7r)) 10)
<o (M (z,7)) +w(@(LL(z7))),

where

MT (2,r) = max {d (TS2. TRr),d(TS=Tf).d(TRr, Tgr), 2% 197) ;;d (TR, T/f2) }

d(Tq,Tq) + d(sz,Tq)}

2s
d(TfzTq)

d(TfzTq), P

= Imax

= max {d(Tq,Tq) ,d(Tfz,Tq),d(Tq,Tq),
{ } A(Tf2Tq), (1

and
LT(z,7) = min {d(TSz, Tgr),d(TRr,Tfz),d(TSz,Tfz),d(TRr, Tgr)}
= min {d(Tq, Tq),d(Tq,Tfz),d(Tq, Tfz),d(Tq, Tq)} =0. (12)
Hence, by (10) - (12) and the properties of w, we get

U (d(TfzTq) <4 (sd(TfzTq)) = (sd(Tfz Tgr))
< F (0 (M (2,7) 0 (M, (2,7))) +w(¥ (L (2,7)))
< FdTfzTq), ¢ (d(Tf2Tq)) <y (d(TfzTq)).
This implies that F' (¢ (d(T'f2,Tq)) , ¢ (d(Tfz,Tq))) = (d(Tfz,Tq)).It follows from

the last inequality and the properties of a C-class function F' that ¢ (d (T fz,Tq)) = 0
or ¢(d(Tfz,Tq)) = 0. By the properties of 1) and ¢, we get d(T'fz,Tq) = 0, i.e
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T fz =Tq. Since T is injective, this implies that fz = ¢, and we have Sz = fz = ¢. Thus,
z is a coincidence point of the pair mappings ( f, S). Therefore, from the above arguments
we obtain that fz = Sz = gr = Rr = ¢. This shows that ¢ is a point of coincidence of the
pairs (f,.S) and (g, R).

We now assume that the pairs (f, .S) and (g, R) are weakly compatible. Then, by weak
compatibility of (f,5) and (g, R), we get fSz = Sfz and gRr = Rgr, this means that
fq= Sqand gqg = Rq.

Next, we shall prove that ¢ is a common fixed point of f, g, R and S. Indeed, by con-
tractive condition (1), the properties of F’, since v is non-decreasing, we have

V(d(Tfq,Tq) = (d(Tfq,Tgr)) <o (sd(T fq,Tgr))
<F (W (M (q,r),0 (M (¢.7)) +w(@(LI(q.r)) (13
<4 (M] (¢,r)) +w(¥(Li(g.T))),
where
MT (¢, ) = max {d (T'Sq, TRr),d(TSq,Tfq),d(TRr, Tgr),

d(TSq,Tgr)+d(TRr,Tfq) }
2s
d(T'fq,Tq) +d(Tq,Tfq) }

= max{d(qu,Tq) ,d(Tfq,Tfq),d(Tq,Tq), 25

(14)
=d(T'fq,Tq),
and
LT (g, r) = min {d(TSq, Tgr), d(TRr, T fq), d(TSq,T fq), d(TRr, Tgr)} =0. (15)
Hence, by (13) - (15) and the properties of w, we get
W (d(Tfq,Tq) < F(W(d(Tfq,Tq)), ¢ (d(Tfq,Tq))) < (d(Tfq,Tq)),

which implies that

F((d(Tfq,Tq),e(d(Tfq,Tq))) =1 (d(Tfq,Tq)).

From this last equality, by the properties of C'-class function F', we obtain ¢ (d (T fq,Tq)) =

0 or p(d(Tfq,Tq)) = 0. It follows from the properties of 1) and ¢ thatd (T fq,Tq) = 0.
This means that 7' fq = T'q. Since T is injective, this implies that fq¢ = ¢. Thus, we get
fa=5q9=q

Similarly, by contractive condition (1), the properties of F', since v is non-decreasing,
we have

Y (d(Tq,Tgq)) = (d(Tfz,Tgq)) < (sd(Tfz Tygq))
<P (0 (M7 (2.0) ¢ (M (50) +w(6(L1 (=) (6)
< (M (2,9) +w(¥ (L7 (2.9)),
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where

MY (z,q) = max {d (T'Sz,TRq),d(TSz,Tfz),d(TRq,Tqq),
d(TSz,Tgq) + d(TRq, sz)}
25

}=d(Tq,TQQ), (17)

d(Tq,Tgq) +d(Tq,Tgq)
2s

= max {d (T'q,Tqgq),0,0,

and
L7(2,q) = min {d(TSz, Tgq),d(TRq, Tfz),d(TSzTfz),d(TRg, qu)} —0. (18)
Therefore, by (16) - (18) and the properties of w, we have

v (d(Tq,Tgq)) < F (¥ (d(Tq,Tgq)),»(d(Tq, Tgq))) < (d(Tq,Tgq)),

which implies that

F (¢ (d(Tq,Tgq)),¢(d(Tq,Tgq))) = (d(Tq,Tgq)) .

From this last equality, by the properties of C'-class function F', we obtain ¢ (d (T'q,T'gq)) =
0 or ¢ (d(Tq,Tgq)) = 0.1t follows from the properties of ¢y and ¢ that d (T'q,Tgq) = 0,
i.e T'q = T'gq. Since T' is injective, this implies that gg = ¢. Thus, we get Rq = gq = q.
Therefore ¢ is a common fixed point of f, g, R, S.

Finally, we prove that ¢ a unique common fixed point. Assume that p is another common
fixed point of f, g, R, S. Then, by contractive condition (1), the properties of F', since ¢ is
non-decreasing, we have

VY (d(Tq,Tp)) =4 (d(Tfq,Tgp)) < (sd(T fq,Tgp))
< F (M (q,p),¢ (M (¢,p)) +w(¥(LE(g,p)))
< (M (q,p)) +w(¥(LL(q, ))

where

M (g,p) = max {d (I'Sq,TRp),d(TSq,Tfq),d(TRp,Tgp),

d(TSq,Tgp) +d(TRp,Tfq) }
2s
d(Tq,Tp) +d(Tq,Tp) }

= max {d (Tq,Tp),d(Tq,Tq).d(Tp,Tp), 5

=d(Tq,Tp),
and

L!(g,p) = min {d(TSq, Tygp),d(TRp,T fq),d(TSq,T fq),d(TRp, Tgp)} =0. (19
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Hence, we get

Y (d(Tq, Tp)) < F (¥ (d(Tq,Tp)), ¢ (d(Tq,Tp))) <+ (d(Tq,Tp)),

which implies that

F (Y (d(Tq,Tp)),»(d(Tq,Tp))) = (d(Tq,Tp)).

Since F'is a C-class function, it follows that ¢ (d (T'q,Tp)) =0 or ¢ (d(Tq,Tp)) =
0. By the properties of ) and ¢, it follows that d (T'q, T'’p) = 0, this means that T'q = T'p.
Since T’ is injective, this implies that ¢ = p. Thus, ¢ is the unique common fixed point of

f,9,R,S.
b) Assume that f (X) is a closed subspace of X. Then, since lim fz, = ¢, we have

n—o0

q € f(X). Againas f (X) C R(X), it follows that ¢ € R(X). Hence, there exists r € X
such that Rr = ¢. Using similar arguments in the case that R(X) is a closed space of X,
we conclude that f, g, R, S have a unique common fixed point in X.

¢) In the case that S(X) is a closed subspace of X, we use arguments what is similar
to one in the case a).

d) In the case that g(X) is a closed subspace of X, its proof is similar to one in the
case b).

2) Finally, in the case that the pair (g, R) satisfies the (F.A)-property, its proof is
similar to one when the pair (f, S) satisfies the (E.A)-property. O

If we choose g = f and R = S in Theorem 2.1, then we obtain the following result.

Corollary 2.2. Let (X,d,s) be a b-metric space with s > 1 and T, f,S : X — X be
three mappings on X such that the following conditions hold

(1) T is an injective, continuous, and sequentially convergent mapping;

(2) There existp € ¥, p € O, w € Q and a C-class function F : [0,00) x [0,00) — R
such that for all x,y € X, we have

¥ (sd (T fa, Tfy)) < F(o (M (2,9)), o(M](z, 1)) +w(@(L(z,y))). 20)

where

MZT(x,y) = max {d(TSa:, TSy),d(TSx,Tfx),d(TSy,Tfy),
d(TSx,Tfy)+d(TSy, T fx)
2s }’
LT(z,y) = min {d(TSx,Tfy), d(TSy, Tfx),d(TSx, T fz),d(TSy, Tfy)};

(3) The pair (f,S) satisfies the (E.A)-property;
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@ f(X) C S(X);
(5) The range of one in the maps f, S is a closed subspace of X.
Then, the pair (f,S) have a point of coincidence in X. Moreover, if
(6) (f,S) is weakly compatible,

then f,S have a unique common fixed point.

In Theorem 2.1, by choosing 7' : X — X defined by Tx = z for all x € X, the
function w(t) = 0 forall ¢ € [0, o), and the C'-class function F' defined by F'(r,t) = r —t
for all 7, ¢t € [0, c0), we obtain the following result.

Corollary 2.3. (Theorem 2.1 [9]) Let (X, d, s) be a b-metric space and f,g, R, S : X — X
be four self-mappings on X satisfying f (X) C R(X) and g (X) C S (X) such that the
following condition holds

¥ (P (f, 9y)) <o (M (2,y)) — ¢ (M (,9)) (1)
forall z,y € X, where ¢, p € VU and

M(z,y) = max {d(Sx, Ry),d(fz, Sz), d(gy, Ry), d(fx, Ry) + d(Sz, gy) } '

2s

Suppose that one of the pairs (f,S) and (g, R) satisfies the (E.A)-property and one
of subspaces f(X),q(X),R(X) and S (X) is closed in X. Then, the pairs (f,S) and
(g, R) have a point of coincidence in X. Moreover, if the pairs (f, S) and (g, R) are weakly
compatible, then f, g, R, S have a unique common fixed point.

In Theorem 2.1, by choosing 7" : X — X defined by T'x = «x for all x € X, and the
functions ¢ € ¥ and ¢ € ® defined by ¢ (t) = ¢ (t) = t, w(t) = 0 forall ¢ € [0, 00), and
the C'-class function F' by F(r,t) = s'~°r for all r, ¢ € [0, c0), for some £ > 1, we obtain
the following result.

Corollary 2.4. (Theorem 10 [8]) Let (X, d, s) be a b-metric space withs > land f,q, R, S :
X — X be four self-mappings on X satisfying f (X) C R(X) and g (X) C S (X) such
that the following condition holds

Sed (fx7 gy) S MS (1:7 y) ’ (22)

forallz,y € X, withe > 1 and

M(xz,y) = max {d(Sx, Ry),d(fz,Sx),d(gy, Ry), d(fz, Ry) + d(Sz, gy) } ‘

2s

Suppose that one of the pairs (f,S) and (g, R) satisfies the (E.A)-property and one
of subspaces f(X),g(X),R(X) and S (X) is closed in X. Then, the pairs (f,S) and
(g, R) have a point of coincidence in X. Moreover, if the pairs (f,S) and (g, R) are weakly
compatible, then f, g, R, S have a unique common fixed point.
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Example 2.5. Let X = [0, 1. Consider
1. the functiond : X x X — [0, 00) defined by

B 0 ifr=y;
d(z,y) = { (z+y) ifx#y.

2. the self-maps T, f,g, R, S : X — X defined by

1
0 ifx# —;
x X 3
— ifr=—,
8 2
and
1 ] 1
2¢ if O§x§§, x if O§m<§;
S@) =19 4 1 R(z) =4 1
- if —<ax <1, — if =<z<1,
8 2 2 2
forall x € X.

Then we have

(a) (X,d) is a b-metric space with s = 2.

(b) There existw € Q0,9 € ¥, v € &, and F' € C such that Theorem 2.1 can apply to
T? f7 g7 S? R'

Chiing minh. (a) (X, d) is a b-metric space with s = 2, see [8].
(b) It is easy to see that 7' is an injective, continuous, and sequentially convergent
mapping, f (X) is closed and f (X) C R(X), g(X) € S(X). By choosing {z,} C X,
1
with z,, = 3 + — forall n > 1, we have lim fz,, = lim Sz, = 3 Also, the pair of maps

n n—oo n—oo
(f,S) satisfies the (F.A)-property, but they are not compatible, because lim d (fSx,,Sfx,) #
n—o0
0.

99
We now choose a function F' : [0,00) x [0,00) — R defined by F' (s,t) = —s

100
for all s,¢ € [0,00), the altering distance functions v, ¢ : [0,00) — [0, 00) defined by

Y (t) = /1, o (t) = tforall t € [0, 00), and the function w(t) = 0 for all ¢ € [0, cc). Then,
it is easy to check that F' is a C'-class function and the contractive condition (1) is satisfied
forall z,y € X. Indeed,

1 1 1
) Ifz =0,y = 2 then T fxr =0, Tgy = —,TSx =0, TRy = T Then, we have

16

2 2
d(Tfzx,Tgy) = (%) and d(T'Sz, TRy) = (}L) . Hence

V2 9 1 99 99
Y(2d(T fz, Tgy)) = o S T1001" mw(d(TSw,TRy)) < mw(MsT(w,y))

1
< P(¢(M] (@), 0 (M (2.1))).
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1
(i) If x =0,y # 3 then T fx = Tgy = 0. Then, we get d(T fz, Tgy) = 0. Hence,

we have
(2d(T fz,Tgy)) =0 < F(p(M] (z,y)), o (M (z,y)).
"'If——lthT—T—lTS—lTR—ld t
(iii) T =y = g then fxr = gy = T8z = 3 y = 7 and we ge

AT fz, Tgy) = (%)2 = (%)2 and d(T'Sz, TRy) = (% 4&)2 = (Z)Q.

Hence, we have

V2 99 99 99
v Tog ¥ (TS, TRy)) < 2550 (M (x,9))

< F(w(MZ($ay))a@(Mg(xay)))

Y(2d(T fz, Tgy)) =

1 1 1 1
(iv) If x = 50Y * 3 then T'fr = —, Tgy =0, TSz = 3" Then d(T fx, Tgy) =

1 2 dd(TSx,Tfx) = i6+ L 2 _ (2 2 Hence, we obtain
16) " =9 16) T \16) W

V2 99 9 99 99 .
2d(Tfz,Tqy)) = — < —.— = —p(d(TSz,T < (M

= 700
< F(p(M](2,)), (M (z,9))).

1 1 x 1
) If x € (0,5),y = §,theanac =3 Tgy = 16 TSx =z, TRy =

[CIITENg

1)’ 1
Then, we have d(T' fz,Tgy) = (% + 1_6) and d(T'Sz,TRy) = (:U + Zl) .

Therefore, we get

x 1 99 1 99
Qp(Zd(fo,Tgy)) =2 (§ + 1_6> < 100° ((IJ + 1) = mw(d(TSx,TRy))

99

< F((M] (z,9)), 9 (M (2,9))).
) 1 1 x
(vi) If x € 0,5 Y F Bt then T fx = 2 Tgy = 0, T'Sx = x. Then, we have

2 2 2
d(Tfz,Tgy) = (g) and d(T'Sz, T fx) = (:L‘—i— g) = (%) . Hence, we get

V2r 99 9z 99
¢(2d(f55:9?/)) = 5 < 1008 = 100

< ot (M (w,)) = F (M (w,)), (M 0,0)).

w(d(TSx, fo))
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1 1 1 1
(vii) If x € (5 1} Y=g ,thenT fx = ;j Tgy = TRy =7 Then d(T fz, Tgy) =

1\’ 11

(§ + 1_6) and d(T' Ry, Tqgy) = (é_L + 1_6) Also, we have

v(d(fr.gy) = Va2 (24 ) < oL (T ) = S (d(T Ry, Tay)

’ 8 16) — 100 4 16 100 7

< —
< ot (M )

< F(zp(MZ(:c,y)), o (M (.1))).

1
, Tgy =0, TSx = I Then, we have

x| 8

1 1
(viii) If z € (5,1} Y 3 then T fz =

Y
T\2 T 1
d(Tfzx,Tgy) = (5) ,and d(T'Sz, T fx) = 3 + TR Hence, we have

V(2d(fz, gy)) = \/—x < ﬁ (% - %) = ﬂw(cl(TSx,Tﬁz))

Smw(

L (,) = F( (M (2,9)),¢(M/ (z,y))).
It is to see that the pairs of maps (f,.S) and (g, R) are weakly compatible. Hence, we

see that all conditions of Theorem 2.1 are satisfied for all x,y € X. Therefore, f, g, R, S

have a unique common fixed point. Moreover, 0 is the unique common fixed point of the

maps f,g,Rand S.

]
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TOM TAT

MOT PINH LY PIEM BAT PONG CHUNG CUA CAC ANH XA
THOA MAN TINH CHAT-(E.4) NHO CAC HAM C-LOP
TRONG CAC KHONG GIAN s-METRIC

Tran Vin An
Khoa Todn, Truong Su pham, Truong Dai hoc Vinh, Viét Nam
Ngay nhan bai 18/12/2024, ngay nhian dang 17/01/2025

Trong bai bao nay, ching tdi dua ra va chitng minh mdt dinh ly diém bit dong chung
cho cic 4nh xa thda man tinh chit-(E.A) nhd cac ham C-16p va mot vai hé qua clia n6 trong
cac khong gian b-métric. Két qua ctia ching t6i 1a mé rong ctia mot sb két qua da c6. Ching
t6i cling dua ra mot vi du d€ minh hoa két qua chinh da thu dudc.

Tir khoa. Diém bét dong chung; ham C-16p; tinh chét-(E.A); b-métric.
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