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DIEM BAT DONG CHUNG CUA CAC ANH XA CO NHGO HAM C-LGP
VOI TINH CHAT (E.A) TRONG KHONG GIAN »-METRIC

Tran Van An(Y, Lé Dic Anh®
YVien Su pham Tu nhién, Truong Dai hoc Vinh
2 Truong Dai hoc Tay Nguyén
Ngay nhan bai 09/10/2018, ngay nhan dang 05/11/2018

Tém tat. Trong bai bao nay, ching toi chitng minh dinh 1y diém bat dong chung
clia cdc 4nh xa co nhd cac ham C-16p vé6i tinh chat (E.A) trong khong gian b-
meétric v cho vi du minh hoa. Tt d6, chiing t6i ciing chi ra rang cac két qua chinh
cia Ozturk, Radenovic (Some remarks on b-(E.A)-property in b-metric spaces,
Springer Plus, 5: 544 (2016)) va Ozturk, Turkoglu (Common fized point for
mappings satisfying (E.A)-property in b-metric spaces, J. Nonlinear Sci. Appl., 8
(2015), 1127 - 1133) la hé qua cta no.

1 MG DAU

Ly thuyét diém bat dong la mot trong nhiing chii dé nghién citu quan trong ciia Giai
tich toan hoc. Day ciing 13 mot trong nhitng cong cu quan trong dé nghién citu cac hién
tugng phi tuyén. N6 c6 nhiéu tng dung trong toan hoc ciing nhu trong cac nganh khoa hoc
k§ thuat, trong toi wu, 1y thuyét xap xi, cdc mo hinh toan hoc va ly thuyét kinh té. Nguyén
Iy 4nh xa co Banach da tré thanh mot cong cu phd dung dé ching minh sy ton tai duy
nhat nghiém clia cdc phuong trinh vi phan va phuong trinh tich phan, ciing nhu giai quyét
cac bai toan vé sif ton tai trong nhiéu nganh ctia Giai tich toan hoc va dude ting dung vao
cac nganh khoa hoc khac. Vi thé da c6 mot s6 16n cac mé rong ctia dinh 1§ co ban nay cho
cac 16p anh xa v khong gian khac nhau, bang cach diéu chinh diéu kién co co ban hoic
thay déi khong gian.

Nam 1993, dé md rong cac khong gian métric, Czerwik da dua ra khai niém khong gian
b-métric va chiing minh mot vai két qua méi vé sy ton tai diem bat dong clia anh xa co
trong khong gian b-métric. Nam 2002, Aamri vi Moutawakil [1] d& dua ra ¥ tuéng vé tinh
chat (E.A) trong khong gian métric. Gan day, mot s6 nha nghién citu da van dung ¥ tuéng
nay dé thu dudc mot s6 két qua mdéi vé diém bat dong clia cac anh xa co suy rong véi tinh
chat (E.A) trong khong gian b-métric.

Nam 2017, Ozturk va Ansari da phéat biéu va chiing minh két qua vé diém bat dong
chung ctia cdc anh xa co nhd cac ham C-16p vdi tinh chat (E.A) trong khong gian b-métric
trong ([6]). Tuy nhién, Ozturk va Ansari dd nham lan trong chting minh két quéd nay khi
thita nhan rang b-métric d 13 ham lién tuc theo titng bién. Song diéu nay la khong hoan
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toan ding va né da duge Tran Van An, Nguyén Vin Diing vh Luong Quéc Tuyén chi ra
thong qua Vi du 3.9 va Vi du 3.10 trong [2].

Trong qué trinh tim cach khic phuc 16i trén trong lap luan chitng minh ctia Ozturk va
Ansari, ching toi giéi thieu va ching minh mot dinh 1y diém bat dong chung cho cac 4nh
xa co nhd cac ham C-16p véi tinh chéat (E.A) trong khong gian b-métric. Tt d6, chi ra rang
cac két qué clia chiing t6i 1a md rong cic két qua da co trong [7] va [8].

Trude hét ching toi gi6i thieu mot s6 khai niem va két qua can thiét cho cac trinh bay
Ve sau.

Dinh nghia 1.1. ([4]) Cho X la mot tap khac rong va s6 thue s > 1. Hiam d : X x X —

[0, +00) dugc goi 1a mot b-métric, néu véi moi x,y, 2z € X, cac dieu kién sau day dugc thoa
man

(1) d(x,y) = 0 khi va chi khi x = y;
(2) d(z,y) = d(y, z);
(3) d(z,y) < sld(z, 2) + d(z,y)].
Khi do, (X, d) duge goi 1a khong gian b-métric véi he sb s.
Dinh nghia 1.2. ([4]) Cho {z,} la mot day trong khong gian b-métric (X, d).

(1) Day {z,} dugc goi 1a hoi tu néu véi x € X nao d6 ta c6 d(z,,z) — 0 khi n — oo;
(2) Day {x,} dugc goi la Cauchy néu d(zy, ) — 0 khi n,m — oo;

(3) Khong gian b-métric (X, d) l1a day di néu moi ddy Cauchy trong X déu 1a hoi tu.
Nhan xét rang: day {z,} 1& Cauchy néu nh—>120 d(zy, Tntp) = 0, v6i moi p > 0.

Dinh 1y 1.3. ([4]) Trong khong gian b-métric (X, d), cdc khang dinh sau la diing
(1) Day hoi tu c6 gidi han duy nhat;
(2) Moi day hoi tu la day Cauchy;
(3) Néi chung, mot b-métric thi khong lién tuc.
Dinh nghia 1.4. ([4]) Cho (X, d) 1a khong gian b-métric. Tap con Y C X dugc goi la dong
néu véi mdi day {z,} trong ¥ ma né 1a hoi tu dén phan ti z, thi x € Y.
Dinh nghia 1.5. ([8]) Cho (X,d) la khong gian b-métric, f, g : X — X la céc dnh xa tu
X vao chinh no.
(1) f va g dugc goi 1a tuong thich véi nhau néu véi bat ki day {z,} C X sao cho {fz,}
va {gz,} 12 hoi tu t6i diém ¢ € X nao do, thi lim d (fgz,, gfr,) = 0;
n—ro0
(2) f va g dudc goi 1a khong tuong thich v6i nhau néu ton tai it nhat mot day {z,} C X
sao cho {fz,} va {gr,} 1a hoi tu téi diém ¢t € X nao d6, nhung li_)m d(fgrn,gfry,) khac
n oo

khong hodc khong ton tai;
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(3) f va g dudc goi 1a théa man tinh chat (E.A) néu ton tai mot day {z,} C X sao cho

lim fz, = lim gz, =t, v6i t nao do6 thudc X.
n—oo n—oo

Dinh nghia 1.6. ([8]) Goi ¥ 1a ho tat ca céc ham thay doi khodng cach 1 : [0,00) — [0, 00)
théa man cac diéu kién sau

(1) 1 1a ham khong giam va lién tuc;
(12) 9 (t) = 0 khi va chi khi ¢ = 0.

Dinh nghia 1.7. ([5]) Goi ® 1 ho tit c& cac ham siéu thay doi khodng cdch ¢ : [0,00) — [0, 00)
théa man cac diéu kién sau

(1) ¢ 1a ham khong giam va lién tuc;
(02) @ (t) >0, néut > 0.

Pinh nghia 1.8. ([3]) Anh xa F : [0,00)) x [0,00) — R, dugc goi 1a ham C-I1dp néu né lien
tuc va théa man cac diéu kién sau

(1) F(s,t) <s, v6imois,t e [0,00);

(2) Néu F (s,t) = s, thi hosic s = 0, hosic t = 0.

2 KET QUA CHINH

Trong bai bao nay, khi néi (X, d) 14 khong gian b-métric thi duge hiéu (X, d) 1a khong
gian b-métric véi hé sb s > 1.
Nam 2017, Ozturk va Ansari da phat biéu va chitng minh két qua sau ([6]):

Cho (X,d) la khong gian b-métric va f,g,S,T : X — X la cic dnh zg to X vao chinh
né, théa man f(X) CT(X) va g(X) C S(X) sao cho véi moi x,y € X, ta cé

Y (d(fr,gy)) < F (¢ (Ms(2,9)), ¢ (M (z,y))),

trong do

Ms(z,y) = max {d(S:U, Ty),d(fx,Sz),d(gy, Ty), d(fz,Ty) + d(Sz, gy) } ‘

2s

Gid st ring mot trong cac cap danh za (f,S) va (g,T) théa man tinh chat (E.A) va mot
trong cdc khong gian con f(X),g(X),S(X) va T(X) la dong trong X. Khi dé, cic cap
anh za (f,S) va (g,T) c6 mot diém tring nhau trong X. Hon nita, néu cic cdp dnh za
(f,S) va (g,T) la twong thich yéu, thi f,g,S,T c6 mot diem bat dong chung duy nhat.

Tuy nhién, khi chiing minh két qud trén cic tac gid da st dung b-métric d 1a ham lién
tuc theo timg bién. Song diéu nay la khong hoan toan ding va né da duge Tran Vin An,
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Nguyén Vian Diing va Luong Qudc Tuyén chi ra thong qua Vi du 3.9 v Vi du 3.10 trong
[2].
Trong qué trinh tim cach khic phuc sai 1am trén trong 1ap luan chiing minh ctia Ozturk
va Ansari chiing toi thu dugc két qua sau:
Dinh 1y 2.1. Cho (X,d) la khong gian b-métric va f,g,5,T : X — X la cic anh za to X
vao chinh né sao cho théa man cdic diéu kién sau
(1) Ton tai cac ham ¢ € ¥, p € ® va ham C-ldp F : [0,00) x [0,00) — R sao cho vdi
mot x,y € X, ta co
¥ (sd (fx,9y)) < F (¢ (M (2,9)), ¢ (M (2,9))) (1)
trong do

9

d(fz,Ty) + d(Sz, gy) }

Mo(o) = e {d(S. ) d( . 52), . T), -

(2) (f,S) hodc (g, T) théa man tinh chat (E.A);
(3) fXCTX vagX C SX;
(4) Mién gid tri cia mot trong cdc dnh za f,g,S hodc T la khong gian con déng ciia X .
Khi dé, cdc cap (f,S) va (g,T) c6 mot gid tri trung nhau trong X . Hon nita, néu théa
man thém diéu kién
(5) (f,S) va (g,T) la cic cap dnh za tuong thich yéu,
thi f,g9,5 va T c6 mot diém bat dong chung duy nhat.

Chaing minh. 1) Truée hét gid st rang cdp anh xa (f,.S) thoa man tinh chat (E.A). Khi

d6 ton tai mot day {x,} trong X sao cho lim fz, = lim Sz, = g, v6i diém ¢ nao d6 thuoe
n—oo n—oo

X. Nho gia thiét f(X) C T (X), ton tai mot day {y,} C X sao cho fx, = Ty, v6i moi
n > 1. Vi thé, ta c6 h_)m Ty, = q. Ta sé chiing minh rang lim gy, = ¢. That vay, nho tinh
n—oo n—oo

khong gidm ciia ham ), diéu kién co (1) va diéu kien ctia F, ta c6

Y (d(fen, gyn)) < (sd (f2n, gyn)) (2)
< F (% (Ms (Tn,yn)) » 0 (Ms (Tn, yn))) < ¥ (Ms (T, yn))

P

Ay

{ d(anagyn) +d(fxnuTyn)}
2s
= max {d (Stm, f) o (fm, Sn) . (farm, gyn) , L5712 Y0) ;d (fn, fn) }

d(Szn, fzn),d (fTn, gyn) sld(Sxp, fﬂfn)2: d(fxn, gyn)] } .

MS (xnv yn) = max d (Sxfh Tyn) >d (fxnv S-rn) 7d (Tyn7gyn) ’

< max
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Tt bat déing thic cudi cliing nay ta suy ra

limsup d(fzy, gyn) = limsup Ms(xnv Yn)-

Khong mat tinh téng quét ta gia st ring
lim d(fxnagyn) = lim Ms(xnayn)'
n—oo n—oo

Nho tinh lien tuc ctia 1 va ¢, 1ay gi6i han khi n — oo trong cong thic (2), ta c6

¢ lim d(fzn, gyn)) < F(( lim d(fzn, gyn)), o im d(fzn, gyn)))

n—o0 n—0o0 n—oo
< ¢( lim d(fzn, gyn)).
n—oo

Vi thé ta c6

F(p(lim d(fan, gyn)), p(lim d(fzn, gyn))) = ¢ ( lim d(fzn, gyn)).

n—o0 n—oo n—ro0
Nho tinh chat ctia ham C-16p F, diéu nay kéo theo
Y(lim d(fzn,gya)) =0 hoac ¢( lim d(fzn,gyn)) = 0.
n—oo n—oo
T cac tinh chat clia cac ham ¢ va ¢ ta suy ra lim d(fx,, gy,) = 0. Vi thé, nho gia thiét
n—oo
lim fx, = ¢, tit bat ding thic
n—oo
0 < d(q, gyn) < sld(gq, fzn) + d(fn, gyn)];

ta suy ra lim gy, =gq.

n—o0

a) Bay gio gid st rang T (X)) 1a khong gian con déng trong X. Khi do, vi H_)m fxn=g¢q
n—oo

va f(X) C T (X), nén ton tai mot phan tit r € X, sao cho Tr = ¢. Nho diéu kien co (2)
va diéu kién cta F, ta c6

Y (sd(fan, gr)) < F (Y (Ms (wn,7)), 0 (Ms (2n,7))) < Y(Ms(20,7)), (3)

P

VOl

M (2, 7) = max {d (Sxp, Tr),d(frn, Szy),d(Tr,gr), d (f:cn,Tr);L d(Szn, gr) }
S

d(fzn,q)+d(Sxn,gr) }
2s '

= { (S 20) d (F S22 0 9),
T bat ding thitc cudi cling nay ta suy ra li_}m M(zy,r) = d(q, gr). Do d6, nhd tinh
lien tuc ctia ¥ va ¢, 1lay gidi han khi n — oo trong cong thiic (3), ta c6
Y lim sd(fn g7) < PO lim M.(an,r). ol in M (2, 1)) (@)
= F(¢(d(q,gr)), p(d(g, gr))) < P(d(g, gr)).
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Mt khac, ta ¢6 d(q, gr) < s[d(q, fxn) + d(fxn, gr)]. Do d6, vi Tgirgofxn = ¢, ta nhan dugc
d(q,gr) < nh—>Holo sd(fan, gr).
Tt d6, nha tinh khong giam ctia ham 1), ta suy ra
V(g 7)) < v im_sd(f,. gr). (5)
Vi thé, tu (4) va (5) ta thu duge

F((d(q, gr)), ¢(d(q, g7))) = ¢(d(g, gr))-
Nho tinh chat cia ham C-l6p F, diéu nay kéo theo ¥ (d(q,gr)) = 0 hodc ¢(d(q,gr)) = 0,
hay ¢ = gr. Do dé r 13 mot diém tring nhau ctia cap anh xa (g, 7).
Tuong ty, vi li_>m gyn = q, gr =q va g(X) C S(X), nén ton tai mot diem z € X sao
n o
cho ¢ = Sz. Ta sé chitng minh ring Sz = fz. That vay, nho diéu kién co , tinh khong

gidm ctia ham v va diéu kién cia F, ta ¢

P (d(fz,q) < (sd(fz,q) = (sd(fz,9r)) (6)
S F () (M (2,7), 0 (Ms (2,7)) < ¢ (Ms(z,7)),

voi

M (z,7) = max {d(Sz,Tr) Ld(fz,82),d(Tr,gr), d(fZ7TT);9 d(Sz,gr) }
< max

{ (fzq) +d(q,Q)}
< {d(fz,Q),

2s
=d(fzq).

= max

d(%Q)vd(fZ,Q),d(q,Q)ad

d (Z a) }

Do dé, tit bat déng thiic (6), ta thu dugdc

Y (d(fz,9) < F@(d(fz9),0(d(f24q)) <Y (d(fz,49),

hay
F((d(fz,q)),e(d(fz,q9) =¥ (d(fzq))-

Tt ddng thiic cudi nay, vi F 13 ham C-16p, tasuy ra+ (d (fz,q)) = 0 hodic ¢ (d(fz,q)) =
0. Lai nho tinh chat ctia ham 1 va ¢, ta thu duge d (fz, q) = 0. Diéu nay kéo theo fz = q.
Suy ra Sz = fz = ¢q. Do d6 z la diém triing nhau ciia cip anh xa (f,S). Vi vay, tit cac
chiing minh trén ta nhan duge fz = Sz = gr = Tr = ¢. Diéu nay ching t6 ¢ 1a gia tri
trung nhau cia cac cdp anh xa (f,S) va (g,7).

10
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Bay gio gia sit cac cap anh xa (f,S) va (g, T) la tuong thich yéu. Khi d6, nho tinh tuong
thich yéu ctia cic cap anh xa (f,S) va (g,T), ta thu duge fSz = Sfz va gTr = Tgr, nghia
la ta c6 fqg = Sq va gqg="Tq.

Tiép theo ta sé ching minh ring ¢ la diém bat dong chung ctia cac anh xa f,g,S va T.
That vay, tit bat dang thic (1), tinh khong gidm ctia ham 1 va diéu kién ctia F, ta c6

Y (d(fq,q) =¥ (d(fq,g7)) <& (sd(fq,gr)) (7)
< F @ (Ms(q,r)),0(Ms(q,7))) <t (M (q,7)),

v6i

M (g,7) = max {d (S4.77) d(fq. Sa) .d (7, gr), LT+ A5 97) }

d(fq,q) +d(fq,q)
2s

:max{d<fq, 2.d(fa.£0).d(0.0), } — d(fq.q).

Vi thé, tit bat déng thic (7) ta c6

P (d(fg,9) < F @ (d(fg,0),¢(d(fq,9) < ¢ (d(fg:q)),

hay

F(d(fg,q9),¢(d(fq,q) =¥ (d(fg,q))-

T dang thic cubi nay, vi F 13 ham C-l6p ta nhan duge 1 (d(fq,q)) = 0 hosc
©(d(fg,q)) = 0. Lai nho tinh chat cia ham 9 va ¢, ta suy ra d (fq,q) = 0. Diéu nay kéo
theo fq = q. Vi vay, ta thu dugc fq = Sq=q.

Tuong t, tit bat ding thiic (1), tinh khong gidm ctia ham v va diéu kien ciia F, ta c6

Y (d(q,99) =¥ (d(fz,9q9) <Y (sd(fz,99)) (8)
< F (¢ (M (2,q) ¢ (M (2,9))) < (My(z,q)),

M, (z,q) = max{d(Sz,Tq) ,d(fz,8z2),d(9q,Tq), d(fz,Tq) —i—d(Sz,gq)}

2s

— max {d(q,g(J) .d(q,q),d(99,99) d(q’gq);d(q’g(ﬁ } =d(q,99) -

Do dé, tit bat déng thitc (7), ta c6

Y (d(q,99) < F (¥ (d(q,99)),¢(d(q,99)) < (d(g,99)),

hay
F (¢ (d(g,99),¢(d(g,99)) =¥ (d(g,99)) -

11
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Tit ding thiic cudi nay, vi F 1a ham C-16p ta nhan duge ¢ (d (¢,9q)) = 0 hosic ¢ (d(q,9q)) =
0. B&i vay, nhd tinh chat ctia ham ) va ¢, ta suy ra d(q, gq) = 0. Diéu nay kéo theo gq = q.
Vi vay, ta thu dude Tq = gq = ¢. Do d6 ¢ la diém bat dong chung ctia cac ham f, g, 9, T.

Bay gio ta chitng minh ¢ 13 diém bat dong duy nhéat. Gia sit p la mot diém bat dong
chung khac ctia cdc ham f, g, S, T. Khi d6, nhd bat ding thic (1), tinh khong gidm ciia
ham 1 va diéu kién ctia F, ta co

Y (d(q,p)) = (d(fq,gp)) < (sd(fq,gp))
< F (¢ (M (q,p)) ¢ (M (q,p))) < (Ms(q,p))

trong do

M; (g, p) = max {d (S¢,Tp).d(fq.54).d(Tp. gp) . (4, TP);; d (5S¢, gp) }

d(q,p);d(qm)} —d(a.p).

~ max {d<q,p> d(q,4),d(p,p),

Vi thé, ta nhan dugc bat déng thic

Y (d(q,p)) < F (¥ (d(q,p)),»(d(g,p)) < (dlgp)),

hay
F (Y (d(q,p),¢(d(gp)) = (dg,p))-

Do F 1a ham C-16p ta suy ra v (d(q,p)) =0 hoac ¢ (d(g,p)) = 0. Nho tinh chat cla
ham ¢ vd ¢, ta c6 d(q,p) = 0, tic 1a ¢ = p. Vay ¢ la diém bat dong chung duy nhét ciia
cac anh xa f,g,5,T.

b) Truong hgp néu f (X) la khong gian con déng trong X. Khi d6, vi li_)m frn =q,
n oo
nén ta c6 ¢ € f(X). Lai vi f(X) C T(X), suy ra ¢ € T(X). Do do6, ton tai mot phan tit
r € X, sao cho Tr = ¢q. Tt day ching minh tuong tu nhu truéng hgp 7'(X) la khong gian
con déng trong X ta suy ra cac anh xa f,g,S,T c6 diém bat dong chung duy nhat trong
X.

¢) Truong hop néu S(X) 1a khong gian con déng trong X, chiing minh tuong ty nhu
truong hop a).

d) Truong hgp néu g(X) 1a khong gian con déng trong X, chiing minh tuong ty nhu
truong hop b).

2) Cudi cung, truong hop cap (g,T) théa man tinh chat (E.A) ta tién hanh ching
minh tuong tu nhu trudng hop cdp anh xa (f,S) théa méan tinh chat (E.A).

Trong Dinh 1i 2.1, néu ta lay ¢ = f v& S = T, thi ta c6 dugc cac hé qua sau.

Hé qua 2.2. Cho (X,d) la khong gian b-métric va f, T : X — X la cdc anh za tu X vao
chinh né théa man f(X) C T (X) va g(X) C S(X) sao cho vdi moi z,y € X, ta cé

Y (sd(fz, fy) < F (¢ (Ms(2,9)), 0 (Ms(2,9)))

12
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trong do

d(fx,Ty) + d(Tz, fy)}
2s '

Miy(z,y) = max {d(Tm,Ty),d(fw,Tw),d(fy,Ty),

Gid st rang cip anh xa (f,T) théa man tinh chat (E.A) va T (X) déng trong X. Khi
dé, cap danh za (f,T) c6 mot diém triung nhau trong X. Hon nita, néu cgp danh za (f,T)
tuong thich yéu, thi f va T c6 mot diém bat dong chung duy nhat.

Hé qua 2.3. Cho (X,d) la khong gian b-métric va f,g,5,T : X — X la cic anh za t X
vao chinh né, véi f(X) C T(X), g(X) C S(X) va vdi moi z,y € X diéu kién sau dugc
thoa man

sd (fz,gy) < F (Ms (2,y), 9 (Ms (2,y))),

trong do

M(z,y) = max {d(Sa:, Ty). d(fz, Sz), d(gy, Ty), S TY) 2+8 d(Sz, gy) } ‘

Gid st rang cdc cgp danh za (f,S) va (g, T) théa man tinh chat (E.A) va mot trong cdc
khong gian con f(X), ¢g(X), S(X) va T (X) la dong trong X. Khi dé, cac cap anh za
(f,S) va (g, T) c6 mot diém trung nhau trong X. Hon nita, néu cic cdp dnh za (f,S) va
(9,T) la tuong thich yéu, thi f,g,S va T c6 mot diém bit dong chung duy nhat.

Béng cach lay cac ham ¢ € ¥ va p € & duge xac dinh bdi ¢ (t) = ¢ (t) = t v6i moi
t € [0,00) va ham C-16p F cho béi F(s,t) = s —t v6i moi s,t € [0,00), khi d6 nhs Dinh 1y
2.1 ta thu dude két qua sau day.
Hé qua 2.4. (Theorem 2.1 [8]) Cho (X,d) la khong gian b-métric va f,9,5,T : X — X la
cac anh za tw X vao chinh nd, théa man f(X) C T (X) va g(X) C S(X) sao cho vdi moi
z,y € X, ta co
Y (s%d (fe,9y)) <o (M (2,9)) — o (Ms (2,9)) (9)

trong do ¥, p € ¥ va

M (z,y) = max {d(Sa:, Ty),d(fz, Sz),d(gy, Ty), d(fz,Ty) + d(Sz, gy) } ‘

2s

Gid i rang mot trong cdc cip dnh za (f,S) va (g,T) théa man tinh chat (E.A) va mot
trong cdc khong gian con f(X),q(X),S(X) va T(X) la dong trong X. Khi dé, cic cap
anh za (f,S) va (g,T) c6 mot gid tri trang nhau trong X. Hon nita, néu cdic cdp dnh za
(f,8) va (g,T) la tuong thich yéu, thi f,g,S,T c6 mot diém bit dong chung duy nhat.

Béng cach lay cac ham ¢ € ¥ va p € & duge xac dinh bdi ¢ (t) = ¢ (t) = t v6i moi
t € [0,00) va ham C-16p F cho béi F(s,t) = s v6i moi s,t € [0, 00), khi d6 nhs Dinh 1y 2.1
ta thu duge két qua sau day.
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Hé qua 2.5. (Theorem 10 [7]) Cho (X,d) la khong gian b-métric vdi hé s6 s > 1 va
f,9,8,T: X — X la cic anh za t& X vao chinh né théa man f(X) C T(X) va g(X) C
S (X) sao cho vdi moi x,y € X, ta co

s"d (fz,g9y) < M (z,y), (10)

vdi hing s6 € > 1 va

M;(z,y) = max {d(S:U, Ty),d(fx,Sz),d(gy, Ty), d(fz, Ty);; d(Sz, gy) } ‘

Gid st rang mot trong cdc cap (f,S) va (g,T) théa man tinh chat (E.A) va mot trong
cac khong gian con f(X),g(X),S(X) va T (X) la tap con dong trong X. Khi dé, cic cdp

anh za (f,S) va (9,T) c6 mot gid tri trang nhau trong X. Hon nita, néu cic cdp dnh wa
(f,S) va (g,T) la twong thich yéu, thi f,g,S,T c6 mot diem bat dong chung duy nhat.

99
Vidu. Cho X =[0,1], F (s,t) = 100° v6i moi s,t € [0,00) vaham d: X x X — [0,00)
dudgc xac dinh nhu sau
0 néu r = y;
z+y)? néux#y.

i ={ |

Khi d6 (X, d) 14 khong gian b-métric v6i he s6 s = 2. Xét cac anh xa f,¢,5,T: X — X
tu X vao chinh n6é dugc xac dinh nhu sau

. 1

0 néuzx# =

X )

fla) =1, g@w={ 1 3

— neuzx= —,

8 2

va

. 1 j 1
2r néu 0§x§§; T néu O§x<§;
s L by L <1 s Lo 1< <1
g neu §<x7 5 5 neu 57.’,177 s

v6i moi x € X.

Dé thay rang F' la ham C-l6p, f(X) dong va f(X) C T (X),g(X) C S(X). Lay day
{z,} C X, v6i z,, = = + — v6i moi n > 1. Khi d6, ta ¢6 lim fz, = lim Sz, = —. Do d6

2 n n—00 n—00 8

cap anh xa (f,S) théa méan tinh chat (E.A) nhung ching khong tuong thich v6i nhau, vi
lim d(fSxzp,Sfx,) # 0.
n—oo

Bing cach lay cac ham thay ddi khodng cach v, ¢ : [0,00) — [0, 00) duge xac dinh bdi
Y (t) =V, ¢ (t) =t v6i moi t € [0,00). Khi dé, ta dé& dang kiém tra didu kien co (1), dugc
théa man véi moi z,y € X.

) 1 1 1\?
(i) Néuz =0,y = 2 thi fz =0, gy = 5 Khi do, ta c¢6 d(fz,gy) = (8) . Do do

14
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= —¢(d(Sz,Ty)) < %w(Ms(ﬂ%y))

= F(¢(Ms(2,y)), o(Ms(z,y))).

P 1 .
(ii) Neuz =0,y # 2 thi fx = gy = 0. Luc do, ta duge d(fz, gy) = 0. Tuong tu, néu

1 1 .
r=y=g, thi fo =gy = 3 va ta ciing ¢6 d(fx,gy) = 0. Vi thé, trong ca 2 trudng
hgp nay ta co

2
(iii) Néu z = l,y + 1, thi fz = 1, gy = 0. Khi d6 d(fz,gy) = <1> . Do d6
2 2 8 8
V2 99 /(1 99 99
vlad(faam) = % < f (§+1) = 150 (de.50) < Spv((e.)

= F($(Ms(2,9)), o (Ms(2,9)))-

(iv) Néuz € O1 —1th\f—x —1L’ do, ta co d(f )= E—1—12
- = = = —. Lic do, ta c6 = R
v cux ) Y 9’ 1jx p gy 3 u ) T, 9Y 48
Vi thé

¥(2d(fx,gy)) = V2 (x + 1) <® (23: + 1) %9 ¥ (d(Sz, Ty))

47 8) =100 2) ~ 100
< %w(Ms(:c,y)) = F(4(Ms(2,9)), 0(Ms(2,))).

. 1 1 z 2
(v) Néu z € <O, 2) Y F 2 thi fox = W= 0. Truong hop nay d(fz,gy) = (%) .
Do do

V2 _ 99 9z 99

< %w(Ms(x,y)) = F(¢(Ms(@,9), o (Ms(x,1)))-

N Nk 1 1 .. x 1 o r  1\2
(vi) Néeu z € 5,1 ,yzi,thlfx: ,gyzé.Khuio d(fx,gy) ==+ =] . Do

4 48
do
¢ (2d(fx, gy)) = V2 (Z + é) < %. (; - ;) = %w(d(sx,m))

< %w(Ms(m,y)) = F(4(Ms(2,9)), 0(Ms(,))).

15



Tran Van An, Lé Dic Anh Diém bat dong chung ciia cdic dnh xza co nho ham C-ldp ...

, 1 1 z ’
(vii) Néu z € (2, 1] Y F > thi fox = 7= 0. Luc do, ta c6 d(fz,gy) = (%) . Do
do

¥ (2d(fx,gy)) = fo < %. (Z + ;) = %w(d(fm,Sx))
< D (Mal,) = F(My(a,9), 9 (Ma(r, ).

Vi vay, diéu kien (1) dugc thdéa méan v6i moi z,y € X. Dé thiy ring cic cap anh xa
(f,S) va (g,T) 1a tuong thich yéu. Do d6, tat ca cac diéu kién ctia Dinh ly 2.1 dugc thoa
méan. Vi thé, f,g,5,T c6 mot diém bat dong chung duy nhat. Hon thé nita, 0 chinh la diém
bat dong duy nhét clia cac anh xa f,g,5 va T.
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SUMMARY

COMMOM FIXED POINTS FOR CONTRACTIVE MAPPINGS SATISFYING
(E.A)-PROPERTY VIA C-CLASS FUNCTIONS IN b-METRIC SPACES

In this paper, we prove a common fixed point theorem for contractive mappings satisfy-
ing (E.A)-property via C-class functions in b-metric spaces and give a illustration example.
Then, we also show that the main results of Ozturk, Radenovic (Some remarks on b-(E.A)-
property in b-metric spaces, Springer Plus, 5: 544 (2016)) and Ozturk, Turkoglu (Com-
mon fized point for mappings satisfying (E.A)-property in b-metric spaces, J. Nonlinear Sci.
Appl., 8 (2015), 1127 - 1133) are its corollaries.
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