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ABSTRACT

Creating a 3D terrain or a wave surface takes a lot of time for a
graphic artist in the 3D game creation process. This problem poses
the following computer requirements: the generated terrain surface
must be both random at all points, but also smooth and curved, and
the difference between the vertices must be controlled by an input
parameter. This paper will upgrade the Gaussian process (GP) from
2D to 3D in order to solve this terrain generation problem. In
addition, when the generated surface becomes very large, GP
requires a large amount of computation related to matrix analysis.
This paper proposes an approximate solution to speed up the
computation.

Keywords: Gaussian process; 3D terrain.

1. Introduction

Random terrain generation techniques have been extensively
studied when the demand for graphics in movies,
advertisements, and games is increasing [1]-[3]. The
generating methods usually start with random values (noise)
for each spatial point, then use fractal techniques to increase
the details of the terrain or define a hash function that generates
random values for the terrain coordinate vector [x, y]. The
randomness is then controlled by the parameters of the hash
function, meaning that for a fixed set of parameters, the
generated terrain is the same for different trials. Random value
generation techniques through hash functions with random
parameters often produce rough, spiky, and unrealistic terrain.
To minimize this, interpolation techniques are often used to
smooth the existing terrain, but the spikes are not much
reduced. Filtering techniques through convolution can also be
applied to reduce spikes; however, if an area with a very high
spike is encountered, the filtering technique cannot remove the
spike. If using spline interpolation of levels, the amount of
computation becomes very large.

GP plays an important role in the research development in the
field of Machine Learning via statistics [4]-[7]. GP is also a
sampling technique with a complex theory but requires
programming techniques at moderate level of difficulty.
The resulting GP is not a random value but a random
process in which the values in the vicinity
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of each other are dependent on each other in value, that is, have the same value. GP ensures
smooth curvature of the generated terrain height values, regardless of whether the
resolution is high or low. This paper will present the theoretical foundations of GP, how it
generates a 2D random process, and how it can be improved for 3D space. Finally, the
paper will present a method to reduce the computation time for GP when applied to random
terrain generation.

2. Gaussian Process

GP is essentially a stationary stochastic process [8], in which the components of
the process are related through a multivariable Gaussian distribution. A multivariable
Gaussian distribution is a distribution where each variable x;, being a component of the

vector x =[x, X,,...,x, ], follows a univariate Gaussian distribution. Then, the vector x
has a multivariable Gaussian distribution, i.e.,

X~N(nX). (2.1)
This distribution is described in detail as follows:
1 1 T }
Xp,X)=————exps——=(x—pn) 2 (x— , 2.2

where p is the mean vector of x, and . is the covariance matrix governing the relations
among the component variables. This means

m=[t4ttys ty] =E(x)

ZZCOV(X): E{(X_H)(X—H)T}. (2.3)

The coefficient
1
Zx = (Zﬂ)mz |2|1/2 (2'4)

acts as the coefficient that normalizes the distribution function so that the sum (integral)
of probabilities over the entire n dimensions of the distribution is equal to 1. The
covariance matrix 2. is a semi-positive deterministic matrix [9] and symmetric because

{(x—u)(x—p)T} is a symmetric matrix. Every element being off the diagonal of X is a

covariance of the two component variables

Ojj =0ji :E{(Xi_ﬂi)(xj_ﬂj)}' (2.5)
while the elements on the diagonal are the variance of each component variable as
2
0; = E{(Xi — 1) } : (2.6)

GP [3], [8] will be specifically defined by two parameters: m(x) and the covariance
function k(x, x'). GP is, in fact, a generalization form of the Gaussian distribution. The
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difference is that a Gaussian distribution is a concept over a vector containing connected
random variables, while GP is a concept over a function. Particularly, a function f is
denoted by

f ~ge(mk). (2.7)

Equation (2.7) means that the distribution function is a GP with the mean of the function
m(x) and the covariance of the function k(x, x’). Usually the covariance function k(x, x’) of
a GP is a family of natural exponential functions of quadratic polynomials.

k(x,x'):zlexp(—zz(x—x')z) (2.8)

where z1 and z» are positive coefficients and do not have to be a normalized coefficients to
make k(x, x') be a probability distribution function

f(x)

A A"

Figure 1: The mean of a distributed sample f (X) is a stochastic process,
where the value at every point x depends on those at the surrounding points x'

Figure 1 describes more about GP that satisfies Equation (2.7) as follows: At any
point x, the mean of f (x) is m(x), that is, the true value of the function follows a certain

distribution whose mean is f (x). The deviation from this mean depends on all other

values at x’ via covariance function constraints k(x,x'). In other words, a function f

satisfying Equation (2.7) is a function whose value at any points x has an average value of
m(x), and whose variance depends on an infinite number of constraints related to the

distance to other points x’ according to (2.8).
3. GP random sampling
Let us consider a sequence of discrete values X :{xi},i =1,..,N,and a given

covariance function k(x,x"). Generating a Gaussian random process g®(m,k)would be

the same as generating a set of values Y :{yi} such that

{ mean(y,)=m(x;)

cov(y ;) =K(x. ) oY
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where i, j=1,2,...,N . This means the sampling process for the random process will be
converted back to the sampling process for a multivariable Gaussian distribution.

Y1

y
y=| "%, (3.2)

Yn
such that

mean(y, )

mean(y)= mean(y; ) , (3.3)

mean(y, )
and

cov, (y):[k(xi,xj )] (3.4)

Since y ~ W(m,C) can be parsed as:

y =y™ 4y(©
y™ ~a(m,0), (3.5)
y' ~a(0,C)

we can generate the sample y(©) ~ v (0,C) first; then add the average component y(m), if

any, later. Generating y'©) ~ 9 (0,C) is actually the process of calculating the square root
1
matrix C?2 to multiply into a vector with a multivariable normal distribution. Then,

1
y© =c2y™ in which, y"™™ is a vector whose components are normally distributed
random values. Calculating this square root matrix requires matrix diagonalization and can

be approximated to reduce the computation.
4. Experiments and results
4.1. Deploying experimental program

For 2D sample generation, the sampling process will go through direct sampling as

in the analysis of Section 3. In which the components of the covariance matrix follow the
e N2

%} That is 1=1 and z,=2 for equation (2.8).

Terrain elevation values are generated for 80 grid points X5 X e{0.0, 0.2,04, ..., 20.0},

with the mean constraint m(x;) = 0, Vx;. The program is written in Python language, the

control of the function k (x;, x;) = exp {—

48



Vinh University Journal of Science Vol. 52, No. 1A/2023

analysis of the covariance matrix is done by analyzing eigenvalues and eigenvectors to
diagonalize the matrix. Figure 2 shows the successful results of sampling for a randomization
process. Based on these results, we extend the application of the Gaussian random process
to generate samples in 3D space in the next section.
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Figure 2: Result of generating 5 random lines for 80 grid points, the adjacent points
(xi_xj)z}

are 0.2 apart, according to the covariance function k(x;, x;) = exp {— oz

4.2. GP sampling in 3D

GP sampling in 3D is not feasible if the dimension of the multivariable vector y is
generalized to a multivariable matrix Y. Therefore, to do a GP sampling for a 3D space
consisting of N x N grid points [;‘l , We need to treat this generation of random processes

]
as for a vector of size N? x 1. That is, the components of this vector are ordered from a

matrix of grid points. In other words, we need to generate a set of values Y = {y;} such
that

k=@G—-1)xN +j
u= ({"—-1)xN +
mean (y,) = m(y(x;,x;)), (4.1)

cov(yi ) = k(3] |2

where i,7,i',j' € {1,2,..., N} and the covariance function is a function that depends on the
distance between the points [ ] [xi']. Specifically

Xi
Xl WX

el fse]) =em =200 [eel) (- [} “2)

After generating values for the set Y = {y,}, these points are rearranged into grid cells and
reconstructed in 3D space.
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f(x1,x2), generated terrain f(x1,x2), generated terrain

=15
-10
-10

(a) (b)
Figure 3: Generate 3D random terrains with () ¢ = 1 and (b) o = 2

f(x1,x2), generated terrain f(x1,x2), generated terrain

(a) (b)

Figure 4: Generate 3D random terrains with (a) ¢ = 3 and (b) o = 4

Figures 3 and 4 illustrate the results of topographic generation in 3D space using
Python’s Matplotlib library for different values. The results show that the terrains generate
smooth curves in 3D space. Smaller constraints mean that the influence of one location on
the rest is only local, which results in multi-peak and rough terrain. In contrast, the more
constraints there are, resulting in a high dependence between the values generated at the
points, the fewer hills, peaks, and troughs there are on the terrain.

4.3. Improving calculation speed

Consider the symmetric covariance matrix C and semi-positive definite [9]-[10].
Calculating the square root matrix will require a matrix diagonalization step, i.e.,

C = pDP! (4.3)

Where D is a diagonal matrix containing the eigenvalues of the matrix C and P is

an invertible matrix. Because of symmetry and semi-positive definiteness, the eigenvalues
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in D are non-negative values and the vectors in P are orthogonal vectors. We can therefore
normalize P to an orthogonal matrix, or P = PT. Then,

¢z = PD2p~1 = pp2pT (4.4)

This also means that inverse matrix calculation can be reduced and replaced with

the tranpose matrix, thereby reducing the computation significantly. Furthermore, we can

further reduce the computation by decomposing the matrix multiplication in Equation

(4.4). Let A; the eigenvalues of the matrix, with descending order 1, > 4, >...> A, and

pi are the corresponding eigenvectors. Then, 4; are the elements of the diagonal mateix D,

while pi are the corresponding columns in the matrix P. Hence, Equation (4.4) can be
rewritten as

N
1
2= Z JAipin! (4.5)
i1

1
The matrix Cz used to generate the terrain does not need to be calculated too
precisely, but could be accepted with approximations, corresponding to the largest
eigenvalues. The remaining eigenvalues are considered to be infinitely small and can be
considered as 0. Thus, Equation (4.5) becomes as

K
1
2 = Z JAipip! (4.6)
i=1

In other words, the new terrain generation depends only on K operands
corresponding to the K largest eigenvalues of C. The number of multiplications using
Equation (4.6) comparing to Equation (4.3) is significantly reduced, i.e. changing the
computation for determinant and matrix inversion with complexity O (N!) to
normalization, and multiply the displacement with complexity of O (KN). The matrix
inversion using the Gauss - Jordan row transform method is faster than the inverse using
the additive matrix and determinant. However, the complexity of the Gauss - Jordan
transform is also O (N°). Figure 5 presents the results of GP generated from the

1
approximation matrix Cz corresponding to K=20 eigenvectors with the largest value of the
covariance matrix C, each color corresponding to two cases of direct calculation and

approximation for C% . The results show that the lines of the same color are very close to
each other, the difference is not significant while the smoothness and dependency among
points in the curves are still guaranteed.

Similarly, Figure 6 presents the results of GP generated from an approximation

matrix of Cz for 3D space with N = 2500 grid points, but only for K=40 eigenvectors

with the largest values. The results for the 3D space are applied with 2 values 6= 1 and
1

o= 2, and the topographical efficiency are not much different from the precise matrix C2
in Figure 3.
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Figure 5: GP generated from the approximation matrix Cz
with K = 20 largest value eigenvectors
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Figure 6: GP generated from an approximation matrix Cz

with K =40 and (a) o =1, (b) 0 =2

For more details of computational reduction, Table 1 presents a comparison of the
number of multiplications to the values N and K used in the paper. The results show that
although the efficiency of terrain generation is not degraded, the number of calculation
multiplications when analyzing the covariance matrix has been significantly reduced from
512080 multiplications to 32020 multiplications for the 2D model (Figures 2 and 5). For
the 3D terrain generation, the number of multiplications is even reduced from 15625
million operations to 4 million (Figures 3 and 6). As a result, the effectiveness of the
proposed matrix approximation is demonstrated without sacrificing the quality of the
generated terrains.

1
Table 1: Number of multiplications to analyze matrix C into a matrix C2

K
1
Number of multiplications 3 = ppip-1 €z = Z JAipiol
i=1
K=20,N=280 512080 32020
K =40, N = 2500 15625 x 108 4x 108
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5. Conclusions

The article presented the theoretical basis as well as successfully applied GP to
generate smooth curved random terrains in 3D space. In which, the terrain generations are
presented for 2D space and the expanded version for 3D space as well as the analysis of
computation for the terrain generation. To speed up the calculation, this paper has
presented an approximation of the square root matrix of the covariance matrix and, at the
same time, checked the generation efficiency with this approximation by comparing the
generation results and comparing the number multiplication used before and after the
matrix approximation. The results show that the proposed method has significantly
reduced the computation but still ensures that the quality of topographic generation is
almost unchanged compared to not approximating the square root matrix.
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TOM TAT

TAO PIA HINH NGAU NHIEN TRONG GAME 3D
BANG MOQT PHIEN BAN XAP XI QUI TRINH NGAU NHIEN GAUSS

DPing Viét Hung" 2, V6 Nhan Vin' 2
! Khoa Cdng nghé thong tin, Trizong Pai hoc Duy Tan, Pa Nang, Viét Nam
2Vién nghién cizu va phat trién, Trieong Pai hoc Duy Téan, Pa Nang, Viét Nam
Ngay nhan bai 03/12/2022, ngay nhan dang 10/01/2023

Tao ra mot dia hinh 3D hay hinh anh mit séng can rat nhiéu thoi gian cho méot d6
hoa vién trong qua trinh sang tao game 3D. Bai toan nay dit ra cho may tinh cac yéu cau:
bé mat dia hinh duoc tao ra phai vira ngau nhién & moi diém, nhung phai vira cong tron,
va mirc do chénh léc gitra cac dinh phai duoc kiém soét bang thong sé dau vao. Bai bao
nay s& nang cap qua trinh ngau nhién Gauss (Gaussian Process) 2D thanh 3D dé giai quyét
bai toan tao dia hinh nay. Ngoai ra, khi bé mat can sinh 1a rat 16n, qua trinh ngau nhién
Gauss can phai thuc hién mot luong 16n phép tinh lién quan dén phan tich ma tran. Bai béo
nay s& dé xuat mot giai phap xap xi dé tang toc tinh toan.

Twr khod&: Qua trinh Gaussian (GP); Dia hinh 3D.

54



