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ABSTRACT

The study described in this paper focuses on a model featuring
two nonlinear oscillators, which are stimulated by two external
coherent fields, and are referred to as a nonlinear quantum
scissors (NQS). To analyze the system's evolution, the NQS
method for quantum state engineering was applied, leading to
the discovery of a wave function that comprises a composite of
n-photon states. Through the implementation of NQS, the
system's optical states undergo a truncation process, resulting in
the production of two-qubit states that can be achieved due to the
oscillators' nonlinear characteristics and their interaction. As the
system evolves, maximally entangled states referred to as Bell-
like states are created.

Keywords: Kerr nonlinear coupler; Bell-like state; nonlinear
guantum scissors.

1. Introduction

The application of quantum entanglement in quantum
computing is of paramount importance [1]. It forms a
fundamental component of numerous algorithms in quantum
cryptography, quantum teleportation, and superdense coding.
One way to produce entangled states is through the reciprocal
interactions between the modes of optical fields, which results
in the creation of entanglement in photon-number states [2].
Of all the methods available, this approach is the most
promising due to the quick progress made in developing
photon-number resolving detectors based on diverse
mechanisms [3]. Hence, the generation of truncated states that
are closely linked to quantum entanglement is of paramount
importance in resolving key issues in the field of quantum
information theory.

Currently, there is research on the NQS model for the two-
mode state [4], which involves two quantum oscillators with
Kerr-like nonlinearities. Various forms of coupling between
the oscillators have been explored, including linear [5] and
nonlinear [6] coupling. It has been demonstrated that the
examined model can generate finite-dimensional quantum
states, resulting in the production of truncated states of one,
two, or three dimensions.
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This paper deals with the study of a system comprising a nonlinear coupler and two
external coherent fields [7]. The method described in [8] has been utilized to solve the
system's evolution equation in the absence of damping. It has been acknowledged in [9]
that the preparation of the system's initial Fock states is more challenging than that of the
vacuum states only. However, despite imperfect initial state preparation, the truncated state
can still have the desired form with a non-zero probability. Therefore, the initial conditions
for the evolution equation can be selected arbitrarily.

The structure of this paper is as follows: Sec. 2 provides a comprehensive
presentation of the model of Kerr-like nonlinear coupler. Sec. 3 discusses and describes the
creation of maximally entangled states. The final Sec. 4 presents the conclusions of the study.

2. The Kerr-like nonlinear coupler model driven in two modes

The system under consideration is a Kerr-like nonlinear coupler with two nonlinear
oscillators, denoted by y, and y,, and corresponding field modes a and b. The two

oscillators are nonlinearly coupled to each other and are pumped by two external coherent
fields. In the interaction picture, the Hamiltonian can be used to describe this system as

—~

A =% (@*)2a2 +2(b*)°b? + £(a*)?h? + " (b*) a2 + aa* + a’a + pb* + b (1)
where the operators 3(6) and &" (6*), respectively, represent the annihilation and

creation of bosonic particles for the a and b oscillation modes. The coupling between the
two nonlinear oscillators is represented by the symbol &, while the external coherent fields
are coupled to the modes a and b with « and 2, respectively.

The present model is limited to the case without damping. By utilizing the
Schrédinger equation in the interaction picture, we derive equations of motion for the
variable ¢, (t)

:'%r;. () =| %X_,_.F-.‘(Fr—l) +é;_@.i'(.?—1) e ()

+eJU+ D0+ DAk —Dc,y .o (D)
+&" Jle+ 2k +DI0 —Deyy (@)
+a Jk e, () +andke. (D)

+ B T+1e, (0 + Ble. (D).

By using the formalism of NQS as in [4], the system's wave function can be
represented solely using four states, namely [2)_|0),,|2)_|1),, |1).|2), and |0)_|2), , which
have the following form

W0}, = e200] 2, |0, + en @2, |1, + e [2), +ea@lO}[2), @)

For the general case, set o = me. Besides, assume that the coherent fields have the
same real values, namely o = . By plugging in these values to equation (2), the complex
probability amplitudes can be expressed as follows.

(@)
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Solving the equations (4) with the initial state is |2)_|1), leads to the solution of
complex amplitudes that have simple form as follow

e lr)=- (¢, ¢ ]_ [sm (¢, &1 )+ sin(d, cﬂ]

: b, + &,
cylt)= [c*f cos( ¢, &t) + ¢, cos(d,ar)],

o )
e lt)=— [, sin (¢, &7 )— ¢, sin(g, et )],
cal +é,

e, (t)= 4,4, ; [cos (¢, &t ) cos(g, et)],

: &+,

where @, =(m? +1) +1, and ¢, = (m2+1);—1.

3. Generating Bell-like states in the Kerr-like nonlinear coupler

Maximally entangled states, namely the output states |z,//(t)>Cut generated by our

model, are described in this section. The time-evolution of the entanglement states of the
system is depicted in terms of von Neumann entropy, which has been defined in [10], to

obtain these states. From the expression (3) and full density matrix p,, =|w) (v as

Poo =V DoV
=10}, 120, (21, (0] a0} 12}, (1, 21+ 0] |2} (2], 1+ a0}, [2),, (0], 2
€l 2) [0 (21 (O] 20 1) 1, (2] 52, 1), (2, (o] Caif2) 1), 0] (2] ©)
1), [2) (21, (O] GG 1), 20, 1,21+ ] 1,20 21, 1]+ il [2), 01,2

+CCp| 2}, 0)y (2], (0] + €[ 2), [0}, (1], (2] + C20€::[2), | ), (21, (1] + ‘Czo‘ 12),/0),,(0,(2],

a
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the partial trace of p,, with respect to mode b can be expressed as follows:
ﬁb =Trapab=a<O|pab|0>a+a<l|pab|1>a+a<2|pab|2>a
2 . 2 2 2
=‘C20‘ 10){0[ + € 1>bb<0|+‘021‘ |1>bb<1|+(‘002‘ +‘012‘ )|2>bb<2|'

Then, the entangled entropy of our system is defined
E(t)=—Trp, log, p, =—Trp, log, p, ==, 109, 4, -4, log, 4,

O)bb 1]+ c51C3

where /11 :|Coz|2 +|C12|2 and )“2 :|Czo|2 +|C'21|2_

()

(8)

The dependence of entanglement entropy on the interaction constant & is

demonstrated in Figure 1, with an initial state of |2>a|1>b .

Figure 1: The evolution of entanglement entropy depends on ¢
with the initial state is |2)

al

1), The parameter m = 4 and time unit is scaled in 1/

The Figure 1 demonstrates that the output state in the given figure exhibits
entanglement, which indicates that the maximum values of entanglement entropy are
determined by the interaction constant € of the two modes. The peaks of entanglement
values exhibit a periodic change. In order to find the value of the interaction constant that
corresponds to the best maximally entanglement of output state with the periodic change
of entanglement, we determined the reparation of entanglement values following moments
of times and interaction values that is shown in figure 1. In this figure when the interaction
constant € = 0.04 we can obtain the best maximum values of entanglement. That is the
reason for us to choose the value of interaction constant € = o/4 to examine the time-
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evolution of entanglement of output state. In this case, we obtain the maximally entangled
state that has the highest maximum values of entanglement. Furthermore, during the same
time interval, the output state exhibits a greater number of instances with maximum
entanglement values compared to the findings reported in [4].

Considered the output state probabilities in Bell-like states as

3.)= 75200, +40)2 1 13:) = (2) o). 40} ]2,
8= (0012 +120in) 1) =5 10). ). |21 10.)
8= (20[0% +10I2)) 1) =512 10), -1, 12).)
3= 200, =102, 1 18= = 2hI0y, .12,

The probabilities corresponding to the output state in Bell-like states from |Bl> to

(9)

|B,) are plotted in figures from 2 to 5.

'V‘I'
W
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0

Figure 2: The probabilities of the Bell-like states |B,) and |B,) corresponding
to the initial state is |2) |1) . The parameters are the same in the previous figures

Figure 2 shows that maximum values of the probabilities are close to the unit at
some moments of time approximately for the case of the initial state is |2) |1) . These

ol

results are higher than the results that are shown in [10]. Then the states |B,) and |B,) can
be created when entangled states come closing Bell-like states.
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The probabilities corresponding to states |B,), |B,), |B;), |Bs). |B,) and | B,) are
calculated and the results are plotted in figures from 3 to 5. The time-evolution of
probabilities corresponding to the output state in |Bi> (i = 3,...,8) are not higher than 0.8

and they have the same forms in pairs (|B;) , |B;)). (|B,), | B;)) and (|B;), | B)) that are

only different from the other by phase component. From this, we can conclude that these
states cannot be created Bell-like states.

i
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W

Figure 3: The probabilities of the Bell-like states |B,) and |B,) corresponding
to the initial state is 12),]0), - The parameters are the same in the previous figures
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Figure 4: The probabilities of the Bell-like states |B;) and |Bg) corresponding

to the initial state is |2) 1), The parameters are the same in the previous figures

ol
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Figure 5: The probabilities of the Bell-like states |B;) and |B,) corresponding
to the initial state is 12), 1), - The parameters are the same in the previous figures

4. Conclusions

This study investigates a Kerr-like nonlinear coupler model consisting of two
nonlinear oscillators that are mutually coupled nonlinearly and stimulated by two external
classical coherent fields in two modes. The system was found to evolve solely into four

states, namely |2) |0).,|2) |1),, [1),]2), and |0) |2) , when the NQS method was

employed. It has been shown that the maximally values of entanglement entropy are
approximately equal to unity in the big number of moments of time in comparison with
the results in [10]. Thus, our model can create the Bell-like states with larger probabilities.
Especially, we showed that when the interaction constant € = a/4, the entanglement has the
best maximum values. Moreover, our results denote that the time-evolution of the system
and entanglement are independent on phase difference between two external pumped
fields. These results are different from the case of linear coupling between modes in [9].
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TOM TAT

SU SINH TRANG THAI KIEU BELL
BOI KEO LUQNG TU PHI TUYEN
TUONG TAC VOI HAI TRUONG NGOAI KET HQP

Poan Qudc Khoa
Khoa Khoa hoc Céng nghé tién tién, Truong Pai hoc Bach khoa, Pai hoc Pa Néng, Viét Nam
Ngay nhan bai 27/3/2023, ngay nhan dang 05/4/2023

Su nghién ctru duoc mo ta & bai viét tap trung vao md hinh ¢6 hai dao dong tir phi
tuyén, duoc kich thich boi hai trudng ngoai két hop va duge goi 1a kéo lugng tir phi tuyén.
bé phan tich su tién trién cua hé, phuong phap NQS cho k¥ thudt trang thai lugng tr dugc
&p dung dan dén viéc tim dugc ham séng bao gdm mot to hop cua cac trang thai n-photon.
Thong qua viéc trién khai NQS, cac trang thai quang hoc cta hé trai qua qua trinh cat dan
dén su tao ra cac trang thai hai qubit ¢6 thé dat duoc do céc tinh chat phi tuyén cta cac dao
dong tr va sy tuong tac cua chung. Khi hé tién trién cac trang thai dan 16i cuc dai goi la
cac trang thai kiéu Bell dugc tao ra.

Tir khoa: Bo ndi phi tuyén Kerr; trang thai kiéu Bell; kéo lwong tir phi tuyén.
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