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ABSTRACT

In this work, we will present detailed calculations to derive the
exact formulas of the triple and quartic self-couplings of all
gauge bosons predicted by the general 3-3-1 model with an
arbitrary parameter f used to classify different 3-3-1 models. We
show that our result is consistent with all previous results
calculated for particular £ values. The respective Feynman rules
are introduced for further studies on physical processes relating
to these gauge bosons.

Keywords: Gauge boson coupling; gauge extension of the
standard model; exotic gauge boson.

1. Introduction

The self-couplings of the gauge bosons are necessary for
calculating many decay rates such as e, = e,y, (g — 2)
anomalies of charged leptons, loop-induced decays of SM-
like Higgs bosons h—>yy,Zy,ffy,... They are used to
compare with ex-perimental results or predict the
possibilities of searching them by experiments. The gauge
couplings in many particular 3-3-1 models were computed
previously [1]-[4], or in the general value of parameter S
used to define the electric charges of new particles with
lepton anti-triplets [5] or triplets [6], [7]. But the small Z —
Z' mixing of the two massive neutral gauge bosons was
still neglected. In this work, we will derive all triple and
quartic couplings of gauge bosons in the exact formulas
consisting of the small Z — Z’ mixing. Our results will be
compared with some previous ones, which are still
inconsistent with each other. The Feynman rules will be
given in standard forms so that they can be used directly to
calculate any relevant physical processes.
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2 The 3313 model

In this section, we focus on the model F7 defined in Refs. [8, 9], where three lepton
families are assigned as antitriplets. The model F, with lepton triplets was shown to be
equivalent to the model F) by a transformation of 5 — —f as well as the vacuum expec-
tation values (vev) of neutral Higgs that are not relevant here [9]. The electroweak group
is SU(3), ® U(1)x with two gauge couplings g and gx. Correspondingly, there are eight
SU(3), gauge bosons W, a=1,2,...,8, and an U(1) x one X,,. Left-handed leptons are as-
signed to antitriplets and right-handed leptons to singlets:

€
a 1 B
L. = —Vq ~ 3*7__+_ ) a=1,2,3,
! ( 2 2\/5)

L
1 3
eaRN(:[)_l)) VQRN(170)7 EaRN<1a_§+g>' (21)
Three scalar triplets are needed to generate masses for gauge bosons and fermions:
Xt pt
x=| x*" ~(3,£), p=| » ~(3,1—i),
0 V3 -B 2 23
X P
0
= i (3 L P ) (2.2)
n= 777A ) 2 2\/§ ) .
Ui
where A, B denote electric charges defined as follows
1 V3 IRVE]
A== —, B=-—- e 2.3
S+ B S+ 5% 23)
Nonzero vev of neutral Higgs components are
0 u 0 v 0 v’
— = = —, = —. 2.4
(X" 7 {p°) 7 (") 7 (2.4)

The breaking pattern is SU(3), ® U(1)x < SU(2), ® U(l)y % U(1)g with the

condition u > v,v’. The bases of neutral gauge bosons transform as X,,, W3, W3 G,
0 3

Z, By, W =5 71, Z,,, Ay = Zoy, Zuy, Ay, wWhere

m

2 6 2
Ix w N E— (2.5)

- ) g2 =49, g1 = gx .
92 1—(1+pspy V692 + B%g%
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Here, g5 and g; are the two SU(2);, and U(1)y gauge couplings of the SM, respectively:
91/g2 = tw = sw/cw. We also have [9]

6
S331 = sin 9331 = —\/—g = 1-— 52752 s
2 2 2 w
V69° + 529k

C331 = COS 9331 = L = ﬁtw (26)

N

The relations between mass eigenstates Z ;’2 and the intermediate states containing one SM
gauge bosons (Z,,, Z,) are, see Eq. (2) of ref. [8]:

Zi = CgZ# + 852}/“ Zﬁ = —SgZ# + Cng/H (27)

where s¢ = sin £ and ¢ = cos £ relating with the tiny Z — Z’ mixing angle £ [9].
The relations between original and physical states of neutral gauge bosons is:

X, sssicw Ay, + (—Ss315wce + 033185)Zi + (caz10e + 33313W3§)Zi
Wﬁ = | cwessi Ay — (esziswee + 833185)231 + (—s3310¢ + C331=5’W35)Zﬁ . (2.8)
Wj SwA# + CWCSZ}L — Cwsgzz

The limitu >> v, v’ gives s¢ = sin{ — O and ¢¢ = cos§ — 1. Consequently, Z,, ~ 7}, and
Z1, ~ Z,, which is identified with the neutral SM gauge boson. In this case the relations
in Eq. (2.8) are the same as that shown in [7].
The mass eigenstates of the non-diagonal gauge bosons, including the SM one W, are
1 1 1
W= — (W!FiWw?), v =—— —
mR ( wt u) 1 V2 V2
T b wi _
As aresult, every gauge boson pair W and W with {b, c} = {1, 2}, {4,5}, {6, 7} relates
to the physical states G=% = W3, Y54 V=P by the same following formulas:

i (Gf9—G,9)

(Wi W), V.7 = —= (Wi F i)

Wb:G/?—i_G/:Q Wc: M
1 \/§ ’ K \/§

The above results are used to compute all self-couplings of gauge bosons in the following.

Vb<c=b+1. 2.9)

3 Self-couplings of the gauge bosons and Feynman rules

The kinetic Lagrangian consisting of all self-couplings of gauge bosons is:

8
1
k a apy a a a abeyysbyrsc
Lhge =~ > FLF . F = 0,W8 — 0,Wi + gf WIWE, (3.1)
a=1
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where f?¢ are the structure constants defining the algebra of the SU(3): [T T b} =
ifeeTe. Choosing the SU(3);, generators being the Gell-Mann matrices T = \,/2 cor-
responding to the fundamental representation gives Tr(7,7},) = 04/2 [10]. As a result,
fabe = —2iTr ([M\a/2, \o/2](Ac/2)), which leads to the following non-zero values of f*
withl <a<b<cec<8&:

1
123 _ 1 147 _ _ p156 __ £246 __ 257 __ 345 _ _ 367 _ —
S S f f f f f 5

V3

458 _ 678 _ VO
fi = o = 2

(3.2)

All other permutations sets of (a, b, ¢) are derived easily following the total antisymmetric
property that fob¢ = fbea — fbea — _ feba — _ fbac — _ facb The [agrangian (3.1) reads

Ll = = (0112 = W2) QW™ 0 W)+ Loy + Ly, (33)

gauge

where the first term is the free gauge boson kinetic term, while the two remaining ones
consist of the respective triple and quartic couplings. They are derived as follows

Ly, = —gf™ (0,W2) WHW, (3.4)
]' aoc C aae ev
Lig=—7 (frWiIWg) (ferew W) . (3.5)

In Lagrangian (3.4), every structure constant f¢ implies a triple coupling W2 Ve,
Therefore, we know immediately that f1% ~ WIW?2W3 — GOWHW—; f315 f458 ~
GUY TAY —4; 36T f678 GOV BV =B where G° = A, Z,, Z, are the real neutral gauge
bosons. The couplings of three non-hermitian gauge bosons are always W*Y =BV T4, be-
cause the electric charge conservation of the vertex A = B + 1 must be satisfied. This
is consistent with four remaining values of fo¢ = f147 f156 246 and 257 given in Eq.
(3.2).

Now we pay attention to the couplings of neutral gauge bosons G° involving one of
the two indices a = 3,8. These couplings come from one of the values fo¢ = f312 =
fL28 345 4345 367 ¢345 845 867 where b < c defined in Eq. (2.9). Namely, consider
a such set (a, b, ¢) with its permutations without any sum over the indices a, b, ¢, we get

_E(GCL§2+G_ :gfabc { (aMW;l) (Wbuwczx o Wcuwbu)
W [(,W)WH — (8,W) W]
—W (9, W W — (9, W) W] } (3.6)
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The relations given in Eq. (2.9) forb < c =0+ 1 give

WO ey — Werwb = —; (G+QMG—QV _ G_Q”G+Q”) ’
(OWW* — (@)W = —i [(0,6{9)G ¥ — (0,6,9)G+]
= — [GI%Up2.G79) = G, °(ps.GT)]

(OWVIIW = (QWW = =(GT9.G%) (poy = Do) (3.7)
where 0, = —ip.,, is the momenta of the charged gauge boson GiQ in the momenta space.
In the same way for the neutral state, for example, 9, W2 = —ipy, W2 — —ip,V,) after

transformations into a physical state V°. This transformation implies that all momenta are
incoming at the vertex of all triple gauge bosons. The Lagrangian (3.6) is written in the
scalar form after contracting all Lorentz indices as follows

Lo =af™ x { G W.G=9) = (p.G-) (WG9
- [(W.GT9) (2. G9) — (WG9 (5. GF9)]
(GG [(p2 — p3) W] }. (338)

Hence, a triple vertex G**GTG—* with GO ~ W is derived as follows:

E(abc) :gfabcwaaGJrﬁGf/\

GOG+G—
X { (P189ar — P1xGas) + (P229as — P38YGar) — 9ax (P2 — pg)a}
= — gf WG GTupr(p1, p2s P3), (3.9)
where
Lapa(p1,p2,p3) = (p1 — P2)y Jap + (P2 — P3), 9ox + (P3 — P1) g Ganr- (3.10)

Now, the Lagrangian for the triple self-couplings of neutral gauge bosons is written in a
very simple form:

Leogra- = — glapr(p1, p2, p3)
% [f312w3aw+ﬁwf)\ + (f345w3a + f845w8a) YJFAﬁY*A)\
+ (f367w3a + f867w8a) V+Bﬁv—B)\:| 7 (311)
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where the physical states of neutral gauge bosons are determined as follows
f312W3a :SwAa + ch£Zla — CV[/'8£Z2Q7

9
FIBYY B0y SISy _ g o | CeCw (1 - \/gﬁtw) - \/3533155 o

2
_ V3sance + seew (1= V3Bty) o,
2 )
FIOTY By pSOTySa g qa cecw (1+ V/3ptiy) + V3szse 7la
2
—/3s331C¢ + seew (14 V/36t3
§ Y3ty o (L4 V35EY) o (3.12)
For triple couplings of three charged Higgs bosons W*Y ¥4V *5 corresponding to
fabe = FUT — _f156 — 246 — £257 ojven in Eq. (3.2), we collect all relevant terms
as follows:

—Liyy =gf7 {0, [(WHWT™ — Womyer)
— (WHW* — WoW®)| + [permutation] }
+ g {8, W2) [(WH W 4 WoeT)
— (WoW* + W™W°)] + [permutation] }
=g {10, W) [(YV B — Yy 4y +BY) —h.c] + [permutation] }
+ g {0,W2) [(YMV B — V= Bry+4) 4 h.e] + [permutation]}
(3.13)

where the "permutation” implies all similar terms appearing as those in calculating the
cubic couplings relating to neutral gauge bosons. We make a further intermediate step for
Lagrangian (3.13) as follows

—Lwyv =g {10, W) + 9,W2) [(Y V=B — V=Bry4)] 4 [permutation] }
—|— gf " {(—=i0 W, + 0,W2) [(Y VB — vBry =4)] 4+ [permutation] }
\/_ {(i0,W,)) [(YV =B — V=Bry4)] 4 [permutation] }

{ —i0,W,0) [(Y~ VP — VBry =) ] 4 [permutation]} . (3.14)

Because the structures of all Lorentz indices for all couplings in the two Lagrangian parts
(3.14) and (3.8) are the same, the vertex couplings of three charged gauge bosons are de-

rived similarly. By replacing 0, = —ip,, as the incoming momentum, we have:
Lwyy = _%Faﬁ)\(php%pii) Wey APy —BA WMY*ABVB’\] : (3.15)
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where p; 53 are incoming momenta of W*®, Y45 and V*P, respectively. These cou-
plings were only mentioned previously in Ref. [2] for two particular cases of 3 = 41/3, +1/+/3,
but they were not expressed precisely in the standard form in the momentum space.

To sumarize the triple gauge boson couplings, the two Lagrangian parts (3.11) and
(3.15) are written in the following general form:

Loy= D gamlanrpam) | GHEIGEIGHP)] . (16)
G1,G2,G3

Then, applying the Feynman rule for a coupling with three different gauge bosons G¢(p1) G5 (p2) G2 (ps)
gives the vertex factor igq,,,. All of them predicted by the 3313 model are listed in the Ta-
ble 1,
where e = gsyy is the electric charge constant, and a, » relate to the Z; 5 couplings as
follows

a1 = ew (1 =V36t3,), ay = ew(1+V35t%). (3.17)

Table 1: Feynman rules for triple gauge couplings in the 3313 model

GSGIGY | igon, | GIGIG) i9G s GGy Gy 19610
AW+TW— —ie Ay Ay -4 —ieA AVBy-B —ieB
Z'WHW— | —igewee | Z'YAY A igce Z\yBy-B | WeelatVinnle] [“ﬁf“’“”d
Z2WAW- | igewse | 22vAy-A | elmatten] | gy p | e Vi o]
W-yAy-B —ig Wry -AvB N

In the limit of £ = 0, our results are consistent with those given in Ref [2] with two
values 3 = /3, —1/+/3 for the minimal 3-3-1 model with lepton antitriplets (M331F}) and
the 3-3-1 model with right-handed neutrinos in lepton triplets (331RHNF5), respectively.
But our Feynman rules were expressed in the momentum space, instead of those containing
derivatives in Ref. [2]. Our results are completely consistent with those given in Ref. [11]
for two couplings AW W™~ and Z'W ™1V, but have opposite signs with ref. [10], even in
the same convention of the sign in the covariant derivative given in Eq. (3.1). The results of
the couplings AYAY ~4 and AV BV 5 coincide with ref. [12]. Ref. [6] did not mention the
couplings W + YFAV*E while the remaining ones have opposite signs with our results.
This is explained by the different choices of the signs of g defining Fj;, in Eq. (3.1). We
emphasize that this sign convention must be consistent with the other covariant derivatives
appearing in kinetic terms of fermions and Higgs bosons.
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The Lorentz contraction form of Eq. (3.5) consisting of quartic gauge couplings is

N—

}1 3 [(W” W) (wew?

b,e,b’ /=1

% i (fabc]fab’c’>]

a=1

8 8
% Z Wb Wb Wc Wc % Z fabCfabc ]
a=1

b<c=1
28: 28: [ Wb Wb) <Wc Wc) % 28: (fabCfabc’>]
b=1 c<c/=1 a=1

_ 1 8 [(Wb_Wbl) <WC.WCI) y i <fabcfab’c' + fab’cfabc’>] . (3.18)

a=1

The second form of the Lagrangian in Eq. (3.18) is used in order to reduce many
repeated terms in the sum, because of the equivalence of the two sets {(b,0), (¢,d)} —

{(b,0) + (b £ V), (c,c) + (¢, )} = 2{(b,b),(c,c) : b < c} + {(b,b),(c # )} +{(b+#

b), (c.0)} +{(b,b),(c # )} +{(b # V), (c # )} = 2{(b,0),(c;c) : b < ¢} +
4{(b,b), (c < )} +2{(b < V), (c < )} x (fref'e permutation).

As mentioned above, the models consist of three real neutral gauge bosons (A, Z, !
Z 2) € (X, W2 W), and three pairs of non-hermitian charged ones W= ~ W2, yEA L
W45, and Viﬁ W6 7. All of the quartic coupling types are listed as follows:

1. The couplings of four charged gauge bosons are found to be the same results given
in Ref. [1] except an overall minus sign, namely

LS =~ g S (GG — (GT1.G7)(G.GY)]
G
_ % Z [(G—(II'GQQ)(GQ1_G—Q2) + (GG (G~%.G%)

—2(G™1.G72)(G".G®)], (3.19)

[\)

where G = WY,V and ¢; # ¢o. Any vertex factors corresponding to the Feynman
rules of the vertex G1,G2,G3,G g is determined from the following formula:

9Ly,
aGl,uGQV G3a G4B .

factor =7 x (3.20)

For example the Feynman rule for a vertex GZG;ngGEq given in the first line of La-
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grangian (3.19) is:
ig? 0

g _ 2 —q v—
factor = — — G 1.GY) — (GG (GG
actor = = 5 % (o e e (6O )(G7.GY)]
__ > 2(G70.GNGY — 2G-9(G.GY)]
2 (0G})(0G, ) (0GY)
82
— 592 G 1.GN g + eGP — oG98
9 G @ (e )
=—ig* [¢"g"" + g"7g" — 299" ] = ig* "7, (3.21)

with SrevB = ggragrB _ g gal _ g gve being completely consistent with the result
given in Ref. [11] for the T self-coupling in the SM. But this has a minus sign with that
shown in Ref. [1], in which the original Lagrangian did not include a minus sign that always
appears in the standard Lagrangian part given in Eq. (3.5), see also in Refs. [6, 10, 11].

2. Four real neutral bosons in the couplings: GIGYGIGY ~ 3 = (0 Va = 1,2,..,8.
There are not any couplings consisting of three real neutral gauge bosons because of the
electric charge conversation.

3. Couplings with two real neutral gauge bosons: GIGIGTCG=9 ~ {W3 W8} x
{W+W~=,Y*Y~, VTV~ }. Keeping the neutral gauge bosons as W3® we have:

LG =g? (W= W(WHW?) — (W) (W?)?]

+ [ () - (v ) (W]
g

N

N

+ L [(VoBRE) (VEWE) — (voBYE) (R (322)

4

where the physical states are derived in the following relations:

WISSA = Wi + \/§W5 ZQASWAM + [_\/§8331t§ + cw (1 — \/§ﬁt‘2/v>] C&Zi
_ \/5833105 + S¢Cw (1 — \/gﬁt%v)] Zi,
WSSB = —Wi + \/§W5 :2BSwAH — [\/3833185 + CeCw (1 + ﬁﬁt%)} Zi

+ _—\/533316§ + SeCw (1 + ﬁﬁt%)} Zi (323)

4. Regarding to the couplings to one neutral gauge bosons, the electric charge conver-
sations allows only the couplings GOW*Y TAV+5:
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2
+ g _ _ / — — !
L3¢ :_Qﬂ{(w YA VEWSA) (W VB (VAR

—2VBY AV (W W) b, (3.24)
where
WS4 = 3W3 + VBWS = 2(A+ 1)sw A,
+V3 :—8331755 +cw <\/§ - 575%1/)} ceZ,
—V3 :333105 + seew (\/§ — 515%,1/)} Z,
W/HE = —3W2 + VBWS = 2(B — 1)swA,
/3 :sggltg +ew (\/5 + m%vﬂ ceZ!
V3 [sapice — seew (VB + 88, )| 22 (3.25)

Finally, the Feynman rules for the quartic couplings are given in Table 2, where a, » are
given in Eq. (3.17), and

w
Ve Pw o, = V2T PIW) 3.26
2w 2w (3.26)

) by, — Y388 (V3 +By)

S
b, = <ﬂtwt§ 4 253
Sw

In the limit § = 0, i.e. ¢¢ = 1 and t; = 0, the results given in Table 2 are in general
consistent with previous works. The quartic couplings of four SM gauge bosons coincide
with the results given in Refs. [6, 11], but have opposite signs with Ref. [1]. Except for this
difference, all Lorentz structures in the results of ours and Ref. [1] are the same, but some
of them are different from those given in Ref. [6].

4 Conclusions

In this work, we present the Feynman rules in the standard forms for all self-couplings
of gauge couplings needed for studying many processes relating to gauge bosons. For ex-
ample, the calculation for one-loop contributions to the ~ — Z~ amplitude in Ref. [13]
assumes a relation that —gaz1g,020 = 94910.92'g190 = YAgogaG7z1g:4, I Order to cancel
divergences in contributions from gauge boson exchanges. The results mentioned here
confirm this relation for couplings with ga4,9, = Gagg = —€Qg = —eQq, for all
g1, 92 = WT, Y4 VB We also confirm a property that all triple photon couplings always
contain two identical particles. Finally, the detailed calculations presented in this work are
useful for readers to cross-check our results. This can be applied to determine the gauge
boson couplings of many models beyond the SM with large electroweak gauge groups that
predict more complicated gauge boson spectra.

55



L. T. Hue et al. | Self-couplings of gauge bosons in 3-3-1 models

Table 2: Feynman rules for quartic gauge couplings in the 3315 model

with G, G, Gy = W, Y.V, including the case q, = qq, equivalently GI' = G%
eederten 19G 234
GuGeG-n G- 1928 0 X “Homn
AAGIG—1 —ie?q* Syv.ap
(2' 2V, 2222} WHW— {figzc%,vcg, fig2c%,[,sg} Spvas
{AZ' AZ2 Y WHW~ {—igecwce, igecw se} Suv.ap
ZYZ2WAW iG%Ch eS¢ S8
(2121, 7222} YAy —4 LI 3 I {[-VBsste + @], [VBssm + tea] |
AZ'y Ay -4 _% [—V3sss1te + a1] Suv,ap
AZ?yAy -4 quC& (V35331 + tea1] Suv,ap
Z 72y Ay 4 9 CE [—V/3sga1te — a1] x [V3s331 — tear] Suv,ap
AVANAY AN e #Suu,aﬁ X {[\[8331755 + azf . [—V3sga + t§a2]2}
AZ'WVBy-B % [V3sssite + az] Suv.ap
AZ2VBy-B =9eB¢e [—\/Bsza1 + teas] Suvas
Z 72y By -B 1gic5 [V3sssite + az] [—V3sss1 + teaz] Suv,ap
AWHY AV B 8 [~ 9w 9ap(A+ B) + gusgua(A + 1) + guagus(B — 1)]
Z*Wry-4vB ng}f [g;wgaﬁbl — GupGva (92321;5 - bz) — Gua9up (mlt& + bsﬂ
Z2wty-AyB _wf/cff {g,uugaﬁbl GupIvaV3 (Sg31 + tng) + Guagus ( t£b3ﬂ
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Trong nghién cifu nay, ching t6i trinh bay cic tinh todn chi tiét d€ din ra biéu thic
giai tich cho cac hé s dinh tu tuong tic bac ba va bdn clia tit ca cac trudng boson chuin
dugc tién doan trong md hinh 3-3-1 tdng quat v6i tham sb 3 tiy y phan loai cdc mo hinh
3-3-1 khéc nhau. Chiing toi chi ra ring két qua trong nghién ctiu nay phu hop véi tit ca cac
két qua da dugc tinh toan trudc day cho mot sb gid tri cu thé ciia tham sd 5. Cac quy tic
Feynman tuong ting dugc xic dinh, can thiét cho cac nghién ctiu tiép theo cho cdc qud trinh

vat 1y c6 lién quan dén céac boson chuan nay.

Tir khoa: Tuong tac boson chuin; md rong chuin ctia cic md hinh chuan; boson chuan

ngoai lai.
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