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ABSTRACT

In this paper, we study the relationship between the constant rank-
type constraint qualifications for nonlinear second-order cone
programs, which was recently developed by R. Andreani et al.
(I2], [3]) in two-dimensional space.

Keywords: Constant rank-type constraint qualifications; CRCQ;
weak-CRCQ; seq-CRCQ; second-order cone programming.

1. Introduction

In the classical nonlinear programming (NLP) context, the
constant rank constraint qualification (CRCQ) was
introduced by Janin [6], with the purpose of obtaining a
formula for the Hadamard directional derivative of the value
function. Moreover, there were expansions and development
of its applications.

Although constraint qualifications with applications toward
convergence of algorithms are largely studied in NLP, the
situation is quite different in nonlinear second-order cone
programming (NSOCP), despite its many relevant
applications-for example, in structural optimization and
machine learning, hydroacoustic classification of fishes, and
others. In NSOCP, this role is almost always covered by the
so-called nondegeneracy condition and Robinson’s
constraint qualification, which can be seen as natural
generalizations of LICQ and MFCQ), respectively.

In 2019, Zhang and Zhang ([7]) first proposed extending the
CRCQ to the NSOCP, but turns out that their results were
incorrect ([1]). Later, R. Andreani et al. developed some
constant rank-type constraint qualifications for the NSOCP
(21, [3]). In [3], the authors introduced the weak constant
rank constraint qualification (weak-CRCQ), the sequential
constant rank constraint qualification (seq-CRCQ) and its
applications. The constant rank constraint qualification
(CRCQ) was introduced in [2]. Furthermore, they est
ablished the following relationship between these constraint
qualifications: seq-CRCQ implies weak-CRCQ; and in the
general case, neither CRCQ nor weak-CRCQ implies seq-
CRCQ. In this paper, we study the relationship between the
above constraint qualifications for the NSOCP in the case of
single constraint in two-dimensional space and compare
with CRCQ for the NLP in this case.
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2 Preliminaries

In this paper, all spaces are assumed to be Euclidean spaces with scalar product (., .)
Euclidean norm ||.||. For a given set S C R™ we will denote the polar of S by

S? ={u e R"(u,xz) <0, forall z € S

and the orthogonal complement of S will be denoted by S-*. The notations int(S), bd(S),
and bd™ (.9) stand for the topological interior, boundary, and boundary excluding the origin
of S in R", respectively. For a given set S C N we denote the number of elements in the
set s by |S|.

Let €2 be a nonempty subset of the Euclidean space R™ and = be a point in 2. The
(Bouligand-Severi) tangent/contingent cone to the set {2 at = € {2 is known as

To(z) = {v € R"| there exist ¢y, | 0, vy — v with T + tyv, € Qforall k € N}.

The polar cone of the tangent cone is the (Fréchet) regular normal cone to €2 at = defined
by R

NQ(.’E) = TQ(.T)O. (1)
It is well-known that the regular normal cone could be presented by the following construc-
tion

e —z| —

Ng(f) = {v e R" ’ limsupM < O} ,
Q

T—T

Q _ . ) )
where + — T means that z — 7 with 2 € (). Another normal cone construction used in
our work is the (Mordukhovich) limiting/basic normal cone to ) at = € €) defined by

No(z) = {v € R"| there exist z; Xz o€ Na(,) with v, — v}

If # € Q, one puts To(z) = 0 and No(z) = No(Z) = 0 by convention. When the set 2
is convex, the above tangent cone and normal cones reduce to the tangent cone and normal
cone in the sense of convex analysis.

Consider the following nonlinear second-order cone programming (NSOCP) problem:

Minimize f(x)

st 6;(2) € Ky j=1,2, g, OOCP) @

where K, = {(2,2) € RxR™ |2 > ||Z]|} whenm; > 1and K; = R,; f : R* - R,
g; :R" = R™, j=1,2, .., qare twice continuously differentiable.

Let 7 := {z € R"|gj(z) € Kp;, j =1,2,...,q.} be the feasible set of (NSOCP). Given
a feasible point * € F, let us define the following index sets:

Iing(Z) := {j € {1,2,...,q}|9;(Z) € int(K,,,)},
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Ip(z) = {j € {1,2,...,q}|g; (%) € bd" (K,n,)},
]O(j) = {j € {1a27 7q}|g]({f) = 0}
Denote
Ci= [ Kum, xR

j€lo(z)
G(z) := (G;(2))jero@uin@)

(o) = Joi(@) i g€ To(2),
Gitr): {¢<x) if j € Ip(@),

where ¢ : R — RI/5@| has its j-th component given by

—

¢j(x) := [g;(@)]o — llg; ()]

We recall that F' is a face of C if every open line segment that contains a point of
F also has its extrema in F; that is, if for every y € F' and every z,w € C such that
y =az+ (1 —a)w for some a € (0, 1), we have that z,w € F. Further, when there exists

some 71 € C? such that
F=cn{n,

that is, when F' is the intersection between C and one of its supporting hyperplanes, we say

that F is an exposed face of C. We use the notation F' > C to say that F'is a face of C.
Foreach j = 1,2, ..., q the cone K,,; is facially exposed, meaning all of their faces are

exposed. Hence, F; > K, are limited to only three types:

¢ The vertex, {0}, which can be characterized by any 7 € int/,, ;

¢ The cone K,,, itself, which is characterized by n = 0;

¢ A ray at the boundary of K, , starting at the vertex and passing through a point z =

(20,2) € bd*(K,,,), which can be characterized by any 1 € cone(zy, —2)\{0}.

Definition 2.1 ([2, Definition 4.1]) Let Z be a feasible point of (NSOCP). We say that the
facial constant rank property (FCRP) holds at z if there exists a neighborhood V of z such

that for each F' I> C, the dimension of DG(x)"[F*] is constant for z € V.

For z € F, set H(z) defined by

H(z) = Dg()" Ne(g(#)) = { Dg(x)"2|: € Ne(g(a)) b

Definition 2.2 ([2, Definition 4.2]) Let & be a feasible point of (NSOCP). We say that the
constant rank constraint qualification (CRCQ) for NSOCP holds at 7, if it satisfies the
facial constant rank property and, in addition, the set H(Z) is closed.

By (2, Theorem 4.2], we see that CRCQ implies Abadie’s CQ. Moreover, it is a constraint
qualification strictly weaker than nondegeneracy and independent of Robinson’s CQ.
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Remark 2.3 When m; = my = ... = m,; = 1 problem (NSOCP) reduces to a nonlinear
programming (NLP) and CRCQ (Definition 2.1) reduces to CRCQ in this case.

1 -y

(L=l i g Ao,
For any y = (y0,7) € R x R™™ !, let w;(y) := % 9]

3 (1, (—1)iw> . otherwise,

where w € R™! can be any unitary vector, with ¢ € {1, 2}.
Now let us define, for any sets Jg, J_, Jy C {1,...,¢q} such that g;(z) # 0 for every
j € Jp, the family of vectors

Dy @, w) = { Dgi(@)r(g @)} U{Dgy@)" (1, —wy)}

jeJ_

where w = [wjljes_ui, -

Definition 2.4 ([3, Definition 4.1]) We say that a feasible point & of (NSOCP) satisfies the
weak constant rank constraint qualification (weak-CRCQ) if the following holds: For every
sequence {2*},cy — 7, there exists some I C., N and convergent eigenvector sequences

1 _ . _
{u(g;(2") Yher — 51, —w;) and {ua(g;(z*) bher — 5L @),
with [|w;]] = 1, Vj € Iy(Z), such that for all subsets Jg C Jp(Z) and J_,J; C
Jo(Z), we have that if the family of vectors D, ;_ ;. (Z,w) is linearly dependent, then
D,y .7, (2", wF) is linearly dependent for all k € I large enough, where @ = [0;];cs_ s,
and w* = [wh]je;_uy, satisfies

unlgy () = (1, —ut) and us(g () = £ (1,uh)

for each j € J_ U J,; where the notation / C, N means that U is an infinite subset of N.

Definition 2.5 ([3, Definition 5.1]) We say that a feasible point £ of (NSOCP) satis-
fies the sequential constant rank constraint qualification (seq-CRCQ) if for all sequences
{z*}ren — T and {AF}ien, j € Io(Z) N Ip(Z), such that A¥ — 0 for every j, there exists
some I C., N and convergent eigenvector sequences

{un(05(e%) + A uer = (1 —5) and {un(gy() + A heer — 5(1, ),

with ||w;|| =1, Vj € Iy(z), such that for all subsets Jg C Jg(z)and J_, J, C Jo(T), we
have if the family of vectors D, ; . (%, w) is linearly dependent, then D, ; s, (z*, w")
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is linearly dependent for all & € I large enough, where w = [w;];cs_uJs, and w® = [wf] jeJ_UJs
satisfies

1 1

foreachj € J_U J,.

Remark 2.6 Definition 2.5 is basically Definition 2.4 with the addition of some pertur-
bation sequences {A?}keN. Then, seq-CRCQ implies weak-CRCQ and Example 5.2 ([3])
shows that this implication is strict. However, Example 4.3 ([2]) shows that CRCQ does not
imply Seq-CRCQ.

3 Main results

In this section, we present the obtained results on the relationship between the CRCQ,
weak-CRCQ and seq-CRCQ for NSOCP in case ¢ = 1 and m; = 2.

Proposition 3.1 Consider the NSOCP problem with ¢ = 1 and m, = 2. Then CRCQ holds
at feasible point T with g(z) = 0 if and only if weak-CRCQ is also true there.

Proof. Using [3, Remark 4.1], take any sequence {xk} ren — Z. We consider a partition of
N as follows:
- Ny := {k € N: g(2*) = 0}. For k € Ny, we can choose

1 1
w(g(a")) = 5(1, —w®) and us(g(z")) = 5(1,w")
for any w” such that ||w*|| = 1. When A is infinite, 7 satisfies the weak-CRCQ holds if the
existence of a choice of {w"}cn;, with some convergent subsequence {w*}rer, I Coo No,
such that ' .
Dg(z)"(1,(=1)'w) = 0 onlyif Dg(z*)"(1,(=1)'w*) =0

for all large k € I,:1 € {1,2}; and, in addition, if Dg(7)” (1, —w) and Dg(z)*(1,w) are
linearly dependent, then Dg(x*) (1, w"*) and Dg(2*)T (1, —w"*) are linearly dependent, for
every sufficiently large k € I.
-N; = {k € N: g(zF) # 0}. This case is similar to the previous one, except that there is
no freedom in the choice of w¥, as it is uniquely determined by w* = g(z*)/||g(z"*)||, for
every k € V.

First, suppose that CRCQ holds at feasible point z with g(z) = 0 and any sequence
{l’k}keN — .
When A is infinite, we can choose w* = 1 € R with ||w"|| = 1. Then, we have w = 1
and the rank of {Dg(z)T (1, (—1)w)}, {Dg(x*)T (1, (—1)*w*)} equal the dimension of
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Dg(7)T[F], Dg(x*)T[Fit], respectively, where F; = {(vy,v5) € R2|v; = (—1) oy >
0} > Ks,i = 1, 2. Moreover, the rank of { Dg(z)” (1, —w), Dg(z)*(1,w)}, {Dg(z*)T(1,
—wk) ,Dg(2*)T(1,w*)} equal the dimension of Dg(Z)T[R?], Dg(z*)T[R?], respectively,
where R? = {(0,0)}*+ with {(0,0)} > K,. Since CRCQ holds at z, the dimension of
Dg(z)T[F*] remains constant for every x close enough to Z. Thus, the rank of { Dg(z) (1,
(—1)%w)} equals the rank of {Dg(x*)T (1, (—=1)'w*)}, i = 1,2, and the rank of { Dg(z)"
(1,—w), Dg(z)T(1,w)} equals the rank of { Dg(z*)T (1, —wk), Dg(2*)T(1,w*)} for all k
large enough. This shows that weak-CRCQ holds at .

When N is finite, by replacing Ny by N7, we also get the desired conclusion.

Suppose that weak-CRCQ holds at £ while CRCQ fails. Then, there exists some se-
quence {z*}ren and F' > K, such that the rank of Dg(Z)T[F*] is not equal the rank
of Dg(x*)T[F*] for every k € N. We can assume, without loss of generality, that N is
infinite, since weak-CRCQ holds at Z, the existence of a choice of {w"},cy with some
convergent subsequence {w*}rer, I Coo N satisfy the Definition 2.4. Now, we assume that
w* = 1 forevery k € I, because w* € R, ||w”|| = 1 and the sequence {w*}1cr, I Co Nis
convergent. We have {w*}rc; — w = 1.

Case 1. F = Fy = {(v1,v9) € R?|v; = vy > 0}. Since the dimension of Dg(7)"[F{']
is not equal the dimension of Dg(x*)T[Fit], then, the rank of {Dg(z)* (1, —w)} is not
equal the rank of {Dg(z*)T (1, —w*)}. By the continuity of Dg(x)T (1, —w) with respect
to z, {Dg(Z)" (1, —w)} has rank 0, and { Dg(z*)T (1, —w")} has rank 1, contradicts weak-
CRCQ at 7.

Case 2. F' = I, = {(v,v2) € R?Jvy; = —vy > 0}. By interchanging the roles of
—w, —w" and w, w* the conclusion of Case 2 follows the one of Case 1.

Case 3. F' = F3 = {(0,0)}, F+ = R?. Since the dimension of Dg(Z)*[R?] is not equal
the dimension of Dg(z*)T[R?] for every k € N, then, the rank of {Dg(y‘c) (1, —w),
$Dg(z)T(1,w)} is not equal the rank of {Dg(z*)T (1, —w*), Dg(x*)T(1,w )} for every
kel

If rank{Dg(z)" (1, —w), Dg(z)" (1,11‘1)} = 2, by the continuity of Dg(z)T(1, —w)
with respect to z, we have rank{Dg(z*)T (1, w ) ( MT(1,w*)} = 2 foralllarge k € I,
which contradicts the statement above.

If rank{ Dg(z)* (1, —w), Dg(z)* (1,w)} = 1, since weak-CRCQ holds at 7, Dg(z*)T
(1, —w) and Dg(2*)T(1,w) are linearly dependent, for every sufficiently large k € 1.
Thanks to the continuity of Dg(z)T (1, —w), we get rank{Dg(z*)T (1, w*), Dg(z*)T
(1,w*)} = 1 for every sufficiently large k € I, which contradicts the statement above.

If rank{ Dg(z)" (1, —w), Dg(z)"(1,w)} = 0, this means that Dg(z)" (1, (—1)"w) = 0,
i = 1,2. Since weak-CRCQ holds at z, we have Dg(x*)T (1, (—1)"w") = 0 for all large
k € I,i = 1,2. Thus, rank{Dg(z*)T (1, —w), Dg(z*)"(1,w)} = 0 for every k € [
sufficiently large, which contradicts the statement above.

Case 4. F = I, = Ky, '+ = (0,0), which implies that the dimension of Dg(7)"[F*]
equals the dimension of Dg(z*)”[F*], that means CRCQ hold at =
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Thus, weak-CRCQ holds at  implies CRCQ is also true there, completing the proof. O

The next proposition establishes relationships between seq-CRCQ and CRCQ for NSOCP
incase ¢ = 1 and my = 2.

Proposition 3.2 Consider the NSOCP problem with ¢ = 1 and m; = 2. Then seq-CRCQ
holds at feasible point T with g(z) = 0 if and only if CRCQ is also true there.

Proof. Using [3, Remark 5.1], seq-CRCQ holds at z if and only if, the dimension of

span({Dg(x)*(1,w)}), ifi=1,

Dy(e)"span(Cy,) = {span({Dg(x)T(l, —w), Dg(x)"(1,w)}), ifi=2,

remains constant for every (z,w) close enough to (Z,w), where C'} = cone({(1,w)}), for
some w € R such that |w| = 1, and C? = cone({(1, —w), (1,w)}), for some w € R such
that ||w]|| = 1.

Since w,w € R and ||w|| = ||w| = 1, then w,w € {—1,1}. We have

span( { g (1. (-1))} ) = Dot £
where F; = {(v1,v) € R*|vy = (=1)" vy > 0} > Ly, i = 1,2, and

span({Dg()" (1, ~1), Dg(x)"(1,1)}) = Dg(x)"[R?] = Dy(x)"[(0,0)"]

with {(0,0)} > Ks. Thus, the dimension of Dg(x)"span(C?), i = 1,2 are constant for
every (z,w) close enough to (Z,w) if and only if, the dimension of Dg(z)?[F] remains
constant for every x close enough to z, F' > K5 and completes the proof of the proposition.
(]

Combining Propositions 3.1, 3.2 and [4, Theorem 3.8], we obtain the following result.

Theorem 3.3 Consider the NSOCP problem with ¢ = 1 and my = 2. Then CRCQ, weak-
CRCQ, seq-CRCQ for the NSOCP problem coincide with CRCQ for the NLP problem.

Proof. By Proposition 3.1, weak-CRCQ coincides with CRCQ for the NSCOP problem; by
Proposition 3.2, seq-CRCQ coincides with CRCQ for the NSOCP problem; and thanks to
[4, Theorem 3.8], CRCQ for the NSOCP coincides with CRCQ for the NLP problem. O

The following example exhibits the situation where the constraint qualification condi-
tions in the Theorem 3.3 are satisfied.
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Example 3.4 Consider the constraint of (NSOCP)
9(x) = (g1(2), ga()) == (=21 — 23, 221 + 273) € K,

atz = (0,0).
This constraint can be seen as the constraint of (NLP) problem as follows:

where q1(z) == —g1(2) + g2(x) = 321 + 322 u(2) = —gi(2) — ga(x) = —11 — 2%
We have Vg, (x) = (3, 6x3), Vaa(x) = (=1, —2x4) and the index set of active inequality
constraints Z(z) = {i € {1,2}|¢;(x) = 0} = {1,2}. We see that for any index set
A C Z(z), the system {Vq;(T)|i € A} as the same rank for all x close enough to . This
shows that CRCQ for the NLP problem holds at x. By Theorem 3.3, CRCQ, weak-CRCQ,
seq-CRCQ for the NSOCP problem also hold at .

4 Concluding remarks

In this paper, we investigate the relationship between the constant rank-type constraint
qualifications for nonlinear second-order cone programming. We obtained the equivalence
of these constraint qualifications in the case of single constraint in two-dimensional space.
An interesting topic is the comparison of these constraint qualifications in the general case,
and with the metric subregularity constraint qualification will be of interest to us in the
near future.
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TOM TAT

VE MOT SO CHUAN HOA RANG BUOC KIEU HANG HANG
CHO QUY HOACH NON BAC HAI
TRONG KHONG GIAN HAI CHIEU

Lé Vian Hién
Khoa Su pham, Truong Pai hoc Ha Tinh, Viét Nam
Ngay nhén bai 18/11/2022, ngay nhén dang 23/02/2023

Trong bai b4o niy, ching tdi nghién ctiu mdi quan hé giita mot sd chuin héa rang
budc kiéu hang hang cho bai todn quy hoach nén bac hai, dudc phat trién gin day bdi R.
Andreani va cac cong su ([2],3]), trong khong gian hai chiéu.

Tir khoa: Chuédn héa ring budc ki€u hang hing; CRCQ; weak-CRCQ; seq-CRCQ; quy
hoach nén béc hai phi tuyén; khong gian hai chiéu.
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