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TOM TAT

Trong bai bdo nay, chling toi thiét 1ap su ton tai duy nhét diém
bat dong cua anh xa T-tua co kieu Ciric trong khong gian Sp-
métric day du. Ket qua cua ching toi la mo rong thyc sy cua
mot s6 két qua trong céc tai liéu cua L. B. Ciric (Proc. Amer.
Math. Soc, 1971), S. Sedghi, N. Shobe, A. Aliouche (Math.
Vesik, 2012), S. Sedghi, N. V. Dung (Math. Vesik, 2014).

Tir khoa: Biém bét dong; khong gian Sp-métric; 4nh xa tua co;
anh xa T-tua co.

1. Giédi thi¢u

Pé md rong nguyén ly diém bat dong trong khéng gian
métric day di cua Banach, nim 1974 L. B. Ciric [1] da
gioi thiéu khéi niém anh xa twa co va chirng minh su ton
tai duy nhat diém bat dong cua anh xa nay trong khong
gian métric day di. Nam 2012, E. Karapinar va cac cong
su [2] 43 md rong két qua trén day cho anh xa T-tya co
trong khong gian métric. Dé ma rong cac két qua da co vé
diém bat dong trong khdng gian métric, cac nha toan hoc
da xay dung l6p cac khéng gian rong hon 16p cac khdng
gian métric va chitng minh mot sé két qua trong khéng
gian métric van ding trong 16p cac khong gian vira xay
dung duogc. Theo hudng nay, S. Czerwik [3] da gidi thiéu
khai niém khoéng gian b-métric vao nam 1993 va S.
Sedghi cung cac cong su [4] da gidi thiéu khdng gian S-
métric vao nam 2012. Méi day, vao nam 2016, duya vao
cac khai niém khoéng gian b-métric va S-métric, N.
Sounayah va N. Mlaiki [5] da dinh nghia khong gian Sp-
métric va ching minh mét dinh ly vé diém bat dong trong
khéng gian Sp-métric day du.

Trong bai bao nay, chung t6i gigi thiéu khai niém anh xa
T-twa co kiéu Ciric va ching minh sy ton tai duy nhat
diém bat dong cua nd trong khdng gian Sp-métric day du.
Két qua nay 1a mo rong thuc su cia mot s két qua twong
tu trong cac tai liéu [1], [4], [6].

Dau tién, chung ta nhic lai mot s6 khai niém va tinh chat
co ban cua khong gian b-métric va khong gian Sp-métric.
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Dinh nghia 1.1. ([3]) Gid st E 1a tap hgp khéc rong. Him d : £ x E — [0, 00) dudc
20i 12 b-métric trén E néu ton tai s > 1 sao cho véi moi z,y,t € E ta co:

(1) dlz,y)=0ez=y

(1) d(z,y) = d(y, z);

(i11) d(x,y) < s[d(x,t) + d(t,y)].

Tap E cung v6i mot b-métric trén né dudc goi 1a khong gian b-métric véi tham sb s, néi
gon la khong gian b-métric va dugc ki hiéu béi (E, d).

Nhén xét 1.2. Trong Pinh nghia 1.1, néu s = 1 ta nhan dugc khdi niém khong gian
métric. N6i cach khac, khong gian métric la trudng hgp dac biét cua khong gian b-métric.

DPinh nghia 1.3. ([4]) Gia sit A 1a mot tap khac rong. Ham S : A% — R dugc goi l1a
S-métric trén A néu thda méin céc diéu kién sau v6i moi .y, 2, t € A.

(t)  Sz,y,2) 2 0;
(17) S(x,y,2) =0 x=y=z;
(1ii) S(x,y,2z) < S(z,z,t) + S(y,y,t) + S(z,2,1).
Cap (A, S) dudc goi la khong gian S-métric.
B4 dé 1.4. ([4]) Gid sit A la khong gian S-métric. Khi do, ta c6
S(z,x,y) = S(y,y, ), vdimoi x,y € A.

DPinh nghia 1.5. ([7]) Gi4 st X 1a tap khac réng va s 1a s6 thuc, s > 1. Him S, :
X3 — [0, 00) dugc goi 1a Sy-métric trén X néu céc diéu kién sau dudc thod man véi moi
r,y,2,t € X:

(i) Sp(z,y,2)=0cc=y=z

(i7) Sp(x,y,2) < s[Sp(x,x,t) + Sp(y,y,t) + Sp(z, 2, 1)].

Khi d6, cip (X, S,) dudc goi 1a khong gian Sy-métric v6i tham sb s néi gon 1a khong
gian Sy-métric.

Khéng gian S,-métric (X, Sy) dugc goi 1a ddi xitng néu Sy(z, x,y) = Sy(y,y, x),Vz,y €
X.

Nhan xét 1.6. Néu (X, S) 1a khong gian S,-métric v6i tham sb s thi tf Dinh nghia
1.5 suyra

Sp(z,z,y) < sS(y,y,7), Vr,ye€X.

Vidu 1.7. Gia st (X, d) la khong gian b-métric v6i tham s6 s > 1. Ta dé dang chiing

minh dudc, (X, S,) 1a khong gian S,-métric d6i xiing v6i tham s s, trong d6
Sp(x,y,2) = kld(z,y) + d(y, z) + d(z,z)], Vax,y,z€ X,
v6i k 12 hang s6 duong cho trudc.

Nhéan xét 1.8. (i) Khong gian S-métric la trudng hgp dac biét ciia khong gian Sj-
métric v6i s = 1; (i7) Ton tai nhiing khong gian S,-métric ma khong la khong gian S-
métric. That viy, gia st R 13 khong gian cac s6 thuc véi métric thong thudng. Ta xac dinh
ham S, : R?* — [0, 00) bdi cong thc.

Sb(xvyaz) = ‘Z’ - y‘2 + |y o 2‘2 + |Z o l"2, (x,y,z) € R’
Ta dé dang ki€m tra dugc (R, S) 1a khong gian Sy-métric véi s = 2. Tuy nhién (R, Sj)
khong 1a khong gian S-métric, bdi vi
18 = Sy(1,1, —2) > 2S4(1,1,0) + Sy(—2, —2,0) = 12,
ttic 12 ham S, khong thoa man diéu kién thii 3 trong dinh nghia S-métric (Dinh nghia 1.3)
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Tir day vé sau, néu khong c6 giai thich gi thém thi ta luon hiéu cac khong gian Sj-métric
dudc néi tdi la cac khong gian ¢6 tham sb s > 1.

Pinh nghia 1.9. ([5]) Gia st (X, S,) 1a khong gian S,-métric va {x,, } la day trong X.

a) Day {x,} dugdc goi la hoi tu tdi x € X khi n — oo va dugc ki hiéu béi lim z, = x

n—00

hoic z,, — x khi n — oo néu Sy(z,,, 2, 7) — 0 khi n — oo, tiic 12 v6i mdi ¢ > 0, ton tai
s6 tu nhién n. sao cho Sy(z,, z,, ) < € v6i moi n > n..

b) Day {w,} dudc goi 1a ddy Cauchy néu Sy(x,,, 1, 7,,) — 0 khi n va m — co. Tic 1a
v6i mdi e > 0 ton tai s6 tu nhién n. sao cho Sy(z,,, T, Tn) < € Vi MOi 1 VA M > N,

c¢) Khong gian (X, S,) dudc goi la ddy di néu moi day Cauchy trong né déu hdi tu.

Ta dé dang chiing minh dudc bd dé sau day.

B dé 1.10. Gid sit (X, Sy) la khong gian Sy-métric. Khi dé, néu {x,,} la day héi tu
trong X thi {x,} la di@y Cauchy va né chi hoi tu t6i mot diém duy nhit.

Pinh nghia 1.11. Gia st (X, Sp) la khong gian Sy-métric va f : X — X.

a) Anh xa f dudc goi 1a hoi tu ddy néu v6i moi diy {x,} trong X ma {f(x,)} hoi tu
thi {z,,} hoi tu.

b) Anh xa f dudc goi 1a lién tuc tai v € X néu v6i moi diy {z,,} trong X ma TLILH; Ty =
v lim f(z,) = (2).

¢) Anh xa f dugc goi la lién tuc néu nd lién tuc tai moi diém thuoc X.

d) Sy dudc goi 1a lién tuc theo bién thit ba néu véi moi diy {z,} C X, z, - € X
khi n — oo thi Sy(u, v, x,) — Sp(u, v, ) khi n — oo véi moi u,v € X.

2 Céc két qua chinh

Gia st (Y, S,) 1a khong gian Sy-métric, T vag:Y — Y. Vdimdia € Y dit
Or(g,a,m) = {T¢°a, Tga, Tg%a,...,Tg™a}, m € N,
Or(g,a,0) = {T¢%, Tga,Tg%a, ...},
trong d6 ¢°a := a, g(a) := ga, g™a = g(¢g™ ta) := gg™ ta,m =1,2,...
V6i mdi tap con E trong Y ta ky kiéu
d(E) = sup{Sy(a,a,b) :a,b € E}.
Pinh nghia 2.1. Gia st (Y, 5,) 1a khong gian S,-métric , T’ vag : Y — Y. Anhxa g
dudc goi 1a T-nita co kiéu Ciric néu ton tai ¢ € [0, %) sao cho
Sp(T'ga, Tga, Tgb) < gmax{Sy(Ta,Ta,Tb),Sy(Ta,Ta,Tga),
Sp(Th, Tb, Tgb), Sp(Ta,Ta,Tgb), 2.1
Sp(Th, Th, Tga)},Va,b €Y.
Chi y: Trong dinh nghia trén néu 7 13 4nh xa dong nhat trén Y, tic 12 Tu = v v6i moi
u € Y thi 4nh xa g dugc goi 1a tua co kiéu Ciric. Nhu vy, 4nh xa g dudc goi 12 tua co kiéu
Ciric néu
S(ga, ga, gb) < gmax{Sy(a, a,b), Sy(a, a, ga),
Sp(b, b, gb), Sp(a, a, gb), Sp(b, b, ga)},Va,b €Y.
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Dinh Iy 2.2. Gid si (Y, Sy) la khong gian Sy-métric doi xiing va'T : Y — Y la dnh xa
lién tuc, don dnh va héi tu day. Khi doé, néu g : Y — Y la dnh xa T-tua co kiéu Ciric sao
cho moi day Cauchy cé dang {Tg™a} véi moi a € Y déu héi tu trong Y thi:

a)

Sy(Tg'a, Tg'a, Tg"a) < qd(Or(g,a,m)), (2.2)
vdimoiik € {1,2,...,m}, moia € Y vam € N*;
b)
2
3(Or(g,a,0)) < ] _SSqu(Ta,Ta, Tga),Ya €Y (2.3)

¢) g c6 duy nhdt mot diém bdt dong w € Y va u = lim ¢™ag, Yag € Y;
m—0o0

d) g lién tuc tai diém bdt dong u;
e) Néu thém gid thiét Sy lién tuc theo bién thit ba thi véi moi ay € X vamoim = 1,2, ...

ta co

2 m

Sp(Tg™ag, Tg"ag, Tu) < . 54 Sp(Tag, Tag, Tgay).
sq

Chiing minh. a) V6i mdi sb ty nhién m > 1, véi mdi i va k € {1,2,...,m} va véi mdi
a €Y tacd Tg'a, Tg" ta, Tg*a, Tg*ta € Or(g,a,m). Do d6 st dung diéu kién (2.1) ta
co

Sy(Tg'a, Tg'a, Tg*a) = Sy(Tg(g''a), Tg(g'"a), Tg(g"'a))
< gmax{Sy(T¢g'"'a,Tg" 'a, Tg" 'a),
Sy(Tg"'a,Tg" ra,Tg'a), Sy(Tg* 'a, Tg" 'a, Tg"a),
Sy(Tg"ta, Tg" *a,Tg*a), Sy(Tg* ta,T¢" ‘a, Tg'a)}
< q6(Or(g,a,m)). (2.2)

b) Ta c6 Or(g,a,1) C Or(g,a,2) C ... Dodé 6(Or(g,a,1)) < §(Or(g,a,2)) < ...
Tu day suy ra 6(Or(g, a,00)) = sup{d6(Or(g,a,m)) : m = 1,2,...}. Do d6, d€ ching
minh khang dinh b) ta chi can chiing to

6(OT<g7 a, m)) S 1 issq
véimoia € Y vamoim = 1,2,... Thatvay, vi Or(g, a, m) latap hitu han va T'g'a, Tg*a €
Or(g,a,m) véimoiivak € {0,1,...,m} nén tit bit dang thic (2.2) va g € [0,1) suy ra
ton tai k € {1,2,...,m} sao cho
§(Or(g,a,m)) = Sy(Ta, Ta, Tg"a).

Do d6, sit dung dinh nghia S,-métric dbi xting va (2.2) ta c6

Sb(Ta7 T(Za Tg(l),

Sy(Ta,Ta, Tg"a) < s[2Sy(Ta, Ta, Tga) + Sy(Tga, Tga, Tg"a)]
< s[28y(Ta,Ta,Tga) + qd(Or(g,a,m))]

= 5[28,(Ta, Ta, Tga) + qSy(Ta, Ta, Tg"a)).

Tu do suy ra



Vinh University Journal of Science Vol. 52, No. 3A/2023

2s

— sq

c¢) Ly ag € Y. Ta xay dung hai day {a,,} va diy {b,,} trong Y béi
i1 = GO, by :=Tay, =T9gmay, Ym=0,1,...

5(0Or(g,a,m)) = Sy(Ta,Ta, Tgka) < . Sp(Ta, Ta,Tga).

Ta sé chiing minh {b,,} 1a day Cauchy. That vy, v6i moi m = 1,2,... vamoi p =
0,1,... strdung (2.2) tacod

So(bims bins bntp) = So(Tg™ ao, Tg™ag, Tg™ P ay)
= Sy(T'g(g™ tag), Tg(g™ ‘ap), Tg" ™ (g™ *ap)) 2.4)
< 48(Or(g, 9™ "ag, p +1)).

Tuong tu nhu trong chiing minh b) it tdn tai [ € {1,2,...,p + 1} sao cho
5(OT<97 gm_la’O)p + 1)) = Sb(Tgm_la()a Tgm_1a07 Tglgm_la[))‘ (25)
Tiép tuc st dung (2.2) ta c6

Sy(Tg™ *ag, Tg™ ‘ag, Tg'g™ *ap)
= Sy(Tg(g™ 2a0), Tg(g™ *ao), Tg' (g™ *ao)) (2.6)
< ¢0(0r(g,9™ 2ag, 1 + 1)) < q6(Or(g, g™ a0, p + 2)).

Thay (2.5), (2.6) vao (2.4) ta dugc
Sb(bm7 bma bm+p) S qé(OT(gu gm_la(bp + 1)) S q26<OT(gv gm_za’(bp + 2))

Tiép tuc 1y luan tuong tu ta c6

Sb(bm7 bm7 berp) S qm5(0T<ga g, P + m))

2 2.7
i Sp(Tag, T'ag, Tgag) &7
1 —sq

< ¢"0(O7(g,a9,00)) < ¢™

véimoim =1,2... vamoip=0,1,...
Vig € [0, %) nén vé phéi cta (2.7) dan t6i 0 khi m — oo . T d6 suy ra {b,,} la day
Cauchy. Mit khéc, vi {b,,} = {T'g™ao} nén theo gia thiét it ton tai

lim b,, = lim T'¢g™ay=b€Y.

m— 00 m—0o0

Vi T la 4nh xa hoi tu ddy nén ton tai

lim ¢g"ap=u €Y. (2.8)

m—r 00

Két hop véi tinh lién tuc cta 7' ta cé lim T¢g™ay = Tu. Theo B& dé 1.10 ta cé Tu = b.

m—0o0
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Tiép theo, ta chiing t v 1a diém bat dong ctia g. Ta c6

Sy(Tu, Tu, Tgu) < s[28y(Tu, Tu, Tg™ ™ ag) + Sy(Tgu, Tgu, Tg™ ap))]
s[2Sy(Tu, Tu, Tg™ 1 ag) + Sy(Tgu, Tgu, Tgg™ap)]

< s[28,(Tu, Tu, Tg™ " ag) + g max{Sy(Tu, Tu, Tg™ay),
Sp(Tu, Tu, Tgu), Sp(Tg™ao, Tg™ao, Tg™ " ay),

So(Tu, Tu, Tg™*an), Sp(Tg™ao, Tg™ ao, Tgu)}]

< 25Sy(Tu, Tu, Tg™ ag)

+ 52q[2S,(T'g™ag, Tg™ag, Tu) + Sy(Tu, Tu, T gu)

+ Sy(Tg™ag, Tg™ag, Tg™ M ag) + Sy(Tu, Tu, Tg"™ M ay)).

2.9

Vi Tg™ay — Twu khi m — oo nén vé phdi cta (2.9) dan t6i s2qS,(Tu, Tu, Tgu). Do
do, cho m — oo, tir (2.9) suy ra Sy(Tu, Tu, Tgu) < s2¢S,(Tu, Tu, Tqu). Két hop véi
q € [0, %) suyra S,(Tw, Tu, Tgu) = 0. Do d6 Tgu = Tu. Vi T’ don anh nén gu = u, tic
v 1a diém bat dong ctia g.

Cubi cung, ta chiing minh u 12 diém bat dong duy nhat cta g. Gia st v € Y ciing 1a
diém bat dong cia g, tiic gv = v. St dung (2.1) ta c6

Sp(Tu, Tu, Tv) = Sp(Tgu, T'gu, T'gv)
< gmax{Sy(Tu, Tu, Tv), Sp(Tu, Tu, Tw), Sp(Tv, Tv, Tv),
Sp(Tu, Tu, Tv), Sp(Tv, Tv, Tu)} = qSp(Tu, Tu, Tv).

Vig € [0,1) nén Sy(Tu, Tu, Tv) = 0, tic Tu. = Tv. Do T don énh nén u = v. Viy di€ém
bat dong clia g 1a duy nht.

Khang dinh thi hai trong ¢) dugc suy ra tif (2.8).

d) Gia st {a,,} 1a mot day trong Y, a,, — u khi m — oo . D€ ching minh ¢ lién tuc
tai diém bat dong u ta can ching té ga,, — gu khi m — oco. Vi u 1a diém bt dong ctia g
nén gu = u. Do T lién tuc va a,, — u nén T'a,, — Tu, tic Sy(Ta,, Ta,,, Tu) — 0 khi
m — oo. Theo diéu kién (2.1) véimoim = 1,2, ... tacd

Sp(Tu, Tu, Tgay,) = Sp(Tgu, T'gu, T'ga,y,)
< gmax{Sy(Tu, Tu, Tay,), Sp(Tu, Tu, Tu),
Sp(Tam, Tay, Tgan), Sy(Tu, Tu, Tgay,), Sp(Tam, Tay, Tu)}
< 59125y (Tapm, Tap, Tu) + Sp(Tu, Tu, T'ga,,)).

Vi Sy(T @, T, Tu) — 0 khi m — oo nén trong bat ding thiic trén cho m — oo ta cé
lim supSy(T'w, Tu, T'ga,,) < sqlimsupSy(Tu, Tu, T'ga,,).

m—00 m— 00

1
Vi0 < g < - nén limsupS,(Tu, Tu, T'ga,,) = 0. Mat khac, vi Sy(Tu, Tu, Tga,,) > 0
S m—o0
véi moi m nén

0 < liminfSy(Tu, Tu, T'ga,,) < limsupSy(Tu, Tu, T'ga,,) = 0.

m—00 m—00

10
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Tu day suy ra lim S,(Tw, Tu, T'ga,,) = 0. Dodé tacd lim Tga,, = Tu.
m—o0 m—00

Vi T la 4nh xa hoi tu day nén ga,, — b. K&t hop véi tinh lién tuc cta 7 ta ¢6 Tga,, — Tb.
St dung B6 dé 1.10 tasuy ra 76 = Tw. Do T 1a don 4nh nén v = b = lim ga,, tic 1a
m—r0o0
ga,, — u = gu. Vay g lién tuc tai u.
e) Vi S, lién tuc theo bién thi ba va lim b,, = b = T'u nén trong bat dang thic (2.7)

m—o0
cho p — oo ta dudc
2s5q™
St (b, b, Tu) <
ol u) < 1—sq

2 m
Sp(Tg™ag, Tg"ag, Tu) < ikl
1—sq

Sp(Tag, Tag, Tgagp),
tuc la

Sy(Tag, Tag, Tgag), Vm.
]

Sau day 1a mot s6 hé qua ctia Dinh 11 2.2.

H¢ qua 2.3. Gid sit (Y, Sy) la khéng gian Sy-métric doi xiing va'T : Y — Y la dnh xa
lién tuc, don dnh va hoi tu day. Khi do, néu g - Y — 'Y la dnh xa sao cho ton tai q € [0, 1)
thod man

Sp(T'ga, Tga, Tgb) < ¢Sp(Ta,Ta,Th), Va,bey (2.10)

va moi ddiy Cauchy cé dang {Tg™a} déu héi tu trong Y véi moi a € Y thi:
a) g 6 duy nhdt mét diém bdt dong v € Y va véi méi ay € Y ta co

— 1 mmy .
u= lim g™ ay;
m—o0

b) Néu thém gid thiét S, lién tuc theo bién thit ba thi véi moi ay € Y va vdi moi
m=1,2,...ta co

Sp(Tg™™ag, Tg"™™0ag, Tu) <

m

2sq
1—sq

trong do my la mét s tuw nhién sao cho ¢™ < S%

Sp(Tag, Tag, Tg™ay),

Chitng minh. DAu tién, ta gia st ¢ < . Khi do, tit
S

q Sp(Ta,Ta,Th) < g max{Sy(Ta,Ta,Tb),S,(Ta,Ta,Tga),
Sb<Tb7 Tba Tgb)v Sb(Taa TCL, Tgb)7 Sb(Tba Tb7 Tga)}7

véi moi a,b € Y suy ra cac khang dinh can chiing minh dudc suy ra tit Pinh 1y 2.2 (v6i
mgy = 1).

By gid, ta gid sit ¢ € [0,1). Khi d6, ton tai s6 tt nhién m, sao cho ¢™ < . it
h = ¢g™. V6imoi a,b € Y theo (2.10) ta co

Sp(Tha, Tha, Thb) = Sy(Tg™a, Tg™a,Tg™"b)
= Sy(Tg(g™ " a), Tg(g™"a), Tg(g™'b))
< ¢Sy (Tg™ ta, Tg™ ta, Tg™ 'b)
< @PSy(Tg™ 2a, Tg™ 2a, Tg™ D)
< ... <q"S(Ta, Ta,Th).

11



D. H. Hoang, V. H. Qudn | Vé su ton tai diém bdt déng ciia dnh xa T-twa co kiéu Ciric...

Vi ¢™ < % nén theo chiing minh dau tién thi / ¢6 duy nhat mot di€m bat dong u € Y va
véi moi ag € Y tacod

u= lim h™ap = lim ¢""ay. (2.11)
m—0o0 m—0o0

Hon nifa, néu thém gia thiét S, lién tuc theo bién thi ba thi v6i moi ag € Y ta ¢

mmo

2
Sp(Th™ag, Th™ag, Tu) < il M
1 — sg™o

Sp(Tag, Tag, Thay),Ym = 1,2, ... (2.12)
Vi h = g™ va u la diém bat dong ctia h nén gu = ghu = g™ 'y = g™ gu = h(gu).
Nhu vay gu ciing 1 diém bat dong ctia h. Vi diém bét dong cia h 1a duy nhéit nén gu = u.
Do d6 u 12 diém bat dong cia ¢. Tir (2.10) dé dang kiém tra dugc diém bat dong v cua g 1a
duy nhat. Mit khdc, ta c6 h"ay = ¢™™ag,Va € Y,Vm = 1,2, ...

Do d6, khang dinh b) dudc suy ra tir (2.12). O

He¢ qua 2.4. ([4]) Gid su (Y, S) la khong gian S-métric ddy diiva g : Y — Y la dnh

xa co, tiic la tén tai hang sé q € [0,1) sao cho

S(ga, ga, gb) < ¢S(a,a,b), Va,bey.
Khi do, g c6 diém bdt déng duy nhdtu € Y. Hon nita, véi bdtky ag € Y tacoé lim g™(ag) =

m—r0o0

u va

S(g9™ao, g™ ag, u) < 1—_(15(@070079610)-
Chiing minh. Vi khong gian S-métric 1a khong gian S,-métric dbi xiing véi s = 1. Hon
nita, khi s = 1 thi S, lién tuc theo bién thd ba nén hé qua nay la trudng hop dic biét cla
Hé qua 2.3 khildy T': Y — Y 12 4nh xa dong nhét (ttic Ta = a v6imoia € Y), s = 1 va
mo = 1. [l

Ta dé dang kiém tra dudc hai hé qua sau day 1a trudng hop riéng ctia Dinh 1i 2.2 khi lay
s=1vaT:Y — Y laanh xa dong nhit.

Hé qua 2.5. ([6]) Cho g : Y — Y la mét tu dnh xa trén khong gian S-métric ddy dii
(Y, S) va thod mdn diéu kién

S(ga, ga, gb) < gmaz{S(ga, ga,a), S(gb, gb,b)},

vdi q € [0,1) nao dé va vdi moi a,b € Y. Khi dé, g c6 mot diém bdt dong duy nhdt trong
Y. Hon nita, néu q € [0,3%) thi g lién tuc tai diém bdt dong.

Hé qua 2.6. ([6]) Cho g : Y — Y la mét tu dnh xa trén khong gian S-métric ddy dii
(Y, S) va thod mdn diéu kién

S(ga, ga, gb) < gmax{S(a,a,b), S(ga, ga,a),
S(ga, ga,b), S(gb, gb, a), S(gb, gb,b)},

Vi q € [O, %) nao do va véi moi a,b € Y. Khi do, g c6 mét diém bdt dong duy nhdt trong
Y. Hon nita, g lién tuc tai diém bdt déng.
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Heé qua 2.7. Gid su (Y, Sy) la khong gian Sy-métric doi xvung va day du, T : Y — Y
la dnh xa lién tuc, don dnh, héi tu ddy. Khi do, néu g : Y — Y la dnh xa sao cho tén tai
cdc hang so khong dm o, as, . . ., o thod mdn

1
ar+ag+ ... Fay < 5
s
va
Sy(Tga, Tga,Tgb) < a1Sy(Ta,Ta, Th) + asSy(Ta,Ta, Tga)
+ a3Sy(Th, Tb, Tgb) + cySy(Ta, Ta,Tgb) (2.13)
+ a5S,(Th, Th, Tga),

voi moi a,b € Y thi:
a) g c6 duy nhdt mot diém bdt dong u € Y';

b)voimoia €Y tacou= lim g"a;
m—00

c) g lién tuc tai diém bdt dong u.
. . . .
Chung minh. Viag +as + ... +a5:=q < —2nenv01mo1a,b €Ytaco
s

a1 (Ta, Ta,Tb) + asSy(Ta, Ta, Tga) + azS,(Tb, Tb, T'gb)
+ asSp(Ta, Ta, Tgb) + a5 Sy(Th, Th, T ga)
< gmax{Sy(Ta,Ta,Th),Sy(Ta,Ta,Tga),
Sy(Tb, Tb, Tgb), Sy(Ta,Ta,Tgb),Sy,(Tb,Th, Tga)}.

Tir bat dang thifc nay va (2.13) suy ra bat dang thic (2.1) dudc thoa man, tic ¢ 1a anh xa
T-tua co kiéu Ciric. Mt khac, (Y, Sy) 1a khong gian day du nén tit c4 cac diéu kién cla
Dinh 1i 2.2 dudc thoa man. Do d6, cac khang dinh can ching minh dudgc suy ra tif Dinh 1i
2.2. ]

Chui y. Trong Hé qua 2.7 c6 thé thay diéu kién “ddy di” cta khong gian (Y, .S,) bdi
diéu kién “moi ddiy Cauchy cé dang {Tg™a} déu hoi tu”.

Tuong tu nhu dbi véi cac Hé qua 2.5, 2.6 ta dé dang kiém tra dudc cac hé qua sau day
1a c4c trudng hop riéng ctia Hé qua 2.7. Khildy 7 : Y — Y 1a 4nh xa dong nhéit trén Y.

Hé qua 2.8. ([6]) Cho g : Y — Y la mét t dnh xa trén khong gian S-métric ddy dii
(Y, S) va thod mdn diéu kién

S(ga, ga, gb) < a1S(a,a,b) + ayS(ga, ga,a) + azS(gb, gb, b),

Vai ap, g, 03 > 0, 1 + g + a3 < 1 nao do va véi moi a,b € Y. Khi do, g c6 mét diém
bdt dong duy nhdt trong Y. Hon nita, néu az < % thi g lién tuc tai diém bdt dong.

Hé qua 2.9. ([6]) Cho g : Y — Y la mét t dnh xa trén khong gian S-métric ddy dii
(Y, S) va thod mdn diéu kién

S(ga, ga, gb) < a[S(ga, ga,b) + S(gb, gb, a)],

Vai o € [0, %) nao do va véi moi a,b € Y. Khi do, g c6 mét diém bdt dong duy nhdt trong
Y. Hon nita, g lién tuc tai diém bdt dong.

Heé qua 2.10. ([6]) Cho g : Y — Y la mét tu dnh xa trén khong gian S-métric ddy dii
(Y, S) va thod mdn diéu kién
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S(ga, ga, gb) < a1S(a,a,b) + asS(ga, ga,b) + azS(gb, gb, a),
VOi o, g, a3 > 0,00 + a0 + a3 < 1,04 + 3a3 < 1 nao do va véi moi a,b € Y. Khi do, g
c6 mot diém bdt dong duy nhdt trong Y. Hon nita, g lién tuc tai diém bdt déng.

Heé qua 2.11. ([6]) Cho g : Y — Y la mét tu dnh xa trén khong gian S-métric ddy dii
(Y, S) va thod mdn diéu kién

S(ga, ga, gb) < ayS(a,a,b) + a25(ga, ga, a) + asS(ga, ga, b)
+a4S(gb, gb, a) + asS(gb, gb, b),
vdi ay, ..., a5 > 0 thod man max{o; + as + 3ay + a5, a1 + az + ay, ay + 205} < 1va
véi moi a,b € Y. Khi do, g c6 mot diém bdt déng duy nhdt trong Y. Hon nita, g lién tuc tai
diém bat dong.

Chi y. Nhu da néi & trén, cac Hé qua 2.5, 2.6 va tit Hé qua 2.8 dén Hé qua 2.11 1a cac
trudng hop dic biét ciia Pinh 1y 2.2. Hon nifa ta ciing thiy rang cdc hé sb trong cac diéu
kién co clia cdc hé qua nay thudng can céc diéu kién chit hon cic hé sb tuong ting trong
Dinh 1y 2.2 va Hé qua 2.7 cua chung t6i.

Hé qua 2.12. ([2]) Gid sit (Y, d) la khéng gian métric, T va g : Y — Y la hai dnh xa
thod man cdc diéu kién:

1) T la don dnh, lién tuc va hoi tu day;

2) Moi ddy Cauchy c6 dang {Tg™a} déu héi tu trong Y véimoia € Y ;

3) Ton tai q € [0, 1) sao cho

d(Tga,Tgb) < gmax{d(Ta,Tb),d(Ta,Tga),
d(Tb,Tgb),d(Ta,Tgb),d(Tb,Tga)},Va,b €Y.

Khi do,
(i) g c6 diém bdt déng duy nhdtu € Y,
(2¢) lim T'gma =Tuvdimoia €Y.
m—r0o0

Chitng minh. Ta xac dinhham S :Y XY x Y — [0, 00) bdi cong thiic
S(a,b,c) =d(a,b) +d(b,c) +d(c,a), Va,b,ceY.
Theo Vi du 1.7 thi S 12 S-métric d6i xdng trén Y va ta c6
S(a,a,b) = 2d(a,b), Va,bey.

Tir day suy ra mdi day Cauchy trong (Y, S) cling 1a day Cauchy trong (Y, d) va mdi day
hdi tu trong (Y, d) ciing hoi tu trong (Y, .S). Do d6 méi day Cauchy trong (Y, .S) c6 dang
{Tg"a} déu hoi tu trong (Y, S) v6i moi a € Y. Mit khéc, v6i moi a,b € Y theo diéu kién
cua Hé qua 2.12, ta co

S(Tga,Tga, Tgb) = 2d(Tga,Tgb)
< gmax{2d(Ta,Th),2d(Ta, Tga),2d(Tbh, Tgb),
2d(Ta, Tgb),2d(Th, Tga)}
= gmax{S(Ta,Ta,Tb),S(Ta,Ta,Tga),S(Tb, Tb, Tgb),
S(Ta,Ta,Tgb),S(Tb,Tb,Tga)}.
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Nhu viy ¢ 12 4nh xa T-tua co kiéu Ciric va cdc diéu kién cia Dinh ly 2.2 dudc thod man
v6i s = 1. Do d6 tir cac két luan c) ctia Dinh ly 2.2 cung tinh lién tuc cta T ta c6 cac két
ludn (7) va (i7). O

Trong Hé qua 2.12, néuldy 7' : Y — Y 12 4nh xa dong nhét (Ta = a v6i moi a € Y)
thi ta nhan dudc hé qua sau day.

Hé qua 2.13. ([1], Pinh 1y 1) Gid si (Y, d) la khong gian métricva g - Y — Y la dnh
xa thod mdn cdc diéu kién:

1) Moi day Cauchy trong Y c¢é dang {g™a} déu héi tu véi moi a € Y;

2) Ton tai q € [0, 1) sao cho

d(ga, gb) < gmax{d(a,b),d(a, ga),d(b, gb),
d(a,gb),d(b,ga)}, Va,bey.

Khi dé, g cé duy nhdt mét diém bdt déng u trong Y va lim ¢™a = u vdimoia €Y.
m—0o0

Vi du sau day cho thiy ring, ngay ca trong trudng hop dic biét véi (Y, S,) 1a khong
gian S-métric (tiic s = 1) thi Dinh ly 2.2 van thuc su tdng quat hon cac két qua trong [1],
[4], [6].

Vidu2.14.ChoY = {1,2,3} vad : Y?* — [0, c0) 1a ham dudc xdc dinh b&i

Onéua=0>
d(a,b) = { 3néu(a,b) € {(1,3),(3,1)}
2néu (a,b) € {(1,2),(2,1),(2,3),(3,2)}

Ta dé dang kiém tra dugc (Y, d) 1a khong gian métric diy dd. Do d6, theo Vi du 1.7 thi
(Y, S) 1a khong gian S,-métric ddi xting véi tham s6 s = 1, tic (Y,.9) la khong gian
S-métric, 6 day
S(a,b,c) =d(a,b) +d(b,c) +d(c,a), Va,b,ceY.

Hon nita, vi (Y, d) 1a khong gian métric diy dd nén (Y, S) 1a khong gian S-métric day da.

Ta xac dinh haianhxa g, 7 : Y — Y véi

T1=1,T2=3T3=2,gl =g¢3=1,¢2 =3.

Ta s€ ching minh r:ﬁng cac HE qua 2.4, 2.5, 2.6, 2.8, 2.9, 2.10, 2.11 va 2.13 khong ap

dung dugc cho g nhung Dinh 1i 2.2 4p dung dudc cho 7" va g.

Chiing minh. That vay, xét (1,2) € Y?tacé S(g1,g1,¢2) = S(1,1,3) = 6. Mit khéc, véi
moi (a,b) € Y2 tacé S(a,a,b) < 6. Do do
gmax{S(a,a,b),S(ga, ga,a),S(ga, ga,b), S(gb, gb,b),S(gb, gb,a)} < 6,

v6i moi (a,b) € Y? va véi moi ¢ € [0,1). Tt d6 suy ra dnh xa g khong thoa man céc diéu
kién co trong ciac Hé qui 2.4, 2.5, 2.6, 2.8, 2.9 dbi véi cip (1,2) € Y2

Tiép theo, ta xét diéu kién co trong Hé qua 2.10 cho anh xa g ddi véi cép (1,2). Ta c6

a15(1,1,2) + a25(g1, 91,2) + a35(92, 92, 1) = 4oy + 4o + 6

= 2[(0&1 + 20&2) + (a1 + 3@3)] < 2[2(041 + Qg +C¥3) + (Oél +3063)] <6= S(gl, gl, 92>

Diéu nay ching td 4nh xa ¢ khong tho4 min diéu kién ctia H& qua 2.10. Hoan toan
tuong tu ta cling chiing minh dudc anh xa g khong thoa man diéu kién ctia Hé qua 2.11 va
Hé qua 2.13 cho cdp (1,2) € Y2
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Bay gig, ta chiing td hai anh xa 7', g thoa man Pinh ly 2.2. R6 rang 7" 1a don anh, lién

tuc va hoi tu ddy. Ly ¢ € [2,1). Taco
S(Tgl,Tgl,Tg2) =5(1,1,2) =4 < q.6
=qmax{S(T1,7T1,72),5(T1,T1,Tg1),S(1T2,72,Tg2),
S(T1,T1,T¢2), S(T2,T2, Tgl)}.

Diéu nay chiing t6 T" va g thoa man diéu kién (2.1) trong Pinh nghia 2.1 dbi véi (a, b) =
(1,2). Hoan toan tuong tu ta kiém ta dugc T' va g thoa man diéu kién (2.1) dbi véi moi
(a,b) € Y2. Nhu vay ¢ 1a dnh xa T-tua co ki€u Ciric. Do d6 Pinh 1y 2.2 dp dung dudc cho
T vag (véis=1). [l

3 Kétluan

Dua vao khai ni€ém anh xa tua co Ciric trong khong gian métric, ching t6i dinh nghia
anh xa T-tua co kiéu Ciric va dua ra dudc diéu kién di dé cho 4anh xa T-tua co kiéu Ciric
trong khong gian S,-métric d6i xing c6 duy nhit mot diém bat dong (Pinh 1y 2.2). Tit Dinh
ly 2.2 ching t6i suy ra dudc mudi mot hé qua, trong d6 c¢6 chin hé qua 1a cac két qua di c6
trong cdc tai liéu tham khao [1], [2], [4], [6]. Vi du 2.14 da ching t6 Dinh 1y 2.2 la thuc su
tong quat hon cac két qua trong cdc tai liéu tham khao [1], [4] va [6].
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ABSTRACT

ON EXISTENCE OF FIXED POINTS
FOR T-QUASI CONTRACTIVE MAPPINGS
OF CIRIC TYPE IN S, METRIC SPACES
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In this paper, we examine the existence and uniqueness of fixed points fo 7’-quasi con-
tractive of Ciric type in S,-metric spaces. These results are an extension and generalization
of the results obtained in the works of L. B. Ciric (Proc. Amer. Math. Soc,1971), S. Sedghi,
N. Shobe, A. Aliouche (Math. Vesik, 2012), S. Sedghi, N. V. Dung (Math. Vesik, 2014).

Keywords: Fixed point; Sp-metric space; quasi contraction mapping; 7-quasi contrac-
tion mapping.
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