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Abstract. In this paper the method of transmission matrix is applied for investigating
planar mechanisms [5-7]. As is known, in many engineering problems, for example,
in the problem of synthesis and analysis of motion, the following problem is more and
more interested. There is an object (a particle or body) connected with a frame of
reference, which moves with respect to another frame. It is necessary to define the
configuration (the position, velocity, acceleration) of the object under consideration in
the latter frame.There are two types of the frame of reference. A frame that is fixed in
time named inertia frame or global frame of reference and the frame attached to each
body of the system- the body frame of reference. The problem is stated now as follows:
Determine the configuration in global frame of a particle fixed in any body of the system.

In this paper a method is constructed for solving such a problem by means of trans-

mission matrices.
The obtained results are illustrated by examples.

1. THE FORMULAS FOR DETERMINING THE CONFIGURATION

OF THE OBJECT

Let us consider two bodies of a free loop, which are numbered as (i-1)-body and i-
body, joined together by the hinge A;. Attach a frame of reference into each body (the
body-frame). The (i-1) body - frame has the origin at A;_; and its axis A;_jx;_1 directing
from A;_; to A;, where A;_; is the hinge joining the (i-1) body with the (i-2) body.

The axis A;_1y;_1 is perpendicular to A;_1x;_1
in the direction of counter clockwise. The frame of
reference glued to the i-body is formed in the sim-
ilar way. The angle between A;_; two frames of
reference denoted by ¢;, is the M rotating angle of
the axis A;_1x;_1 to A;x; in direction of counter-
clockwise (Fig. 1) [3, 7]. Let consider the point M
fixed on the i-body. The coordinates of the point
M in the i-body frame are denoted by the constants
a and b and in the (i — 1) body frame — by “~lz,,
“—lyas, which are variables of time. The notation
located at high left corner is number of the body,
on which the particle M on. Similarly, the coor-
dinates of the point M in the inertia reference is
denoted by °zas, yar.
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The components of the coordinate of the point M in two frame in progressive order
are related by the formula [4, 5, 7]

i'_l:EM cos; —sing; L1l ||a
oyl = |lsing;  cos; 0 all, (1.1)
1 0 0 1 1

where: L;_1 = A;_1A;.
By introducing the symbols cos p; = ¢;, sinp; = s; and the matrices

cosp; —sing; Li g ci —s; Liq

T,=| sinp; cosy; 0 =\ s ¢ 0 . (1.2)
0 0 1 0 0 1

T ey gy 1) T = b 1 (13)

the formula (1.1) is written in the form
e =Tl (1.4)

Hereafter the matrix is noted by the bold letter
and the vector is identify as a(3 x 1) matrix. Let
us consider a system of k£ bodies in plane (where
k=3), which are joined between each other by the
hinges Ay, Ay ..., Aj respectively, where A is fixed
at time. Let put the inertia frame of reference at
A;. For simplicity instead of the i-body frame let us
put the vector x; with the origin at A; and directing
along the axis A;x;. The angle between two vectors
z;—1 and z; (Fig. 2). It is easy to derive the rela-
tionship between the coordinates of the point fixed
to the k-body frame (with the coordinates a, b) and
its coordinates in the global reference, that is

OZE a
Oy || = T1T2.. Tk || b ||, (1.5)
1 1
or
Ory=T1Ta... Tyryy, (1.6)

where the matrices T;(1, k) take the same form as (1.2) in consideration of Ly=0.
By the formulas(1.5) and (1.6) we calculate the components of velocity of the point
M in the global reference, that is

v=r=| Y% || = Z(’D(*)U“ (1.7)
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where ¢;(*) is a(3 x 3) diagonal matrix of the form

@; 00
Gi(x) =1 0 ;0 (1.8)
0 0 ¢
and the matrixces v;(i = 1, k) are calculated by following the formula
v, = T1T2...T/i...Tk, (1.9)
in which the matrices T; take the form (1.2), but the matrices T'; are drawn as follows
-8 —C 0
T =1 e —si 0]. (1.10)

It is easy to show that the absolute angular velocity of the k' link is calculated by the
formula

k
U=> ¢ (1.11)
=1

The components of acceleration of the point M in the global frame of reference are
determined by following formula

0

T k k k—1
a= | % | =3 @+ 3 w0+ 230 S @i (v, (1.12)
0 i=1 i=1 i=1 j>i
where v; is calculated by (1.9), ¢(x) is a(3 x 3) diagonal matrix of the form
®i 0 0
Gi(x) =10 ¢ 0 (1.13)
0 0 ¢
but v}, v; ; are determined by following formulas
’U; = T1T2...T//Z’...Tk, (114)
Vij= T1T2...T/i...T/j...Tk, (1.15)
where
—C; S 0
T =|| —s; —¢; 0 ||. (1.16)
0 0 0

The absolute angular acceleration of the k™ link is of the form

k
Ek = Z i (1.17)
=1

In order to use the above obtained formulas it is necessary to bring to the following
notices

a) In the case of an open loop, i.e. when the last link of the loop under consideration
is one end free, it is possible to apply directly these formulas
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b) In the case of closed loop, i.e. there is a point of the last link fixed at time with
respect to the global frame of reference, first it is necessay to find the configuration
of this point.

By such a way we get two equations for each kind of the configuration (the
position, velocity, acceleration). Solving the obtained equations we determine the
configuration of the system under consideration.

c¢) When the system is a semi-closed loop, i.e. when a point of the last link moves
along any curve fixed in the global frame of reference, it is necessary to write the
configuration equations for this point, by which we will find the configuration of
the system.

2. APPLICATION

Example 1. Let us consider a free loop of three
links (Fig. 3). We put three body frames of ref-
erence as in the Fig. 3 [5, 6], which are expressed
by three vectors x1,x2,23. The global frame of
reference is noted by the vector xy. By such a
way there are three transmission matrices, that
are

c1 —$1 0 Cy —89 L1 C3 —S3 L2
T1 = S1 C1 0 N T2 = S9 (&) 0 N T2 = S3 C3 0 . (2.1)
0 0 1 0 0 1 0 0 1
In accordance with the rules (1.10), (1.16) we have
—S51 —C1 0 —S9 —C9 0 —S83 —C3 0
T1 = C1 —S81 0 ) T/2 = (&) —89 0 ) T/3 = C3 —S3 0 . (2.2)
0 0 0 0 0 0 0 0 0
—C1 S1 0 —C9 S9 0 —C3 S3 0
Tlll = —S51 —C1 0 ) T/2/ = —S2 —C2 0 N /3/ = —S83 —C3 0 . (2.3)
0 0 0 0 0 0 0 0 0

Let us consider the point M fixed in the 3" - link and having the body-coordinates
to be a and b. The components of coordinate of the point M in the global reference are
computed by following the formula (1.5), that are

0

Ty a aci2z — bsi23 + Laciz2 + Licy
Oyrr || = T1T2Ts|| b || = || asi23 + bciaz + Las,, + L, s1
1 1 1
The coordinates of the point M in the global reference are of the form

0 L0,
Ty = aci23 — bs123 + Lacia + Lic1 ; “ynm = as123 + beizg + Lasio + Lysy,

where the following symbols are used

c123 = cos(p1+p2+p3); s123 = sin(p1+p2+93); 12 = cos(p1+2) ; s12 = sin(p1+@2).
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In order to calculate the components of the velocity of the point M in the global
reference, let us write the formula (1.7). For this purpose we calculate the matrices
v1,v2,v3 by means of formula (1.9), that are

—asioz — beiaz — (Lasi2 + Lysy)

vy =T ToTsr = aci23 — bs123 + Locio + Licy ;
0
—(as123 + beiog + Losia)
vy =T T5Tsr = acia3 — bsi23 + Lacio ;
0

vy =T1ToThr = —(as125 + beros) H .

aciaz — bsi23

The formula (1.7) takes the form now

O%ar —(as123 + beias + Lasiz + Lis1)¢1 — (asies + beizs + Lasiz) g2 — (as123 + beias) s
v=| %% || =| (acizs —bsizs + Laciz 4+ Lici)¢1 + (acizs — bsiaz + Laci2)g2 + (acias — bs123) @3
1 0

The components of acceleration of the point M in the global reference are computed by
the formula (1.12), where the matrices v1, v2, v are determined as above, but the matrices
v, (i=1,2,3),v,;(i, j =1, 2, 3) by means (1.14), (1.15) will be

—(aci123 — bs123 + Lacia + Licy)
‘Ull = T/1/T2T3’I' = —((I8123 + b6123 + L2812 + Llsl) ;
0
—(ac123 — bsi23 + Laci2)
vy =T TTsr = | —(asi23 + bcizg + Losi2) ||;
0
—acy23 + bsi23
vy =T1ToThr = || —(asia23 + beias) ||
0
—(ac123 + bs123 + Lacio)
vio =T T5Tsr = || —(asi23 + beiag + Lasia) ||;
0
—(ac123 + bs123)
v13 =T ToT4r = || —asi23 — bciog ;
0
—(ac123 + bs123)
Vo3 = TlT/QT/g’I' = —(a3123 + 56123)
0
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By applying the (1.12) it is easy to find the components of acceleration of the point
M in the global reference, that are

%1 = — (as123 + beizs + Lasia + Lis1) @1 + (asias + beros + Lasi2) $o
+ (as123 + beig + Lasi2)@s — 2(acizs — bsiaz + Lacia + Lic1) @i
— (acia3 — bs123 + Lac12)$3 — (acioz + bs123)93 — 2(acizs + bs12s — Laci2) P12
— 2(ac123 — bs123)P193 — 2(aciaz + bs123)Paids.

%n =(acias — bs1as + Locia + Lic1) @1 + (acias — bsiag + Locia)@a + (asi23 + beias)@s

— (as123 + beras + Lasiz + L1s1)¢3 — (as1a3 + 56)123953 — (as123 + be123) 3
— 2(as123 + bcias + Lasi2) 192 — 2(as123 + beias) @193 — 2(asizs + beias) paps.

Of course, in the case of using numerical methods, it is unecessary to write the expressions
in an universal form, for example, in the case of a loop of many links.

Example 2. Let us consider a slider-crank mech-
anism. The crank OA rotates about O with an-
gular velocity and acceration wy and &1, respec-
tively. The length of the crank OA is r=0.4 m,
but the one of the connecting rod AB is L=2 m.
Determine the angular velocity and acceleration

of the connecting rod at ¢ = g (Fig. 4).

The mechanism under consideration is a semi-
closed loop, because the point of the link AB(last
link) moves along the horizontal line, fixed in the
inertia frame of reference. The system consists of

Fig. 4

two links joined each other by the hinge A. The global reference is represented by vector
o in horizontal direction to right side. The body-frames are represented by the vectors
Z1, %2, x3 as shown in Fig. 4. The point B located at the second link. Its body-coordinates
are (-2, 0), but the global coor-dinates are (xp,0). In order to write the configuration
equationsfor the considered system it is necessary to determined the transmission matrices
T, To, T, T, T, TY, which are of the form

c1 —81 0 Cy —89 0.4 —S51 —C1 0

T1 = S1 C1 0 N T2 = S9 (&) 0 N Tll = C1 —S81 0 N
0 0 1 0 0 1 0 0 0
—89 —C9 0 —C1 S1 0 —C9 S9 0
T/2 = Cy — S92 0 ) /1/ = —S51 —C1 0 ) /2/ = —8S9 —C2 0
0 0 0 0 0 0 0 0 0

T
At the given position of the mechanism we have: ¢ = 5" Therefore: ¢ =0; s1 = 1.

In order to determine the position of the system at given time, i.e. the value of the
angle o3, let us write the equation (1.5) for the point B in consideration of the above
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calculated values, that are:

Oz 2s5
0 ||=TT5r=| —2c5+04
1 1
Wk

Hereafter the symbol located on high right corner of the letter denotes the value
of the quantity at the given instant of time.
The obtained matrix equation is equivalent to following two equations:

Opt = —2s3; —2¢5+0.4=0.

The angle ¢35 is defined by c5 = 0.2; s5 = 1/0.96, but the coordinates of the point B
at the given instant of time is equal to (24/0.96;0).

For solving the problem of velocity, we apply the formula (1.7). First let us to calculate
the matrices v1,v2 at the given time, that are

0 0.4
v =T7Tiyr = || 20.96 ||;  v3=TiTyr = || 21/0.96
0 0

By means of (1.7) we calculate
O5% = 0.4¢7 = 0.4ws; 0% = 2v0.96¢% + 2v/0.96 o5

Because the velocity of the point B is in horizontal direction, i.e. %y = 0, we have

then
0=¢1+@5 — ¢35 =—¢1.

Absolute angular velocity €29 of the connecting rod AB is determined by means of

(1.11):
Q =@ +¢; =0.
This means that at the given instant of time the rod AB is in instantaneous translation.
The velocity of the point B is equal to

0

vp = i = 04¢] = rw; = v}.

It is clear, because the rod AB is in instantaneous translation.
In order to determine acceleration it is necessary to write the equation (1.12). For this
aim, let us calculate the matrices v}, v}, v1 2 corresponding to the given of time. That are

-2v/0.96 || —2+/0.96 —2+/0.96
v =T"{Tir= 0 vy =TT Jr= 0.4 ;0] o= T T or= 0.4
0 0 0

By writting and developping the equation (1.12) the components of acceleration of the
point B in the global reference will be

0% = 0.4¢5 — 2v/0.9697* — 21/0.96¢:3* — 4v/0.96¢% %
045 = 2v/0.9637 4 2v/0.96¢5 + 0.4¢3* 4 0.8p%¢3 = 0
Solving the last equation in consideration of ¢35 = —¢7, we obtain

P2 #1 m(pl
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The absolute angular acceleration of the rod AB are of the form
oy 0.2 o, 02 L2
2= P11 P2 #0.96(’01 0.96 "

It is easy to find the acceleration of the point B at the given instant of time in the
global reference

0.08 0.08
0% = —0.4¢% + \/ﬁﬁ* = —0.4eq + \/ﬁw%-
Example 3. Let consider a four bar mecha-
nism. The rod AB and DC are same length
R=0.4 m. The length of the connecting rod BC
is L=0.2 m Determinee angular velocity and ac-
celeration of the connecting rod BC when the
mechanism takes the position shown in the Fig. 5.
At the given instant of time the crank AB ro-
tates about A with the angular velocity and ac-
celeration wy, €1, respectively. The system un-
der consideration consits of three moving bars.
This is a closed loop because the point D of the
last link is fixed in the inertia reference. Let us
choose the global reference represented by the

ap =

Fig. 5
vector xg, having the origin at A and directing to the right side. The body frames of
reference are chosen as in Fig. 5. At the interest position of mechanism we have

77

90225, pr1+p3s=m—co=0, s2=1c3=—c1, 8S3=51.
Let us write the configuration equation for the point D, which has the global and body
coordinates are (0.2, 0) and (0.4, 0) respectively. For this aim let us calculate the following
matrices

g —s1 0 0 -1 04 —c; —s7 0.2
Ti=|s1 ¢ 0;T5=|1 0 0 ||;T5=| s1 —c 0 |[;
0 0 1 0 0 1 0 0 1
0.2 0.4
rp=1|0 ; Srp=1|| 0
1 1

By writting the equation (1.5) for the point D, we get
0.2 0.4 —0.25% +0.4c}

0 |[=TiT3T3)| 0 || =] 0457 +0.2¢; — 0.4
1 1

[

Since we obtain two equations, that are

—0.2s7 +0.4¢] =0.2; 0.4s7 + 0.2¢] =04



The method of transmission matriz for investigating planar mechanisms 45

By solving these equations, we get

1 =0.8; s1 =0.6.

In order define the velocity and acceleration,let us to determine the following matrices.

—0.6 —0.8 0 -1 0 0 —-0.6 0.8 0
T:=| 08 —06 0;T3=1| 0 -1 01;T35=|-08 —06 0|;
0 0 0 0 0 0 0 0 0
—-0.8 0.6 0 0 10 0.8 06 0
T =| —-06 —08 0|;T"5=1 -1 0 0|; T"=| —06 0.8 0 |;
0 0 0 0 00 0 0 0
0 0.24
vi=T"T3T3rp = | 0.2 ||; wi=TiT'3T33rp = || —0.12 ||;
0 0
0.4
v =T;T5T'33rp =1 0
0

The point D is fixed with respect to the global reference. Therefore their components
of velocity and acceleration in the global reference are equal to zero. By writting the
velocity’s equation (the equation (1.7)) for the point D at the given instant of time and

developping it we obtain
0= 0.24¢5 4+ 0.4¢% 0= 0.2 — 0.1245.
Solving these equations we get

. D .. b % 3 ., %
9022590125001; ¥3 :_3902:—901'

The absolute angular velocities of the links BC and CD will be

5
S w1,
31

In order to determine the acceleration let us write the matrix equation (1.12).For this

aim, it is necessary to define the matrices v}, v}, v%, v1,2,v13, v2,3 at the given instant of
time.

It is easy to obtain

e 3¥1 = 3w Q3 = "Tpt Py + ¢35 =

~0.2 0.12
v =T TT3rp = 0 || vy =TT Ts%p = 0.24 | ;
0 0
0 0.12
V5 =TITT"33rp = || 04 ||, v10 =T T5T3rp = || 0.24 ||
0 0
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0 0
v13 =T T3 rp = || 04 || va3 =TiT3T'33rp = || 0.4
0 0

Writting the equation (1.12) and developping it we get

O%p =0 — 0.24¢% + 0.40¢%5 — 0.2093* + 0.12p3* + 0.24p1¢5,
%%ip =0 — 0.2037 — 0.12¢5 + 0.24¢93* + 0.4093* + 0.48)7¢5.

By substituting

P =W, P = €1 Py =w2 = 3Wi¥s = —W1,€2 = Y] + Pa; €3 = Y1 + Pg + Y3,

into the above equations and solving them we will determine the angular accelerations of
the connecting rod BC' and the bar DC, that are

8 20 , 5 20 ,
€2 = -€1 — Wy €3 = 561 — gwl.

3. CONCLUSION

The proposed method allows to define the configuration of mechanisms by means of
the point of general view. It is important that by such a way it is possible to apply directly
and usefully the softwere as MATLAB, MAPLE, MATCAD,... for solving complecated
systems.
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PHUONG PHAP MA TRAN TRUYEN KHAO SAT
CAC CO CAU PHANG

Trong bai bdo dé xuit mét phwong phap khio sat dong hoc céc co cdu phing, bai toan dang
dwoc quan tam do doi hdi ciia phat trién ky thuét,diic biét trong cdc bai todn téng hop va dieu
khién chuyén déng. Trong phwong phap dé xuit da xay dung mot 16 trinh don gidn dé xac dinh
cac yéu t6 hinh - dong hoc clia co ciu (vi tri, van tdc, gia toc). Dic biét theo 16 trinh dwoc néu
cho phép st dung tién loi cdc phan mém chuyén dung nhir MATCAD, MAPLE, dé gidi quyét céc

bai toan dong hoc céc co cau phing.



