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EVALUATION OF INTERFACIAL TOUGHNESS 
FUNCTION IN MIXED MODE LOADING 

Do Van TVuong, Vuong Van Thanh 
Hanoi University of Science and Technology, Vietnam 

A b s t r a c t . Interfacial strength is one of important factors to affect working stability 
of structures and devices. In order to avoid interfacial cracking, an improved method 
based on the conventional one is proposed to establish the interfacial toughness function 
(or the set of the interfacial fracture criteria in mixed-mode loading). By preliminarily 
analyzing the Brazil nut specimen, the placements of applied load, where pure modes I 
and 11 occurred, were determined. Experiment was then conducted on the specimens at 
the pre-determined placements of applied load. The interfacial toughness function was 
Anally established by an empirical function based on only the critical energy release rates 
at pure modes 1 and II, The results showed that the interfacial toughness function was 
close to that obtained by experimental data and other researches. 
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1. I N T R O D U C T I O N 

Adhesively bonded joint has been employed in many industries, especially in mi-
cro/nano electronic and aerospace industries, due to its advantages such as small, light 
structure and use of fewer details. The joint can be created by two main methods as the 
indirect method and the direct method depending on its application and size scale. For 
material layers in supermicron-scale, the joint is usually formed from two surfaces adhered 
together by a bonding agent as heat and pressure, while the joint of material layers in 
submicron-scale is directly formed by evaporating or sputtering the atoms of a source 
material on the surface of a substrate material. The adhesion strength of formed interface 
depends on component material layers, surface quality and joint angle between material 
layers as well as fabrication method. Since the reliability of adhesion between material 
layers is one of important factors to affect working stability of structures and devices, the 
eiraduation of interfacial fracture criteria between material layers is a necessary task. 

Many methods have been proposed to evaluate the interfacial fracture criteria such 
as the peeling test [1, 2], the four-point bending test [3], the sandwiched cantilever test [4] 
and the double cantilever beam test [5]. However, the mentioned methods can not control 
the mix of loading, and only can calibrate the interfacial fracture criteria at pure mode 
I and some combinations of mode I and mode II. Recently, the Brazil nut specimen test 
[6] and the Arcan specimen test [7] have been popular used in the interfacial cracking 
experiment to evaluate the interfacial toughness function (or the interfacial toughness 
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curve). These methods can calibrate the interfacial toughness not only at pure mode I and 
pxu-e mode II but also at almost any combination of mode I and mode II. Although the 
interfacial toughness function is established by the tnethods, the function obtained was a 
complicated, a non-general form and ia difficult for use. In addition, the preparation of 
many Brazil nut specimens with a pro-crack in experiment meets difficulties, especially 
for the specimens with material I f^rs in submicroii-.scale. 

In this study, an improved method baaed on the conventional one is proposed to 
establish the interfacial toughness function. A ki'y additional step in the improved method 
was to preliminarily analyze the Brazil nut specimen by FEM to determine the placements 
of applied load, where pure modes I and II occurred. Experiment was then conducted on 
the specimens at the pre-determined placements of applied load. The interfacial toughness 
function wius finally established by an empirical function based on only the energy release 
rates in pure mode I toughness GS and pure mode II toughness G^t. Moreover, the mixed-
mode interfacial fracture criteria were reviewed, and the parameters such as the second 
Dundurs' parameter 0 affecting t IK; criteria were considered as well. 

2. MIXED-MODE INTERFACIAL F R A C T U R E CRITERIA 

Fig. 1 shows the general configuration near the crack tip on the interface bonded by 
two dissimilar isotropic materials. Material 1 with the subscript 1 is above the interface 

Fig. 1. Bi-material with a pre-crack. 

and material 2 with the subscript 2 is below. £",, u, and /ti (« = 1.2) are the Young's 
modulus, the Poisson's ratios and the shear modulus of the respective materials. For the 
crack tip as shown in the figure, the singular stress field ahead of the crack tip under 
small-scale yielding condition is expressed by the following equation 

ff22 + iai2 = (/Cj -I- i/(:ii)(27rr)-VV*^ (1) 

with 

r^ = cos(e In r) -F i sin(£ in r ) . (2) 

Here, Kj and Kn are the interfacial stress intensity factors which play similar roles to 
conventional mode I and mode II intensity factors, r is the distance from the tip, i is the 
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imaginary number and e is the oscillation index given by 

(3) 

where 0 is the second Dundurs' parameter measuring the mismatch in the in-plane bulk 
modulus and is defined by 

3 = l M i ( l - 2 i / 2 ) - / X 2 ( l - 2 t / i ) 
2 fn{l~i^)+fi2{l-i^i) ^ ^ 

As in elastic fracture mechanics for homogeneous isotropic solid, two parameters 
such as the energy release rate and the interfacial stress intensity factor are also used to 
describe the behavior of cracks in mechanics of interface. The former quantifies the change 
in potential energy accompanying an increment of crack extension; the later characterizes 
the stress, strain and displacement near the crack tip. The energy release rate G describes 
global behavior while the interface stress intensity factor K isa. local parameter. For Unear 
elastic bi-material, a relationship between G and K is given as [8] 

« = ^ ( ' ^ ? + ^ ^ f t ) ® 
with 

{E[+E;) ^ ^°' 

where £ , is equal to £ , in plane stress condition and E^ is equal to £^1/(1 — uf) in plane 
strain condition. A is a constant considering the influence of mode II contribution in the 
criterion. The magnitude of A varies between 0 and 1 and has to be determined from 
experiment. The interface between material layers is considered as a brittle one when A 
closes to 1. 

The interfacial strength is characterized by the energy release rate G and the inter­
face stress intensity factor K. The crack initiates to propagate along the interface when 
either the energy release rate or the interface stress intensity factor reaches the critical 
values. The interface toughness of interface crack is known as these critical values. From 
Eq. (5), the mixed-mode fracture criterion for an interface crack relating to the stress 
intensity factors can be given as 

"•.-/(Si- ""••^w^t '" 
where the subscript c refers to the critical values of the stress intensity factors and G|is the 
energy release rate in pme mode I toughness. Fig. 2 depicts this mixed-mode interfacial 
fracture criterion under an elliptical law with two semi-axis of -ffĵ  and Kjj^. Pure mode 
I occurs when Kjj is equal to 0, while pure mode II is set up when the normal singular 
stress disappears. Ki^ and Kjj^ can be directly evaluated by Eq. (8) or by the numerical 
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calculation method based on the experimental data. Since the interfacial strength of mode 
11 is higher than that of mode I, K^^ usually POSHCHHOH the long semi-axis of the elliptical 
law. 

Fig. S. The mixed mode interfacial fracture mechanics relating to the 
si rcss intensity factor. 

An alternative, the mixed-mode interfacial fracture criterion can be expressed by a 
function of the energy release rate G to the mixed-mode loading phase angle t' 

G = r w (9) 
in which, the mixed-mode loading phase angle tp is defined as 

(10) '© 
The interfacial toughness function r(t/i) is established based on the experimental 

data and the numerical calculation results. r{ip) is an empirical function and has proposed 
in several forms [9,10). Since the difference of among functions is insignificant, the function 
below suggested by Kinioch [9] is chosen 

W ) = Gf[H-tan2(( l -A)V') l (11) 

Fig. 3 illustrates the interfacial toughness function r(i,') expressed by Eq. (11). 

Gi' 

U 

r(v^ 

90 w' 

Fig. 3. Interfacial toughness function r (^ ) . 

The mix of loading varies from pure mode I to pure mode II with respect to the increment 
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of the mixed-mode loading phase angle ip. Pure mode I is found when the total energy 
release rate reaches a minimum value, and pure mode II is explored when the value of 
i/) = 90°. 

The interfacial fracture criteria are used in the studies, which relate to the interface 
fracture problems with and without interface crack [10, 11, 12]. The criteria theoretically 
depend on Dundurs' parameters, and have unique values at a specific mix of loading. It 
is well known that the second Dundurs' parameter 0 greatly affects both of the energy 
release rate and the interfacial stress intensity factors, however these effects are usually 
ignored and lead to the inaccurate criteria in some studies. Moreover, because knowledge 
about the criteria is not deeply, use of them is not in proper way. In order to clarify the 
effects of 0 on the criteria, two cases with /3 = 0 and /3 / 0 are reviewed in this section. 

2.1. Interfacial fracture criteria with /? = 0 

When /? = 0 (thus £ = 0 by Eq. (3)), the stress intensity factors Ks and Kji in Eq. 
(1) are the same role as their counterparts in elastic fracture mechanics for homogeneous, 
isotropic solids. Ki and Kjj are respectively the amplitude of the singularity of the normal 
and the shear stresses ahead of the crack tip. In addition, the energy release rate G shown 
in Eq .(5) is reduced to the origin form in the absence of the mismatch parameter 0. 
The mixed-mode interfacial fracture criteria finally can be expressed in both of the forms 
expressed in Eqs. (7) and (11). 

2.2. Interfacial fracture criteria with 0^0 

For bi-materials with ^ / 0, the normal and the shear stresses on the interface in 
the dominated zone do not decouple due to the interpenetration of the crack faces and the 
oscUlatoiy of the singular stresses at some points behind the tip. To define precisely the 
stress intensity factor in the material systems with 0^0, Eq. (1) is modified as follows 

a22 + i<Ti2 = {Ki-\-iKii){2nr)-'/'' ( y ) " (12) 

where / is the reference length. Mode I and II stress intensity factors are defined as de-
coupUng at a distance I ahead of the tip. The proportion of Kji to ifj investigated [10] 
varies with distance to the tip. The mixed-mode fracture criterion expressed in Eq. (7) is 
modified as 

Similarly, the mixed-mode fracture criterion for an interface crack relating to the 
energy release rate G with /3 j ^ 0 is also modified. Rice [13] has proposed the mixed-mode 
loading phase angle ip in Eq. (10) as follows 

where <T22 and [ri2 are respectively the singular normal and shear stresses near the crack 
tip. The choice of the reference length I in Eqs. (13) and (14) is arbitrary, but it is usually 
to choose based on the in-plane length of the specimen geometry, such as a crack length. 

= 1 (13) 
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and a material length scale, such as the size of the fracture zone ahead of the crack tip. 
The modified mixed-mode fracture criterion for the interface cra<:k can be given as 

G = r(il,l) (15) 

with 

r(iP,l) = Glll + twa'HX-l)<P,l)] (16) 
Thus the interfacial toughncHs function depends on not only the mixed-mode loading 

phase angle ^ but also the reference length (. When the reference length changes from I 
to l\ the total energy release rate is in the form 

T{rp',l') = Gf [1 + tan2((l - X)ll)',l')] (17) 

with 

tjj' = ijj + eln (18) 

Fig. 4 shows a shift of the toughness function from one choice of reference length 
to another. According to Eq. (18), when e is small enough ( ^ as V")* the change of the 
reference length does not affect the r(ip,l). 

nv.% f^v.n 

Fig. 4- Effect of the reference length on the toughness function r(V'). 

Finally, the mixed-mode fracture criteria for interface crack are generally expressed 
by Eqs. (13) and (16). The choice of the reference length I does not affect the values of 
^ I c ' ^IIc ^^^ ^ ( ^ ' 0 i" case 0 =0, but has effects on ones in the other cases. 

3. I M P R O V E D M E T H O D I N E S T A B L I S H I N G T H E I N T E R F A C I A L 
T O U G H N E S S F U N C T I O N 

To clarify the improvements in the proposed methods, the steps in the established 
process of the interfacial toughness function of two methods are listed in Table 1. 
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Table 1. The established processes of the interface toughness function r(^) 

Stepl 
Step 1-1 

Step 2 

Step 3 

Step 3-3 

Step 4 

The conventional method 
- preparing the Brazil nut specimens 

- Doing the experiment at the different 
placements of applied ioad on the speci­
men 
- E\'aluating A'j^, A'jj^, xj), G% and GEj by 
the numerical calculation method at the 
placements performed in step 2 

- Establishing the interfacial tough­
ness function r(V) by the interpolation 
method 

The proposed method 
- Preparing the Brazil nut specimens 
- Modeling the specimens, and pre-
determinipg numerically the placements of 
applied load on the specimen where the 
mix of loEiding will occur in pure mode I 
and pure mode II. 
- Doing the experiment at two placements 
of applied load on the specimen which are 
evaluated in step 1-1 
- Evaluating /^ j^ , K^^, ip, Gf and Gfj by 
the numerical calculation method at two 
placements performed in step 2 
- Evaluating the constant A by Eq. (8) or 
A = Gf/Gf, [10) 
- Establishing the interfacial toughness 
function m>) by Eq. (16) 

By comparing between two methods in Table 1, it found that the proposed method 
needs to add two more steps as Step 1-1 and Step 3-3. However, these additional steps 
are easily performed by the numerical calculation method, and do not spend so much 
time. The big differences between two methods are the number of the specimens used in 
the experiment, and the manner to estabhsh the interfacial toughness function. The con­
ventional method uses many specimens at the different placements of applied load, while 
the proposed method only uses few specimens at two placements, where pure mode I and 
pure mode II occur. The uiterfacial toughness function is established by the interpola­
tion approach in the conventional method, and by an empirical function in the proposed 
one. Although the number of the specimens used in two methock is quite different, the 
mterfacial toughness functions r ( ^ ) obtained are almost in the same form. 

4. CALIBRATION OF T H E INTERFACIAL T O U G H N E S S 
FUNCTION r(V') 

Two bi-materials prepared and experimented by Wang and Suo [6] were considered 
in this study. The bi-material of plexiglass/epoxy with 0 = 0 was mentioned in the first 
case, and the bi-material of aluminum/epoxy with /? ^ 0 was considered in the second one. 
The Brazil nut specimens with the radius a = 12.7 mm and the disk thickness t = 6.35 
mm as well as the relative crack size l/a = 0.25 and the epoxy thickness h = 200 ^m were 
used in both cases. Fig. 5 shows the typical specimen and loading system. The experiment 
was conducted at room temperature with an electromechanical Istron machine. The disk 
deformed linearly until it broken into halves. No plastic deformation was detected in the 
specimens after the test. 
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Fig. 5. Specimen and loading syHtein. 

4.1. For bi-material with 0 = 0 

The elastic constants of the materials of the first case arc listed in Table 2. The 

Table i. Material constants of materials in the first case 

Material 
Plexiglass 
Epoxy 

£(GPa) 
2.4 
1.23 

If 

0.38 
0.30 

Dundurs' parameter 0 was determined at -0.029 by Eq. (4). Bocaust^ the magnitude of ^ 
was small, it was considered as 0. The error in G in Eq. (5) investigated by Hutchinson 
and Suo [10] was less than 0.1%. The established process of r(V') as the proposed steps 
above is performed as follows: 

In step 1, the Brazil nut specimens were prepared. Fig. 6 shows the finite element 
model of a specimen, in which the area near the crack tips of the plexiglass/epoxy in­
terface was carefully divided into the fine elements with the hmaliest element size of 1 
nm. The perfectly bonding condition was ji.s.sumed on the interfaces. The stres.ses in the 
specimens numerically analyzed under plane strmn condition by a commercial FEM code. 
By the preliminary analysis in Step 1-1, pure modes I and II were explored by varying the 
compression angle 9. Pure mode I was found when the value of K'jj wjis approximately 0, 
and pure mode II was established when A'j was eliminated. The values of $ were deter­
mined about 0" and 25° corresponding to pure mode I and II, which were similar to those 
obtained by Wang and Suo [6] 

rW) = 31 [1 -1- tan^(0.734V)] (19) 

In step 2, Wang and Suo [6] used 8 specimens to do the experiment, but the proposed 
method only used 3 specimens with the compression angles 9 closing to 0" and 25", where 
pure modes I and II occurred. In Step 3, the critical stress intensity factors K"ĵ  at 5 = 0" 
and ATjĵ  aX 9 = 25" were respectively determined at 0.22 MPam^^ and 0.44 MPam^^^ by 
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Fig. 6. Finite element model and mesh division near crack tip. 

the finite element method. The critical energy release rates G% and G%T evaluated via the 
J-integral were equal to 32 J/m^ and 120 J/m^, respectively. The constant A was evaluated 
at 0.266 by Eq.(8) (or A = Gj/Gfj [10]) in next step. The interfacial toughness function 
r(i/)) was finally established by Eq.(16) with an arbitrary reference length /. 

Fig. 7 shows the interfacial toughness functions r ( ^ ) of the interface plexiglass/epoxy 
with 0 =0. The solid line shows the function r ( ^ ) obtained by Wang and Suo [6], while 
the soUd line with cfrcle markers illustrates the function r ( ^ ) obtained by the proposed 
method. The functions r(i/') are in a close form and the difference between them is less 
than 5%. 

^ ^ Wang and Suo [6] 

Experimental data [6] fr 

— — Proposed method // Speciinea3 

The mixed-mode loading phase angles ^,° 

Fig. I. Interfacial toughness functions V{'>p) with /5 ^ 0. 

Thus, the proposed method only used 3 of 8 specimens (numbered in Fig. 7) but the 
function r(V') was similar to that obtained by the conventional one using 8 specimens. In 
addition, the interfacial fracture criterion relating to the interfacial stress intensity factors 
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can be expressed as 

where the short semi-axis ifj^ flaid the long semi-axis Kn^ are 0.22 MPam'-'^ and 0.44 
MPam'/^, respectively. The critical stress intensity factor in mode 11, Kn^, is two times 
higher than that in mode I, Kic- However, based on Eq. (8), the energy release rate GJj 
in pure mode II toughness explored is four times higher compwing with GJ in pure mode ' 
I toughness. 
4.2. For bi-material with 0 j^ 0 

With the elastic constants of the materials an listed in Table 3, the Dundurs* par 
rameter 0 was determined at 0.218. Since 0^0, the evaluation of the function r ( ^ ) has 

Table 3. Material constants of materials in the second case 

Material 
Aluminum 
Epoxy 

£;(GPa) 
70 

1.23 

'̂ 
0.35 
0.30 

differences comparing with the previous case. The mixed-mode loading phase angle xp is 
no longer the independence of the reference length /, and is evaluated by Eq. (14). As 
investigated in Section 2.2, the function F(^) is established similarly to that in case 0 = 
0 only when the reference length holds a specific value. With the choice of / = 100 fim, 
two unknowns as Gf and A (or GSj) in Eq. (16) need to be determined. It is well known 
that Gj and GSj are respectively the critical energy release rates at pure mode I and pure 
mode II, and they also correspondingly possesses the minimum and the maximum values 
in the set of the critical energy release rates. Based on the critical loads at pure modes I 
and II obtained by the experiment, GS and Gjj were respectively determined at 5.5 J/m^ 
and 64 J/m^ via the J-integral. The constant A(== GJ/G| j ) was evaluated at 0.086. The 
interfacial toughness function T{ip) was finally established as follows 

r ( ^ ) = 5.5[1 + tan2(0.914^)]| .ioo^ (21) 

Fig. 8 shows also the interfacial toughness functions r(V') with I = 100 /xm. Because 
the choice of the reference length / was arbitrary, the critical energy release rate Gf did not 
reach the minimum value aA ip = 0°. Thus, the obtained result did not reflect the essence 
of the mixed-mode fracture behavior. In order to find the reference length satisfying the 
requirements above, the trial-and-error method was used. By varying the reference length, 
/' was finally determined at 2 /im, which was about two orders of magnitude smaller. The 
interfacial toughness function r ( ^ ) obtained was estabhshed as 

r(7P) = 5.5[1 + tan2(0.914V')](=2;.m (22) 

Fig. 8 shows the shift of the ip - origin by changing from / to /'. The curve r(^f') was 
close to the experimental data, but had a difference with that obtained by Wang and Suo 
[6] at the middle values between Gf and Gf.. 
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y(wi(h I - IWMm) 

100 vf '(wi(br- l | im) 

The mixed-mode ludlng phiK ing]« K ' 

Fig. 8. Interfacial toughness fimctions r(^) with 0^0. 

5. S U M M A R Y A N D CONCLUSIONS 

In order to establish the interfacial toughness function, a method with two additional 
steps improved from the conventional method is proposed. In the improved method, a 
key additional step is the preliminary auEdysis of the specimen to find the placements of 
applied load (or the compression angles) where pure modes I and 11 occur. The experiment 
only conducted on the specimens at the pre-determined placements of applied load. The 
critical energy release rates in pure modes I and II were evaluated by the finite element 
method. The interface toughness function was finally estabhshed by an empirical function 
based on Gf and Gfr. Although the improved method used fewer the specimens than the 
convention^ method, the difference between the interfacial toughness functions was not 
large. However, in case /3 # 0, the interface toughness function obtained by the proposed 
method was close to the experimental data, but had a difference with that obtained by 
Wang and Suo [6] at the middle values between Gf and Gfj. Moreover, in this paper the 
mixed-mode interfacial fracture criteria in small-scale yielding condition were reviewed, 
and the parameters such as the second Dundurs' parameter 0 affecting the criteria were 
carefully considered as well. 

To clarify the improved method, the bi-materials of plexiglass/epoxy with 0-0 
and aluminum/epoxy with 0 '^ 0 were considered. The experimental data got by Wang 
and Suo [6] were used. The obtained results could be summarized as follows: 

- The constant A considering the influence of the mode II contribution in the criterion 
was determined at 0.266 for the interface plexiglass/epoxy, and at 0.086 for the mterface 
aluminum/epoxy. Based on A, the interface of the bi-material plexiglass/epoxy is known 
as more brittle than that of the bi-material plexiglass/epoxy. 
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- The mixed-mode interfacial fracture criteria of the intc!rff«:e plexiglass/epoxy with 
0 ~0 relating to the interfacial stress intensity factors and the energy release rate were 
established as (19), (20) 

- Based on the trial-and-error method, the reference length / was chosen aa 2 fim 
for the interface aluminura/epcncy with ^ ^ 0. The criterion of this material system was 
given as (22) 

- Although the number of the specimens used in the proposed method was reduced 
significantly comparing with the conventional one (only 3 of 8 specimens in case 0 = 0, and 
only 3 of 10 specimens in case 0 ^ 0), the difference between the function r(^) obtained 
by the proposed method and the experimental data was slightly. 
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