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VAN DER POL SYSTEMS WITH VARIOUS
RESTORING ELEMENTS

NGUYEN VAN DINH AND TRAN KiM CHI
Institute of Mechanics, VAST

Abstract. Van der Pol oscillators with various linear and cubic restoring elements are
examined. The evolution of stationary self-excited oscillations is described and the role of
self-excitation as that of restoring elements is shown. Numerical method on computer is
used.

1. INTRODUCTION

The classical Van der Pol oscillator with linear restoring element has been presented
in every book on nonlinear oscillations [1, 2]. It is known that, when the self-excitation is
absent, closed orbits are observed in the phase plane (free oscillation) encircling a stable
center O (stable equilibrium state). With the presence of self-excitation, O becomes an
unstable focus. A unique closed orbit S (stationary self-excited oscillation) exists and all
other orbits are spirals, asymptotically approaching S.

The situation becomes complicated with the presence of nonlinear restoring elements,
especially if linear and nonlinear elements are of different (attracting, pushing) type. The
aforesaid stable center O can be transformed into saddle. Other critical points (centers,
foci, saddles) together with critical orbits (homo - heteroclinic) can appear; closed orbits
(stationary self-excited oscillations) can not exist or a great number of them can appear
simultaneously.

Below, in order to obtain useful informations, some Van der Pol systems with various
linear and cubic restoring elements will be considered. The evolution and qualitative
characteristics of closed orbits (stationary self-excited oscillations) are of special interest.
The numerical method on computer is used. Some results, especially the reestablishment
of homo-heteroclinic orbits, can be proved by the Melnikov criterion.

2. VAN DER POL SYSTEMS WITH LINEAR AND CUBIC
ATTRACTING ELEMENTS

The simplest case is that of Van der Pol systems whose linear and cubic restoring
elements are of the same attracting type so that the differential equation can be written
as:

it+z=—Pf2*+h(l—az?®) i B>0, (2.1)

where z is an oscillatory variable; overdots denote differentiation with respect to time t;
x( in the left hand side) represents the linear attracting element and —323( in the right
hand side) — the cubic attracting one; h > 0 is coefficient of linear negative friction and
«a > 0 is that characterizing intensity of nonlinear positive friction.
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When h= 0, one has a conservative system. Its phase portrait is full of closed or-
bits (periodic free oscillations) encircling the origin O which is a stable center (stable
equilibrium state).

With the presence of the self-excitation A (1 — oz:z:z) I, a unique stationary self-excited
oscillation will be established; it corresponds to a closed orbit .S, encircling O which
becomes now an unstable focus; other orbits are spirals, asymptotically approaching S.
Increasing «, S is expanded. For the same values 6 = 1, h= 0.5, Figs. 1, 2, 3, respectively
correspond to a= 0.5, 1.0, 1.5. Qualitatively, the system under consideration is “similar”
to the classical Van der Pol one. The difference consists in the “oscillation level” including
the number and the intensity of high harmonics.
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Fig. 1. The phase trajectories in the case 5 =1, h=0.1, a = 0.5
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Fig. 2. The phase trajectories in the case Fig. 3. The phase trajectories in the
6=1h=01a=1 f=1,h=01 a=15

3. VAN DER POL SYSTEMS WITH LINEAR ATTRACTING AND
CUBIC PUSHING ELEMENTS

In this second example, linear and restoring elements belong to different types: the
linear is attracting while the cubic is pushing. The differential equation now becomes:

i+x=p2"+h(1-az®) i; B>0. (3.1)

In the phase plane of the originnal system (h = 0), there are three critical points:
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and six

1 1
a stable center O at the origin and two saddles at [ ( NGk 0> and J (\/B, 0>
critical orbits. Among these orbits two most important ones are the upper and lower
heteroclinic half-orbits IJ and JI. Closed orbits representing periodic free oscillations lie
in the restricted domain bounded by two mentioned heteroclinic orbits (see Fig. 4 drawn
with g=1).

In the presence of self-excitation, the heteroclinic orbit is destroyed and is replaced by
four invariant manifolds, except at a particular value o = a, for which a new heteroclinic
orbit is “reestablished”. No closed orbit (self-excited oscillation) exists if & < . Closed
orbit appears only if o > «a, and is subjected to contraction as « increases.

For the same values 6= 1, h= 0.1, Figs. 5, 6, 7 correspond to a= 1.0, a,, = 4.992498,
«=10.0, respectively.

Using the Melnikov method [3, 4, 5], the critical value a, can be approximately deter-
mined. Choosing f= 1, the unperturbed system (h = 0) is Hamiltonian. The Hamiltonian

4 ;2
is H(x,z) = % - % + %; the two saddles are I(—1,0) , J(1,0); the equation of the
.. o . 1 . 1— a2
heteroclinic orbit is H(z, &) = g orE= +/2 5
half orbit I.J, (-) corresponds to the lower one JI. Applying to I.J, the Melnikov function
has an expression

, where (+) corresponds to the upper

“+0o0o
M:/h(l—a$2(t)):t2(t)dt,

where z(t) = tanh (gt
z(0) =0, ©(0) = ?

After necessary calculations, the value of the Melnikov function is

2hV/2
M = T(5 —a).

V2(1 —a?)
2

) is a chosen motion law along IJ satisfying the initial conditions

Using the expression & = + of I.J, the same result is obtained

+oo o0
M= [ h(1l—az?(t)i*(t)dt =2h | (1 —az?(t))i*(t)dt
( ) ( )
— 00 0
1

:hﬂ/(l—a:nz) (1-2?%) dz= %(5—&).
0

Vanishing M = 0, the critical value is found: «, = 5. This value is close to that
obtained above for h = 0.1. When h is increased, the accuracy is decreased, for example,
o, = 4.859715 for h = 0.5; o, = 4.73617302 for h = 0.8.
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Fig. 6. The phase trajectories in the case Fig. 7. The phase trajectories in the case
B=1,h=0.1, a, = 4.992498 f=1,h=01a=10

4. VAN DER POL SYSTEMS WITH LINEAR PUSHING AND CUBIC
ATTRACTING ELEMENTS

The case of Van der Pol systems with linear pushing and cubic attracting elements is
more complicated; it corresponds to the differential equation of the form

:'U'—:U:—ﬁmg—l—h(l—amz):b; 8> 0. (4.1)

In the phase plane of the “original” system (h= 0), there are:
1

7Y

- Three critical points: a saddle at the origin O and two stable centers at I(—
1
VB, 0)

- Two homoclinic orbits, homoclinic to O, the left(right) encircles I(.J) and intersects

2 2
the axis x at I’ (—\/%, 0), J <\/%, 0) respectively.

- Two types of free oscillations: the first with closed orbits lying inside each homoclinic
orbit; the second with closed orbits lying outside both two homoclinic orbits.
Fig. 8 is drawn for = 1, h =0.

and J(
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As in the section 3, the self — excitation A (1 — a:n2) 2 destroys both two homoclinic
orbits to create four invariant manifolds except for a particular value @ = a, for which
two new homoclinic orbits appear .

For a < 1, there is a unique closed orbit encircling all three critical points (the saddle
O and two unstable foci Tand J). This orbit represents a stable stationary self-excited
oscillation (Figs. 9, 10).

For 1 < a < a, two new (left and right) closed orbits appear, respectively encircling
I, J which become now two stable foci. These two orbits correspond to unstable stationary
self-excited oscillations (Fig. 11).

For a = a,, two mentioned unstable closed orbits are connected at O to create two
new homoclinic orbits (Fig. 12).

For a > a,, these two new homoclinic orbits are replaced by a big unstable closed
orbit (Fig. 13).

Further, increasing «, the two big orbits approach each other then disappear simulta-
neously. Figs. 8 - 13 are drawn with the same values 8 = 1, h = 0.8, and correspond to
a=0.7; 1; 1.15; a, = 1.22947985; 1.25.

As before, the Melnikov function can be used to determine the critical value a. zNe

also choose 3 = 1. The Hamiltonian of the unperturbed system (h = 0) is H(x, &) = % -

2 2 1
% + % and the equation of the right homoclinic orbit is H(z, &) = 0 or & = £/ 22 — %,

here (+) corresponds to the upper half orbit; (-) corresponds to the lower one. The motion
law along the homoclinic orbit satisfying the initial conditions (0) = v/2 , #(0) = 0 is
x = v/2sec h(t). Hence, the value of the Menikov function can be easily calculated

4h

= 1—5(5 —4a).

“+0o0o
M = / h(1 —az?(t)) #2(t)dt
—0oQ
The same result can be obtained without using the motion law

0

M =2h / (1 —ax?(t))a> (t) dt

V2 V2 I
:2h/(1—a$2):td:n:2h/(1—a:£2) :Ez—%dl'
0 0
4h

The critical value is thus equal to o = 5/4 = 1,25. A good agreement is observed for
B=1, h=0.1, a, ~ 1.249658 found by the numerical method.
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Fig. 10. The phase trajectories in the case Fig. 11. The phase trajectories in the case
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Fig. 12. The phase trajectories in the case Fig. 13. The phase trajectories in the case
B=1,h=0.8 o =1.22947985 8=1,h=08,a=125

5. CONCLUSION

Van der Pol systems with various linear and cubic restoring elements are examined.
It is shown that the evolution of stationary self — exited oscillations (closed orbits in the
phase plane) depends mainly on the characters of restoring elements and on the positive
element of self-excitation.
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CHAN TU VAN DE PON VOI CAC DANG KHAC NHAU CUA YEU TO
PHUC HOI

Mot s6 chan tit Van De Pon véi cde dang cla yéu t6 phuc hoi bac nhat va bac ba
dwoc khdo sat. Da chi ra qud trinh tién trién cia ché do dimg tw kich va vai tro cla tuw
kich v& clia cdc yéu t6 phuc hoi. Phwong phép s6 trén mdy tinh dwoc stt dung.



